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PREFACE 


This book has been designed as an introductory textbook in 
incchanicjs for students of eixginoering and of physics. It is hoped, 
nioroovor, that it will serve as a book of roferenoe to those who, 
not content with merely passing the course,” wish to gain a 
fundamental understanding of a fundamental science. Also those 
students have been kept in mind who, freed from the necessity of 
making grades, wish to review mechanics thoughtfully and tlior- 
oughly, beyond the point of having a few pat rules for solving 
special types of problems. 

The entire au])ject has boon developed from throe general pun- 
<*.ipleH, and no pains have l)een spared to show how they sui)port 
the Huperstrueture. I have aimed at an exposition as simple an<i 
thre<5t as is (sonsistent wii^h a respectable stan<lard of rigor. More*- 
over every part of the theory is fully illustiated by examples and 
acconipanie<l by a large and varied <^<)lloction of problems ICaeh 
chapItM’ is followed by a concise summary of t he prin(‘ipal rc^sults, 
this should enable the stuclent to see the woods in spite of the (.r(*c‘H. 

Tlie subject matter has b(*on chosen with a view to its applica- 
tions, <'sp<^eially in engineering A narrow utilitarianism, how- 
ever, has been avoided, for us John Dewey has said, ‘‘ It does not 
pay <o tei.her one’s thought <o the post of usefuliu^ss with <00 short 
a rope ” 

Finallv, wiule fitting tlic' b<»ams am! columns into th<‘ striictuie 
of mechanics, my fust <’oncc‘in has be<*n then iigidily and stnuigtli, 
but 1 liav<‘ not Ikmmi totally iinmmdiiil of tlu' archil.c'ct iir<* 

''I'lu' order ol tlu' book is. Statics, Knuunatics, KincMies ''Dus 
is rouglily tlu‘ historn’al onler of clevt^lopment- Possibly the 
indivi<Iual li^arns mechani<*s in the same way the race has ac(|uii(‘d 
it, At any rat,e this okUm', though not the best, on puiely logical 
grounds, leads tlui stmUuit by easy stages into the more <liHicult 
parts of the suhj(‘et. 

Stati<‘s IS fou ruled upon foui hasii* princiiJes, kinetics upon three. 
(^hapt<u- XIV el()S(*s by showing that the principles of statics are 
eontaiiKMi in the principles of kinetics Force and Acceleration, 
Vector Ad<lition of Forces, Action and Heaction. 
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There are some departun'u from tnulitiun in tho niutcrial in- 
cluded in tho text. Tho method of “ index slnmis ” is devtdope*! 
in Clhapier IV. Flexible cables are tr(aito<i from a unifonu p<tint 
of view in Chapter VII. CUmptcr X in plane kmemalicH m fairly 
comploto and could form tho HubBlunco of a courw* on iht* kin- 
ematics of machinery. Attention is called to thci Himpht pr«K)f of 
the Theorem of ('oriolis, a pr(K)f so worded that it also appli(‘H to 
tho most general case. In (Chapter .XII a thorough tmatment of 
free, damped, and funded vibrations is given without pnwipposing 
a knowledge of diffowintial <><1101110118. 'PIm* importance of tlwwi 
topics in engineering led to tlwdr inidusion. licni also Newton’s 
induction of the Law of Univcrsid (Iravitation finds a plac<‘, to- 
gether with a very brief <U*duction of Kepler’s Laws. .Vs (his 
deduction is {lorlmps the great<*st single acluevenwnt. in classical 
mechanics, it is hoixid that, its inclusion will not b(> tak<‘n amiss. 
In Chapter XIV, on rigid dyniuni<‘s, the <*ss<‘n(ial fjicts on the 
balancing of both revolving aiul re<’iprocating massi's an* simply 
olitiuned. A brief dimmssion of the kinematics of a rigid body is 
then follow<‘d by a treatment of gyroscopic motion, h'liding to tin* 
result of greatest technical imiMirtance. 

Since some of the greut<*Bt inin<ls of all tiiiu' have* <‘on( nlmti'd 
to the <levelopment of mechanics, it is hoped that this book shad- 
ows forth a little of tlie b<‘auty and profound imagination in tlu'ir 
work. In tho graceful words of Professor K <5 Dommn 

“The isiwer of rigorous ileductive logic in the hands ol 
a mathematician of insight and imagination has always Ixa'ii 
one of the greati'st aids in man’s effort, to understumi that 
mysterious universe in whhdi he lives. Witluait tlie pr<*aen(M‘ 
of this iHiwcr, tho exiieriniental discoven'r miglit wandei m 
tho fields and pick the wild flowers of knowledgi*, Imf Iheie 
would Lki no lioautiful garden of und<'rs(.anding wh(>n‘m tiie 
mind of man can find a s(‘r<'n<> ilelight ” 

Tho book contmns more than can lie given in a singh' course; 
but it is easy to arrange a coiirsi' of any length from its subj<*ct 
matter. Tho introduc(.ory <*hapt.er in vector algeiira may lie 
studied as tho course progressi's; tho summary of tliis chapter 
shows how little is actuidly m'cdeil for a working knowI<*<lg<* a 
knowledge which will pnivo of service in other [larts of physiiu 

Although considerations of space have necessitated a brief 
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treatment (or even the omission) of some important topics in 
mechanics, the author hopes that this book will also prove of service 
to the student in the years following his formal education. 

The author wishes, finally, to express his thanks to Professors 
11. E. Hundley and H. K. Justice for their advice and assistance 
during the preparation of this book, and to Professor L. R. Culver 
for a number of excellent problems. 

LOUIS BRAND 

ThK UnIVKWHITY of ChNOINNATl. 

Febtuary 20 , 1030 . 




INTRODUCTION 


Mechanics is the science which deals with the motion of bodies ^ 
including the special circumstances in which they remain at rest. 
The motion of a body is always referred to a frame of reference 
fixed in another body. Thus wo would refer the motion of the 
cJonnoetinK rod in a locomotive to the frame of the locomotive, the 
motion of a bullet to the earth, the tnotion of tlie earth to the sun, 
and the motion of the sun to a hypothetical rigid body supposed 
to be absolut.ely at rest. As no body has ever been foun<l in a 
state of ** absolute rest,*^ this term indeed being probably without 
any physical meaning, it is seen i.hat mechanics is really concerned 
with tile 7 dative ^notions of bodies. 

The motion of a body, conaist.ing of a certain portion of matter, 
is describe<l in tenns of space and time, and r(».gardcd as being the 
result of certain forces acting on the body. Matter, space, time 
an<l fmee are the primitive and essentially undefinablo c.onccpts 
upon whi(di the science of mechanics is based Our experience 
an<l intuition form (.he source of our knowledge as to the nature 
of t.hesc^ (concepts, and detinitions an<l explanations only serve to 
give our ideas about them a greiit<M' pi(‘cision 

JVIecbanics may be divi<le<I into two groat bramdies Kin- 
cmaties and Dynamics. 

'^rha.t. bran(*li ol nu'chanics winch (1<xm1s with (he motion ol bodies 
without i<‘f(‘nMU'<* to tii<‘ lt)i<*<‘S a<'tingon tluau is called Kinematics. 
’’riius kiiuMiiatics dcx'ils only witli space and time? an<l (.Ih^ concepts, 
sucli as v(^locit V an<l acet'kaat ion, which an' d('nvc<l from (.hem. 
KiiKMuatics IS gc'oinctiy with the ackk'd <'l('iu('nt of time, and may 
tla^n'foie be <l(‘scrib<'<l as the yeotnvti y of motion. 

In I)yna.mi<‘s, how<'v<'r, the* motion ol Ixxiic's is ('onsiclercd in 
rehition t.o the lorci's acting on tluan Dynamics in t.uin is sub- 
divided int.o Statics and Kmcfics. Htatics deals with t.he relation 
between the forces when (he bcxlies consi<Iered icmain at rest 
(relatives t.o the frame of reference) If the bodies are moving or 
are set in motion by the forces a<'ting on them the problem falls 
in t.he province of Kinettes. 

vii 
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INTRODlICrriON 


Tho subdivisioiiH of M(‘«thani<*H aro «hown in the following 
Bchonio: 


MflciinnicH 


Kin(>ina(i(‘.H 

l)yniuni(;H / Htafica 
I KlIU'tlCB 


BtatiCH, although but a Hppcial (uuw of kineficH, will Ik* conmc !<*«•< 1 
first in this book, as it forms, jKirhaps, tlu* Himpl<‘st imrf of mo- 
chanies, and leads tho student by easy hIiik(‘s into the* sultjoi’t. 
Then kinematics, and finally kinetics, will lx* dealt with 

Both in kinematics and dynamics we have constantly to con- 
sider quantities that, vary in time and spa<’e. 'I'lius m/es of 
change an* of fun<lam(‘ntal impoitanc<> in mechanics, ami napiire 
for their (Jomputat ion that branch of mat hematic’s which is siK'cinlly 
devoto<l to tho study of continuous c-lianKe tlie Calculus. 

l^’inally tho quantities that <H*cur in mechanics an* of two kinds, 
known as scalars and vectors. Scalar «|uantities arc’ mc’asurc’d by 
the ordinary positive and nc’jjtativc* numhc’rs of arithmc’tic and 
algebra. Vector ejuan tit ic’s, howc’ver, involve’ the* idc’a of direction 
as well as magnitude’; and in ordi’r to trc’at thc’in simply and di- 
rectly we shall begin with a c’haptcr in llic’ c’lemc’nts of vc’c’tor 
algebra. 

As very full cross reterencc’s arc* givc’n in tliis liook, !in aitich’ 
as well as a page numlK’r is givc’ii at the top of c’ac’li page’ I'lepia- 
tions an’ rc’fe’rre’d to liy artie-le and numlK’r; llius (§ 17, ‘J) mi’ans 
equation (2) in § 17 Figure’s are givc’n the miinlK’i of tlic’ aiticle* 
in which tlie'v first appc’ar, followc’d by a lettc’r in case’ Ilie’K’ is 
more than one’ in tlie artie’le’ in eiuc’stion, Fig I7f>, for e’xample’, is 
the second figure in § 17 In the tc’xt all Ic’ttc’rs in heavy type 
elenoto vcsctor ejuantit.ie’s In a figure’, a hc’avy le’ttc’r di’iiotcs 
the vector adjacent; a light lettc’r lu’ur a vc’c’tor de>note’s its lengtii 
or magnitude. 

After re’ading an artie’le* ami e’are’fully studying the’ .solvi’d 
examples, the student sliould iw’xt atteick lli<’ piolik’ms as a tc’st. 
of hiH mastery of the sul eject -mat tc’r Nc’aily all tli<’ answc’rs of 
the problems are given in a list at the> end of tlie’ iiook, this should 
bo consulted after the solution is e’omple’ti’ 

Tho following directions sltould be obsc’rve’d in solving probli’ins 
1. Head </(.« prol>leni. through carefuUg If no figuix’ is given, 
draw one, paying strict atte’iition to the wording of the’ proltlem 
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statement and lettering the drawing accordingly. (Draw, for 
example, the figure for Problem 2, § /iS.) If the lettering is not 
giv(ui, supply letters so that (a) the figure may be briefly referred 
to, (6) all unknown quantities have designations. It is frequently 
advisable to denote also the known quantities with letters and to 
solve the problem in general terms. 

2. Plan a tnethod of solution. If there are alternative methods, 
try to choose the shortest and most direct. Remember, however, 
that solving a problem in two ways affords a valuable check for 
correctness. 

3. Draw free-l)ody diagrams for aU problems in dynamics. All 
forces acting on the body should be indicated by arrows pointing 
in the right directions.* Do not forget the reactions of other 
Iwxlies on the liody in question. Frictional forces oppose impend- 
ing slippage In tins coniKiction i\w words simotfi and roitgh 
iiK'an resptictivoly tliat friction is iw'glectod or taken into uc(*ount. 

4. Ntolfi briefly the principles of mechanics imoleed in the, solution. 
The examples solved in the text show how this may 1><‘ simply 
doiu'. If sc'veral ecinations are involved it is well to number them 
for convenient reference 

f) If the pioblem consists of seoeriil parts, label each pait of the 
solution SiH' th(‘ solved exainpU's of § (>2 

<i .]lahe a piaetiee of .solpiny problems in i/eneial terms All 
known and unknown (iiiantities ni'O tlnwi designativl liy letti'rs 
and the solution is (‘(Teelivl algebraically Th<i solution should 
tluMi b(* tested by th(‘ cheek of dimensions {§ 1()7) B(*Hid(‘S afford- 
ing this valuable* check, this method shows thi* stnieture ol the* 
filial results and facilitates the* nunieiical calculations -effected 
by sulistituting nuim'iical values m tlie lorniulas ol the geiK'ral 
solution 'Pile aiilhme'tic is thus {)osti>on(‘d to the end of the 
prol)l(‘in, canct'llations an* M*adily inadi*, and the final calculations 
carried out by shdi'-iuli* or liaii-place* logaiithms The student 
may thus conc(*ntrat.e on m(*chaiii(‘al principle's in seilving the 
preible'in, unhanqM‘re*el by the* ele*taJls e>f iirithmetie* Altlmugh 
the* stuele*nt. will not be*lie*ve this at the outset, a ge*nc>ial pniblem 
IS often more* re*aelily solve'el than a .siM'e'ifii* one Te> quote a 
saying of a great American se*ie*ntist., .1. Willarel (!ibbs — The 
irhole IS simpler than its parts. 

When the) ehrcctiem is unkneiwn the feiree must novortheloss be drawn; 
the Hulutiun will elotoriniao the unknown angle) 
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7. Carry out the solution neatly and syaternatically to the end. 
Careless or badly arrangcul work froquc^ntly IcucIh to M*»riou« <*rrorB 
and is difHcjult to rotrnoo in <;h(icking. 

8. Compute all the required qimntUics in plain numhvra^ wing 
a consistent set of units. Do not givo an anH\v<»r Hindi us 9y/r> or 
3 c“*; evaluate mirh c'xpreHHions. Bo partioularly (‘un^ful in 
inatiors of sign, for a iniHtakc* in Higii in often dinaHtrouH. Finally^ 
give the units after alt numerical results. 
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VECTORIAL MECHANICS 


CHAPTER I 

VECTOR ALGEBRA 

!• Scalars and Vectors. There are certain physical magni > 
tudes, such as length, time, mass, temperature, electric charge, 
that may be represented by a single real number. A mass, for 
example, may be represented by a certain positive number on a 
certain scale; and an electric charge may be represented by a 
certain positive or negative number. Magnitudes belonging to 
this class, and the numbers that represent them, are called 
scalars. Scalars do not involve the idea of direction. 

On the other hand, there are physical magnitudes that involve 
the idea of direction as well as magnitude. Thus a rectilinear 
displacement in space, besides having a definite magnitude, has 
also a definite direction. To represent a displacement we must 
therefore give a number denoting its magnitude, and also indicate 
in some manner its direction in space. Graphically, a displace- 
ment may be represented by a segment of a straight line having 
a definite length and direction. Any physical magnitude that 
involves the idea of direction as well as magnitude, and which 
may be represented by a directed segment of a straight line, is 
called a vector. Velocity, acceleration, force, and torque are 
examples of vectors. 

For the sake of brevity, the directed segments, as well as the 
magnitudes they represent, are usually called vectois. How- 
ever, to avoid ambiguity, wo shall reserve the term vector for a 
directed segment or arrow, and call the physical magnitude 
represented by it a vector quantity. We therefore lay down the 
following definition: 

A vector is a segment of a straight line regarded as having a definite 
length and direction. 


1 
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We shall represent a vector directed from the point A to the 

point B by the symbol AB. With this notation AB and BA 
denote different vectors; they have the same length but opposite 
directions. We shall also employ single letters in heavy type 
(A, a, ... ) to denote vectors. 

In a figure, the direction of a vector is denoted by an arrow- 
head. 

A vector symbol between two vertical bars, as \AB \ or |a|, 
denotes the length of the vector.* 


2. Equality of Vectors. Two vectors are said to be equal when 
they have the same length and direction. 

According to this definition, equal vectors are necessarily paral- 
lel or segments of the same straight line. In Fig. 36, f for example, 
the vectors forming the opposite sides of the parallelogram are 
equal and may be represented by the same symbol: 

7b=^ = u, ad = He = 


If u represents a physical quantity which ih not localized in 
space, u is called a. free vector; then u may be shifted at pleasure 
parallel to itself. But if the quantity is associated with a given 
line or a given point, u is said to be localized in that lino or at that 
point. 

3. Addition of Vectors. To obtain a rule for combining vec- 
tors we shall regard them, for the moment, as represeating recti- 
linear displacements in space. If a particle is given two recti- 
linear displacements, one from A to B, and a second from B to C, 
the result is the same as if the particle were given a single dis- 
placement from A to C. This equivalence may bo rcpiosented 
by the notation 

( 1 ) Jb +Hc ^AC. 

We shall regard this equation as defining the sum of any two vec- 
tors AB, BC. The sum of two vectors, u, v, is therefore defined 
as follows: 


* If a is a real number, |a| denotes its numerical value. Thus |— 3| — 3, 
131 = 3 

t The number of a figure indicates the article m which it appears. Figures 
in the same article are distinguished by letters. 
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Draw vfrom the end of u; then the vector directed from, the begin- 
ning of a. to the end of v is the sum of u and v, and is written u + v. 

From this construction (Fig. 3a) it appears thiat u + v is the 
diagonal of the parallelogram formed with u and v as sides. For 
this reason the above rule for vector addition is called the paral- 
lelogram law. 



The length of the sum of two vectors having different directions 
is evidently less than the sum of their lengths. Hence 

(2) |u + V I ^ |u| + |v|, 


the equal sign applying only when u and v have the same direc- 
tion. 

In the parallelogram formed with u and v as sides (Fig. 36), we 
have 


u + r = AB =10, y + u= lD + 


VV = A(J. 


Thus the sum of two vectors is independent of the order in which 
they are added; in brief, vector addition is commutative: 


(3) 


u 4" V = V -f- u. 


For three vectors, u = AB, v = BC, w = CD (Fig. 3c), we 
have from (1): 

(u + v) -I- w = ( Jb +~BC) +10 =1c +1^ = AD, 
u -H (v + w) = Zb 4- (BC + Id) =1b+1d = ad. 


Thus the sum of three vectors is not affected by the manner in 
which they are grouped when performing the addition; in other 
words, vector addition is associative: 

(4) (u -4- v) 4- w = u 4- (v -4- w). 
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Since the grouping of the vectors is immaterial, the above sum is 
simply written u + v + w. 

From the commutative and associative laws, (3), (4), we may 
deduce the following general result: The sum of any number of 



vedors is independent of the order in which they are added, and of 
their grouping to form partial sums. For example : 

[(u H- v) + w] + X = (u + v) + (w + x) * (u + w) + (v + x). 

To construct the sum of any number of vectors, form a broken 
line whose segments, in length and direction, arc those vectors 



placed beginning to end in any order whatever; then the vector 
directed from the beginning to the end of the broken line will be 
the sum required. The figure formed by the vectors and their 
sum is called a vedor polygon. 11 A, B, C, . . . , G, JI arc the 
successive vertices of a vector polygon, then (Fig. 3d) 


(5) 


AB + BC + - • - +QH = AE. 


THE NEGATIVE OP A VECTOR 


When the vectors to be added are all parallel, the vector “ poly- 
gon” becomes a portion of a straight line described twice. 

In constructing the sum of a niunber of vectors, it may happen 
that the end of the last vector coincides with the beginning of the 
first. In this case we say that the sum of the vectors is zero. 
Thus, if in (5) the point H coincides with the point A, we write: 

(6) A£ + BC ”1“ • • • + OA — 0. 

This equa tion may be regarded as a special case of (5) if we agree 

that AA = 0. ^ ^ 

Using the symbol A A (or BB, etc.) to denote a vector of zero 
length,* we have from (1), 

or writing AB = u, 

(7) u -h 0 = 0 -h u = u. 

PROBLEMS 

1. Let ABCDEF be a regular hexagon inscribed in a circle whose cen- 
ter is 0. Construct the sum of the vectors AB, AC, AD, AE, AF and 
compare it with AO. 

3 . Draw any triangle, ABC, find the middle points, P, Q, R, of its sides, 
and choose any point 0 m its plane. Beginnmg at 0, construct the vector 


OA + OB + OC, 


OP +OQ+ OR. 


3. Draw any quadiilatoral, ABCD, with unequal sides. Let P, Q be 
the imddle pomts of the diagonals AC, BD; and M the middle pomt of 
PQ. Construct the vector sum 

io +MH +MC 

4. The Negative of a Vector. The sum of two vectors is zero 
when, and only when, they have the same length and opposite 

directions. If, in the equation AB + BA = 0, we write 

AJJ =* u, it is natural to write BA — — u in order that the 

* Since a segment of zero length has no definite direction, AA is not a 
vector in the proper sense. 
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characteristic equation for negatives, 

(1) tt + (-«) = 0, 

vrill hold for vectors as well as for numbers. The negaiiue of a 
vector %s therefore defined as a vector of the same length hut opposite 
direction: hence 

(2) -Zb = iZ, - (-Zb) - Zb. 

6. Subtraction of Vectors. To subtract the vector v from the 
vector u consists in finding the vector from which u can be 
obtained by adding v: this vector, denoted by u — v, is there- 
fore defined by the equation * 

(1) (u — v) -f V = u. 

Adding — v to both sides of (1), we have 

(2) u - V = u + (-v); 

that is, subtracting a vector is the same as adding vts negative. The 
construction of u — v is shown in Fig. 5a. 




Fia. 6a. 


Fia. 6b. 


If 0 is any fixed point of reference, any vector AB may be 
expressed as the difference of two vectors issuing from 0 (Fig. 66) : 
for 

(3) Zb =Zo-|-OB = OB-|- (-o2) = OB 

The vector OA is called the position vector of the point A. 
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6. Multiplication of Vectors by Real Numbers. The vector 
u + u is naturally denoted by 2u; moreover we write 
— u + ( — u) =*— 2 u. Thus both 2u and — 2u denote vectors 
twice as long as u; the former has the same direction as u, the 
latter the opposite direction. This notation is generalized as 
follows: 

The product oaiorxxaof a vector u and a real number a is defined 
as a vector |a| Hines as long as u, and housing the same direction as 
u, or the opposite, according as a is posiHve or negative. 

In accordance with this definition we have 


(1) 

laul = |o| |u|, 

(2) 

o 

II 

o 

• 

II 

6 

(3) 

a (— u) =s (— o) u = — ott. 

(4) 

(— o) (— u) = ou. 

These relations are 

the same in form as the rules for the multi- 

plication of numbers. Moreover the multiplication of a vector 
by numbers is commutative (by definition), a^ociative, and 

distributive: 


(5) 

au = uo. 

(6) 

(o6) u = a (6u), 

(7) 

(a ■+■ &) u = au -f 6u. 

The product of the 
tributive: 

sum of two vectors by a number is also dis- 

(8) 

a (u -H v) = ou -f ov. 


The proof of (8) follows immediately from the theorem that the 
corresponding sides of similar triangles are proportional. 

If u and V are two vectors having the same or opposite direc- 
tions, we may write 

u = fcv, 

the number k being positive or negative in the respective cases. 
Thus if two vectors are parallel, each may be expressed as a scalar 
multiple of the other. 

From this and the preceding articles it is clear that as far as 
addition, subtraction, and multiplication by real numbers are 
concerned, vectors may be treated formally in accordance with 
the rules of ordinary algebra. 



The quotient u/a of a vector u by a number a (not zero) is 
defined as the product of u by 1/a. Thus u/3 is a vector in the 
direction of u and one-third as long. 

7. Point of Division. If A, B and P are poirds of a straight 
line, P is said to divide the segment AB in the ratio a/b if 

(1) AP = I P5. 


Prom Fig. 7a we see that a/b is positive or negative according 
as P lies within or without the segment AB. To find the position 
vector of P relative to an ongin 0, we write (1) in the form 


hence 

( 2 ) 


biOP-OA) =a(OB-OP); 
bdA + aOB 


OP = 


a b 




The middle point M of AB dmdes-*AP in the ratio of 1/1; 
hence from (2) 

(3) OM = i (03 -t- ^). 

This equation states that the diagonals of the parallelogram on 
OA, OB bisect each other. 

Example 1. If AB, A'B' are any two vectors, the vector from the 
middle point of AA' to that of BB' is equal to one-half of their sum. 

Proof. Let M and N be the imddle pomts of AA' and BB' respectively 
(Fig. 7b) ; thwo if 0 is any point of reference, we have, from (3), 
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If, in particular, the given vectors are parallel, they axe also parallel 
to MN. We thus have proved a familiar theorem on the trapezoid. 
Example 2. If the numbers a, b, c are not zero and 

a OA + b OJS + c OC *0, a + 6+ c*0, 

the points il, C lie m a straight hne. 

Proof. Since a — (i + c) we have from the first equation 

bOB+c^ 

— 

In view of (2), this states that A divides the segment BC in the ratio of 
c/b. Thus A lies on the line through B and C. 

Example 3. If the numbers a, 6, c, d are not zero and 

a OA -f" b OB + c OC H- d OB — 0, nH-6-hc-Hd^O, 

fche points A, B, C, D he in a plane. 

Proof. Since a + b - — (c + d) we have from the first equation 

a OA “|- b OB c OC + d OB 
a + b * c + d 


If we draw a vector OP equal to these vectors, we see from (2) that P 
divides -45 in the ratio of 6/a, and also CB in the ratio of d/c. Thus 
P is a point common to the lines AB and CD. 

As these lines either coincide or intersect at P 
they must he in a plane. 

Example 4. In Fig. 7c N divides -45 in the 
ratio 1/2 and L divides BC in the ratio 2/3. 

Let us find the ratios in which P divides CN 
and AL. 

Denote the position vectors of the points -4, ^ 

5, . . . relative to any origin by a, b, etc. 

Since P IS at the intersection of CiV and AL 
we seek a linear relation between c, n, a, 1. Fio 7c 

Using the given ratios, we have from (2) 

3n = 2a“f-b, 51®=3b“i“2cj 

hence, on eliminating b, 

9n— 61 = 6a — 2 c. 

From this we have 

2c+9n 6a + 51 

11 “ 11 “ P’ 
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for ia view of (2) the first member represents a point on C N, the second 
member a point on AL. The pomt is therefore P: thus P divides CiV 
in the ratio 9/2, AL in the ratio 5/6. 

Let us next compute the ratios m which M divides CA and PP. For 
this purpose we seek a linear relation between c, a, p, b. From the above 
results 


Hence 


51 = 3b + 2c «= lip — 6a. 

2c+6a_llp— 3b 
a = m; 


for the first member represents a pomt on CA, the second member a 
point on PB. Thus M divides CA m the ratio 3/1 and PB m the ratio 
-3/11. 

The student should now prove the general theorem. If L divides BC 
in the ratio y/fi and M divides CA in the ratio a/y, then N will divide AB 
in the ratio /9/a. The product of these division ratios is therefore 1. 
This is the Theorem of Ceva. Show also that 

(a + /J + 7) p = aa + ^b + 7C 


and hence that P divides AL, BM, CN in the ratios 


(/3 + y)la, (y + a)// 3 , (a + fi)/y. 


B 



Example 5. In h'lg. Id, L divides BC 
in the ratio 2/3 and M divides CA 111 the 
ratio —7/3. Lot us find the ratios 111 
which N divides AB and LM. 

Using the notation of Ex. 4, we have 
from (2) 


7d 51 = 3b + 2c, -4m -3c -7a 


Smee AT is at the intersection of AB and LM wo seek a lineai relation 
between a, b, 1, m. Eliminating c ^rom the above equations wc hud 


hence 


15 1 + 8m 14 a + 9 b, 

151 + 8m 14a + 9b 
~ 23 “ 23 ■ 


Thus N divides AB in the ratio 9/14, LM in the ratio 8/15. 

The student should now prove the general theorem: li L divides BC 
in the ratio y//3, and M divides CA in the ratio a/y, then N will divide 
AB in the ratio —/9/a. The product of the three division ratios is thero- 
fore —1. This is the Theorem 0 / Mendam. 
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PROBLEMS 

1. ABC is any trian^, and P,Q,Base the middle points of its sides. 
If 0 is any point (not necessarily m the plane ABC), iriiow that 

OA +dB+OC -^OP+'OQ +OR. 

2. ABCD is any quadrilateral, P, Q, the middle points of its diagonals 
AC, BD, and M the middle point of PQ. Prove that 

(o) AB+AD+'^ + CD =.4P(Q; 

(6) OA + OB + OC + OD = 4 OAf for any point 0. 

3. li L, M, N are the middle points of the sides BC, CA, AB of the 
triangle ABC (Fig. 7e), and the medians AL, BM intersect at 0, show that 

(o) O divides both medians m the ratio of 2/1;“' 

(6) CN passes through G; 

(c) OA + OB +0C “ 3 OG for any point O. 

0 is called the mean center of the points A, B, C. 




4. If 0 and G' arc the mean centers of A, B, C, and A', B', C', respec-* 
tively, prove that 

AA' -i-BB' +'CC' = iG^. 

6. E, F are the middle points of the sides AB, BC, of the parallelogram 
ABCD. Show that the lines BE, DF divide the diagonal AC into thirds 
and that AC cuts off a third of each line. 

6. If A, B,C,D6xe the nuddle pomts of the sides of any space quadri- 
lateral, taken in order, prove that AB = DC, AD BC. 

7. In a tetrahedron the lines joining the middle pomts of the three 
pairs of opposite edges meet in a point and bisect each other (Fig. 7f). 
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If if , M' are the middle points of PQ, RS, and 0 an arbitrary origin, prove 
that 

8. In Fig. 7/ let 0 be the mean center of A, B, C (see Ex. 3). Show 
that the pomt M in Ex. 7 divides DO in the ratio 3/1. 

9. Prove Desorgvm’ Theorem: If the triangles ABC, A'B'C are in 
perspective (the lines AA', BB', CC meet in a point P), the points of 
intersection of the corresponding sides arc collinoor. [Jjct A', B', C di- 
vide PA, PB, PC in the ratios a/1, j8/l, y/1, then 

(1 + a) a' p + a®, (1 -|- jS) b' = p + fib, (1 + 7) c' •» p -1- 7C. 

If AB and A'B' meet at L, (a — /S) 1 = oa — /Sb, etc. Apply Ex. 2.] 


Vectors in a Plane. Three vectors are said to be coplanar 
when they are parallel to the Hninc piano. 
Coplanar voetors that are free may lie 
shifted so that they actually lie in the 
same plane. 

Let u denote any vector coplanar with 
the non-parallel vectors a, b Then u 
may bo expressed as the sum of two 
vectors parallel to a and b respectivi'ly. 



For if we construct a parallelogram on u = AB as diagonal with 
sides parallel to a and b (Fig 8) we have 


n == AB = AC + CB = /a + mh 


where I and m are numbers 
Since la and mb are not parallel, the equation 

la -f mb = 0 implies that 1 = m = 0. 

More generally, if 

la + mb = I'a -1- mlo, then 1 = 1', m = m'. 

To prove this, write the equation as (1 — 1') a + (m — m') b = 0; 
then 1 ~ 1' = 0, m — m' = 0. 

Example. If the points A, B, C are not collincar, the position vector 
of any point P in their plane may be expressed as 


OP = a OA -h 6 OB -1- c OC where o + b + c = 1. 
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Proof. Since tbe vectors CA, CB are not collinear we can write 


CP ^aCA+bCB. 


Hence from (§ 5, 3) 


OP - OC ^a(OA -00 +b {OB - 00, 

0P = aa4+60B + (l-a-6)0C. 

This gives the desired expression on putting c = 1 - a — 6. 

OP may be expressed in this form in one way only. For if 
OP = o' OA + b' OB + c' OC where o' + 6' + c' «= 1, 


(a - o') OA+{b- V) OB + {c- c') OC »= 0, 
o — o' + 6 — 6' + c — c' = 0, 

and the points A, B, C would be collinear 
(§7, Ex. 2), contrary to our hypothesis. \ 

9. Vectors in Space. Let a, b, c be 
any three vectors which are not coplanar. 

Then any vector u may be expressed as | 

the sum of three vectors parallel to a, b, J/ 

c respectively. For if we construct a 

parallelepiped on u = ri B as diagonal by ^ 
passing planes through A and B parallel 
to a and b, b and c, c and a (Fig. 9), the 
edges of the parallelepiped will be parallel c 

to a, b and c, and Fio 9 


(1) u = AB = AC + CD + DB = h, + mb + nc, 

where I, m, n arc numbers. 

The equation 

la + mb + nc = 0 implies that I = m = n — 0. 

For since la and mb + nc are not parallel we must have 1 = 0 
(§ 8). Now mb + nc = 0, where b and c are not parallel; hence 
m = n = 0. 



14 


VECTOR ALGEBRA 


SIO 


We may now state the theorem: If a., b, c are not copUmar, 
the equation 

la + mb 4- = Z'a + nifh + “n'c 

iee that I V, m m', n ^ n'. 


6. If the points A, B, C, D aj-e not ooplanar, the position 
vector of any point P may be expressed as 

OP ^ aO A +bOB + c 00 + d OD where o+6+«+ci-l. 

Proof. Smee the vectors BA, BB, BC arc not coplanar we can write 

BP - aloA + b^B +c1dC. 

Hence from (§ 5, 3) 

OP - OO = o (M - OO) + 6 (05 - 00) + c - OB), 

OP=»aOA +6^+c^ + (l ~a-b-c)dB. 

This gives the expression above on putting d — 1— a— 6— c We 

may now prove as m § 8 that OP can be expressed in this form m one 
way only. 


PROBLEM 

1. Lmes drawn through the pomt P and the vertices A, B, (I, B of a 
tetrahedron cut the planes of the opposite faces at K, L, M, N. ^how 
that the sum of the ratios in which theso points divide the segments 
PA, PB, PC, PB 18—1 [Apply the equations of the above Hxamplo.] 

10. Component of a Vector on an Axis. A straight lino upon 
which two directions are distinguished is called a directed line or 
an axis. To specify the directions, one is called positive, the o1 her 
negative. In a figure the positive direction ou an axis is indicated 
by an arrowhead. 

Let s denote an axis and e a unit vector (a vector of unit length) 
in its positive direction. The projedton of a vector AB on a 
is A'B' (Fig. 10) where A', B' are the feet of the perpendiculars 
from A, B on a. The component of A B on s is the number giving 
the length of A'B', taken with a positive or negative sign accord- 
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ing as A'B' has the positive or negative direction on s. Thus if 

A'B' — fce, the number k is the component of AB on s. 

We shall denote the component of a vector u on s by comp« u 
or, more briefly, by With this notation, the definition of 
is given by the equation: 

(1) Projection of u on s » tf,e. 



Thus in the figure 

u = AB, V = BC, w = CD; 

A'B' 3e, Wc' = 5e, C^ = 2e; 

V, = —3, V, = 5, w, = 2. 

The projection of (u + v + w) on s is 

A^' = 1^' + Wc' + WP = tt,e + v,e + w,e =(«, + 1 », + «?,) e; 
hence from (1), 

comp, (u + V + w) — u, + v, + v},. 

The component of the sum of a number of vectors on an axii is equal 
to the sum of their components on this axis. 

If the segment A'B' is given its proper sign, 

« A'B' u, , , « 

® “ TB “ luf’ ^ 

We denote the angle $ between the positive direction of s and u 
by (s, u) ; then 

(2) Uf = |u| cos (s, u). 
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11. Rectangular Axes. A vector u is determined by giving its 
components Ut, Uy, Ut on the axes of a fbsed system of rectangular 
coordinates. We shall always choose a “ right-handed ” (r-h) 
S3rBtem of axes; that is, a system in which the rotation of a right- 
handed screw (in a fixed nut) from +x toward H-y would cause it 
to move along +z. In a r-h system a rotation from +x toward 
+y is counterclockwise when viewed from the +z side of the xy- 
plane. 



Draw the vector OP = u from the origin (Fig. 11) and pass 
planes through P perpendicular to the axes of x, y, z, cutting them 
in the points P', P", P'". Then OP is the diagonal of a rec- 
tangular parallelepiped bounded by these planes and the three co- 
ordinate planes, and 

OP = OP' -b ^ -t-^ = OP' -H OP" + OP'". 


Since OP', OP", OP"' are the projections of u on the axes, we have 
from (§ 10, 1) 

( 1 ) 


u s= «ai -f- Ujj + Uih 
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where i, j, k denote the unit vectors in the positive directions of 
V} 1^* i® often convenient to denote the vector u by the 
symbol [u*, Uy, u,]. 

The co6rdinaies of a point P are defined as the components of 
its position vector OP. Thus if P has the coordinates (®, y, z) 
OP = id + j/j + ak = [x,y, a]. 

If the points Pi, P 2 have the codrdinates (®i, yi, ai), {xt, ^ 2 , a^), 
then 

(2) PiPj = OPj — OPi = i®i — ®i, ^2 — yi,Zi — aj. 

We shall denote the position vectors of P, Pi, P 2 by r, ri, r 2 . 

The angles between +®, +2/, +*! and u are called the direction 
angles of u; their cosines are called the dtrecHon cosines of u. 
When the length and direction angles of u are given, its com- 
ponents may be calculated from (§ 10, 2) : 

(3) M» — |u| cos (®, u), Uy = |u| cos (y, u), u, = |u| cos (a, u). 

Conversely, if the components of u are given we may obtain its 
length from 

(4) |ul» = + V + w** 

and then compute its direction cosines from (3). To prove (4), 
draw P'P in Fig. 11, then 

|ul2 = OP* = OP'* + P'P* = OP'* + P'O* + QP* 

= Ug^+Uy^+ Uz^. 

If we substitute the values of Ux, Uy, ti, from (3) in (4) and divide 
the resulting equation by |a|*, we have 

cos* (x, u) + cos* (y, u) -|- cos* (a, u) = 1 

The sum of the squares of the direction cosines of any vector is equal 
to unity. 

From the distributive laws of § 6 we have 
an = ow»i + avy] + aw,k, 

u + V = (m» + »») i 4- (liy + Vy) j + (til + »*) k. 

In the bracket notation these equations become 
a [tii^, tiy, t^] — “ aUyy ai^J, 

[it*, Uy, ll»] + [V„ Vy, V,i = [Ug + Vx,Uy + Vy, U, -f- »,]. 
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To mvAtiply a vector by a number, muUiply its component* by Oiat 
nuniber; to add two vectors, add Omr corresponding components. 
In particular 

-[«», My, Mi] = [— M*, —My, -U^. 

Example 1. The vector [—2, 1, 2] has tho IcnK<.h V'4 + 1+4 - 3 
and its direction cosines aro —2/3, 1/3, 2/3. I Is direction angles may now 
be found from a table of cosines. 

If we are dealing with vectors u parallel to tho ry-plano, m, = 0 
and we write u = [m*, Vy]. Tho angle (x, u) will now suilicc to 
give the direction of u if it is given a sign The usual convention 
is to regard (x, u) as positive when the rotation from +x to u has 
the same sense as tho rotation from +x to +y. With this agree- 
ment 

(y, m) = (y, *) + (*, u) = (x, u) - 90®, cos (y, u) = sin (r, u). 
From (3) we have 

(6) u* *= lu| cos (®, u). My = lu| sin (t, u) ; 

hence 

(6), (7) |u|* = w** + Uy% tan (a:, u) = ^ 

When M*, My are known, those equations servi* to find |u| and 
(x, u). The precise quadrant in which the angle (r, u) lies is 
determined by the signs of rt, and Uy 

Example 2. Let u >= [5, 2], v = [—3, —4], l,hen if w =■ u + v, 
w - 15 - 3, 2 - 4] = [2, -2], lw| = vT+l = Vh, 

tan (a:, w) = ^ = -1, (a:, w) - 45® + 270® -- 315®. 

The angle lies in tho fourth quadrant since Wx > 0, Wy < 0. 

Example 3. To find the equations of a line through l.ho point Pi 
(»i, Vi, Zi) and pajallel to the vector 1 = [a, 6, c] 

If P (z, y, z) is any point on the line, PiP « r - ti is paiallel to 1; 
hence (§ 6) 

r — ri = Xl where X is a variable scalar. 

The corresponding components of r — ri and 1 are therefore proportional: 
X ^ Xl _ y —yi z-zi 
a ^ h ^ c 

These are the Cartesian equations of the Une. 
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A line in the »y-plane through Pi (®„ y,, 0) and paxaUd to 1 « [a, b, 0] 
has the equations 

-xi y -yi 
a b * * “ 0. 


PROBLEMS 

!• Find the magnitude and direction of u -f- v -I* w graphical^ n-nH 
analytically for the following vectors in the a^plane: 


(o) |ul = 6, 

(*, u) = 60®, 

(6) |u| ■= 1, 

(®, U) = 0®, 

M - 10, 

(», v) = 120®, 

M = 1, 

ix, V) = 120®, 

lw|= 8, 

(®,w) =270®. 

W= 1, 

(a:, w) = 240®. 


(c) u=2i+3i, v--6i + 2j, w--j. 

(d) u = i, V = - j, w = i - j. 

2. Find the sum of the vectors 

2i+3j-k, i + 2k, i+j-3k, 

and determine its magmtude and direction cosines. 

3. Find the length and direction cosmes of the sum of the vectors 

AB, AC, AD, given the coordinates 

A ( - 1, 2, - 1), P ( -3, 6, 6), C (4, 3, 1), D (0, 0, 2). 

4. With tho coordinates given above’ 

(o) Find tho point dividing AB m the ratio 2/1. 

(h) Find the mean center of A, B, C (§ 7, Prob. 3). 

(c) Show that the middle points of the sides of the skew quadrilateral 
A BCD are the vertices of a parallelogram. 


6. Provo that 

lu + v|» = |u|» + lv|* + 2 |u| lv| cos (u, v). 
6. From the equation of Prob. 5 show that 


cos 


m — 


7. Find the Cartesian equations of a line through the pomts A ( — 2, 0, 2) 
and B (2, 1, —3). 


12. Centroid. We shall encounter problems in which each 
point of a given set is associated with a certain number. The 
points, for example, may represent particles of matter and the 
numbers their weights or electric charges. In the latter case the 
numbers may be positive or negative. We shall now define a 
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point called the centroid of the given set of “ weighted ” points, 
which, in a certain sense, represents their average position. 

Consider a set of n points Pi, P 2 , . . ., P« associated with the 
numbers mi, im, • . •,m„ respectively. We shall denote any 
one of these points by P, and its associated number by rm. Then 

the centroid of these “ weigMed " points is defined as the point P* 

^ 

for which the sum of aU the vectors mt P*P, is zero: 

(1) mi P*Pi + mi P*Pj + • • • +mn P*Pn = 0. 

Let us first consider a particular case. 

JExample 1. The centroid of the points Pi, P», Pi, when associated 
with the numbers 3, —1,2 respectively, is a ixiiiit P* wluch satisfies the 
equation 

(a) 3 P*P\ + ( -1) P*Pi + 2 P*p\ - 0. 



We first assure ourselves that there is only one point P* which satisfies 
(a). For if the point Q also satisfies (a), 

3 ^ + (- 1 )^, + 2 ^ = 0 . 


On subtracting this equation from (a) wo have 

3 (P*p! +'pZ) + (-1) (P*P* + + 2 + 'pZ) ~ 0, 

3 !^-^+ 2 ^- 4 ^= 0 ; 
hence P*Q « 0 and the points P* and Q coincide. 

To locate P* we choose any point 0 as origin and write (a) in the form 

3 (oK - Op) + (-1) (oK - 0?) +2 (oK - Op) - 0. 
Hence 

3oK-oK+2oS = (3-1+2) oP, 

^ zoPi-oPt + 20 K 
4 


( 6 ) 
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The point F* given by (6) is a solution of (a); for we may retrace our 
work step by step from (6) back to (a). The construction of the centroid 
from equation Q>) is shown in Fig. 12. 

Return now to the general case in which the equation defining 
P* is 

( 1 ) = 

We shall first show that if the sum of the numbers m,- is not 
zero, there can be only one point P* which satisfies (1). To prove 
this, suppose that Q is a second point for which 

= 0 . 

On subtracting this equation from (1) we have 

2m. (Fp, - m (P^, + m = '^miFQ = 0, 

or since P*Q appears in every term of the sum. 

If 0 we must have P*Q = 0 and hence the points P* and 

Q coincide. 

Wc next prove that when ^m, 0 there is always one point 

P* which satisfies (1) Choose an ongin 0 at pleasure; then (1) 
may be written 

- (^) = 0 or 2”’» = (2”^) 


hence 



gives the position vector of the centroid P* relative to 0 If the 
position vectors of P* and P, are written r* and r„ this becomes 



The position of the centroid is not altered by replacing the 
associated numbers mi, . . ., m» by any set of numbers proper- 
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Idonal to them. For if we multiply all of the by the same 
constant e, we see from (2) that c may be canceled from the 
numerator and denominator. In particular if the m’s arc all 
equal we may replace them all by unity; the centroid is then given 
by ^ ^ 

(3) or 

In the case of equal associated numbers the centroid is called the 
mean cenier of the set of points. 


Example 2. If P* is the centroid of the points A, li assoeiatcd with the 
numbers a, b, we have from (1) and (2) 


aP*A +bP*B= 0, 


OP* 


gOA+hOJi 
o + A 


Either equation shows that P* divides in the ratio of b/a (§7), that is, 
inversely in the ratio of the associated numbers /** is an internal or an 
external point of division according as b/a is positive or negative. 

In particular, if a = 6, P* divides AB in the ratio of 1/1; Ikuicc the 
mean center of two points is midway between them. 


Thbobem. 1/ the set of points P, assoemU'd with the numlwrs 
m, IS divided irUo two groups whose centroids are P', P", then the 
centroid P* of the entire set coincides with the centroid of P' and P" 
when assoeuxted with the numbers m\ m" equal to sums of the m’s for 
each group. 

Proof. Let r*, r', r" be the position vectors of P*, P', P". 
Then if S', S" denote summations over the two separate groups, 
we have from (2) 

_S'm,r, _„ _S"TO^i 

' ~ m' ’ ^ ~ m" ’ 

* = S' + S" mpcj ^ m'r' + m"r" 

” m' + m" m' + m" 

Example 3. To find the mean center G of three points A, B,C. 
is the centroid of A, B, C associated with the numbers 1, 1, 1. The 
centroid of A and B is the mid point N of the segment AB (Fig. 7e). 
Hence, by the theorem above, 0 is the centroid of C and N associated with 
the numbers 1 and 2; thus 0 divides CN in the ratio of 2/1 (Kx. 2). 
As this statement applies to any median of the triangle ABC, we have 
proved that the medians of a trian^e intersect in the mean center of its 
vertices and divide each other in the ratio of 2/1. 
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PROBLEMS 

1. Find the centroid of the points (6,1,3), (-3,0,4), (3, -2,0) 
associated with the numbers 2, 3, 1 respectively. 

2. In Fig. 7/, P, Qf R, S are the middle points of the segments AB, 
CD, AD, BC. Show that PQ and RS intersect at the mean center of 
A, B, C, D. 

5. In Fig. 7/ lot 0 denote the mean center of A, B, C. Prove that the 
mean center of A, B, C, D divides DO in the ratio of 3/1. 

4. If P* and Q* are the mean centers of the two sets of n points Pi, . . ., 
Pn and Qi, . . ., Qn, prove that 

2 ^ “ « 

6. Give a construction for finding the mean center of five pomts. 
Use the theorem above. 

13. Products of Two Vectors. Hitherto we have only con- 
sidered the products of vectors by numbers. We shall next 
define two operations between vectors, which are known as “ prod- 
ucts,” because tlicy have some properties in common with the 
products of numbers. These products of vectors, however, will 
also prove to have properties in stnkir^ disagreement with those 
of numbers 

Since one of these products gives rise to a scalar, the other to a 
vector, they are colled the scalar product and vector product re- 
spectively. The definitions of these new products will seem rather 
arbitrary to one who is unfamiliar with the history of vector al- 
gebra It must suilicc at present to assure the student that both 
products are of great serviai m the development of mechanics, 
and moreover play an important r61e in other physical sciences, 
such as the theories of light, electricity and magnetism. Vector 
analysis, in fact, is growing in importance day by day, and will 
prove to be an invaluable aid to a genuine understanding of all 
those sciences that deal with diiectcd quantities. 

The scalar and vector products of two vectors u and v are 
written u*v and uxv respectively, and are read n dot v and u 
cross V In view of this notation the products are sometimes 
called the dot product and cross product. 

In vector algebra as here developed the division of vectors by 
vectors is not defined. This operation, therefore, is never used. 
Remember, however, that dividing a vector by a scalar a^O 
is the same as multiplying the vector by 1/a (§ 6). 
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14. Scalar Product of Two Vectors. The scalar product of two 
vectors u and v, written U‘V, is defined as the product of their lengths 
and the cosine of their indvded angle: 

(1) u-v = |u| |v| cos (u, v). 

The scalar product is therefore a nuniher, which for proper vectors 
(i.e. vectors which are not zero) is positive, zero, or negative 
according as the angle (u, v) is acute, right or obtuse. For ex- 
anaple let |u| = 2, |v| = 3; then if 

(u, v) = GO®, u-v =a 6 cos 00® = 3; 

(u, v) =» 90®, u-v = 0 cos 90® »» 0; 

(u, v) = 120®, u-v = 6 cos 120® = — 3. 

When a and b arc numbers, ab — 0 only wlion o = 0 or 6 = 0. 
In contrast to this property, (1) shows that u-v = 0 not only 
when u = 0 or V = 0, but also when cos (u, v) = 0, that is, when 
u and V arc perpendicular. Hence wluin u and v are proper vectors, 

(2) u-v = 0 is equivalent to u ± v. 

When u and v are parallel 

u-v = |u| |v| or — |u| |v| 

according as the vectors have the same or opposite diri-ctions. 
It is customary to write u® instead of u-u; thus 

u^ = u-u = |u|®. 

The square of a vector d&iu)les the square of its length 
If e denotes a unit vector in the positive (hi('<*(,ion of s, the 
component of u on s is fioin § 10 

Vs = lu] cos (s, u) = |e| |u| cos (e, u), 

or, in view of (1), 

(3) Vs — e-u. 

The component of a vector on an axis is equal to its scalar product 
with a unit vector in the positive direction of the axis 
Since the right-hand side of (1) is not altered by interchanging 
the order of u and v, 

(4) v-u = u-v. 

The scalar product of two vectors is commutative. 
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We shall use the dot, as a symbol of operation, between two 
vectors to denote their scalar product or between scalars in the 
usual sense. Hence there is no question as to whether (u-v) 'W and 
u*(v*w) are equal since both expressions are meaningless. 

From (1) wo see that 

(— U)*V = U‘(— v) = — u-v, (— u)'(— v) = u-v, 

(6) (ou)*(6v) = o6u*v. 

The last result is obvious when a and b are positive numbers; 
the other cases then follow from the equations preceding. 

16. Distributive Law for Scalar Products. If we denote the 
component of u in the direction of the vector v by u,, we have 
from § 10 

U, = lu| cos (u, v), = |v| cos (u, v). 

Hence the defining equation (§ 14, 1) for u*v may be written 

(1) U'V = |al Vu = |v| u,; 

that is, the scalar product of two vectors %s equal to tiie length of either 
one midtiphcd by the component of the other in its direction. 

We may now show that scalar products such as u-(v + 'w) and 
(u + v)*w may bo expanded just as in ordinary algebra; thus 

(2) , (3) u-(v + w) = u*v + U‘W, (u + v) -w = u-w + v*w. 

To prove (2), for example, we note that the component of v + w 
in the direction of u is v„ + w„ (§ 10) ; hence from (1) 

U-(v + w) = juj (v„ + «’a) = |u| V„ + lu| W„ = U'V + U*W. 

By repeated application of (2) and (3) we may expand the 
scalar product of any two vector sums; for example 

a*(b + c + d) = a'(b + c) + a-d = a-b + a*c + a*d, 

(a + b)-(c + d) = (a + b)-c + (a + b)-d 
= a*c + b'C + a-d + b-d, 

(a + b)-(a — b) = a® + b-a — a*b — b^ = a® — b®, 

(a + b)* = (a + b)-( a + b) = a* + 2 a-b + b». 

As a further application of the distributive law let us expand 

u*v = («*i + Mjj + w»k)'(vai + Vyj + »jk). 
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We note first that since i, j, k are mutually perpendicular unit 
vectors 

i» = j» = k* = 1, i-j = j*k = k.i - 0. 

Therefore six of the nine terms in the expansion of u*v vanish, 
while the remaining three give 

( 4 ) U-V = + tiyVj, + tilt),. 

This important result may be stated as follows: 

The scalar product of two vectors is equal to the sum of the prod- 
ucts of their corresponding components. 

If c ^ 0 in the equation 

a-c = b'C or (a — b)*c = 0, 

we can conclude either that a — b = 0 or that a — b and c are 
perpendicular vectors. Hence we cannot “ cancel ” c in the 
equation to obtain a = b unless we know that a — b and c are 
not perpendicular. 


Example 1. If u = [2, —1, 31, v = [0, 2, 4], 

u-v -= 0 - 2 + 12 - 10 


From (1) we see that the component of u m the direction of v is 


_ Hi? _ ^0 
” Kl “ VM 


- 2.236, 


while the component of v in the direction of u is 


Vu 


— 

|ul 


10 ^ 5 
Vu “ 7 


VTi - 2.673. 


The angle between u and v is given by 

cos (u, V) - = 0 6976, hence (a, v) - 53“ 1«'. 


Example 2. In the circle of Fig. 15a, OA = a and OP - r denote fixed 
and variable vector radii. For any position of P on the circle 

r* ■■ a* or r* — a* =■ (r — a)*(r + a) =■ 0. J 

But since 


r — a 


OP -OA 



r +a 


OP + BO 



we see that AP and BP are perpendicular vectors. Thus we have proved 
that an angle inscribed in a semicirde is a right angle. 
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Example 3. In the tnangle ABC of Fig. 156 vre have 
a - BC - AC - AB - b - c, a* = (b - c)*(b - c) = b* - 2 b*c +c*. 
Hence vdth the usual notation for the sides and an^es of a triangle, 
o* -> 6 * + c* — 2 he cos A. 

This is the Cosine Law of plane trigonometry. 




Example 4. To find the shortest distance from a point A to the hne 
through the points B and C. 

MeBiod. Find the component of the vector AB in the direction of BC. 
The required distance d is then given by the equation 

(component of AB on BC)* + d* = AB*. 

Computation. If the points are 


A (3, 1 ,- 1 ), B(2,3,0), C(-1,2,4), 

we have AB = [— 1 , 2 , 1 ], BC = [—3, —1, 4]. 

From (1) the coiiiponcnt of AB in the direction of BC is 


hence 


d* 


AB-BC 3-2+4 


IBCl 




o-i -4 


5 

V 26 ’ 

d •= 2.245. 


Check. If we use the vector AC instead of AB, we have AC ■■ 
[-4, 1, 6 ], 


AC -BC 

1^1 


- 7 = , and d* 




as before. 
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Example 5 . To find the Cartesiun o(iuatiun of a piano througli the 
point Pi and normal to the vector n = [A, B, C]- 
Lot ri and r denote the position vectors of Pi and any ix>int P of the 
plane. Then since n is perpendicular to 

PiP = r - ri = [x - Xi, 3 / - e - e,], 
the desired equation is n‘(r — ti) “ 0, or 

A (x - xi) + B (i/ — yO + C (a — Si) =■ 0 . 

If the equation of the plane is given as 

Aj< + By + Cz +!}=(), 

the vector n - [A, B, V] is nonnal to the plane. For if P and 1 \ aro 
points on the plane, 

n-r + 2 ) = 0 , n*ri + I) = 0, and n'(r — ri) = 0 

" ' > 

Thus n is perpendicular to any vector PiP in the piano and h(‘nc(‘ to the 
plane itself 

Example 6. To find the shortest distance from a point Pi (j"i, 3/1, Ci) to 
the plane whose Cartesian equation is 

Ax + By + Cz + 7 ) » 0. 

Method If Pix^yjZ) is any point of the plane, the lequin^l dis- 

— > 

tance d is numerically cijual to the component ol PPi on the vei'lor n => 
[A, -B, C] normal to the plane 

- — > 

CdLculahon. Since PPi = [.ti — J?, //i — 2/, z\ — z\, 
the component of PPi on n is, from (1), 

n »PjPi ^ A (-1 1 - 1) + 7 ? 0/t - y) + C {zx - z) 

I“1 “ •n/a>'+ yp + 

Hence, on replacing —Ax — By — Cz in the miineiator by 7 ), wo have 

+ Byi + Czi + D\ 

VA^ + B* + C* 

Remark. The problem of findmg the shortest distance of the {xiint 
Pi (a:i, yi) to the line Ax + TJy + 7 ) = 0 m the ay-plane is the sanu* as 
finding the distance of Pi (x,, j/i, 0) to the phiw Ax + By + D = 0 
(which passes through the given line and is perpendicular to the xy-plaiie). 
The required distance is therefore 

|Axi -|- By\ -|- 7 )| 

VA* + B* 


d 
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PROBLEMS 

1 . i'lnd the component of [2, 3, -1] upon an ajds in the direction of 

[-1, -a, 2]. 

2. Find the component of the vector 2 i + 3 j + k upon a line directed 
from 0 into the first octant and making equal an^es with the three co- 
ordinate axes. 

5. Find the component of the vector i + 2 j - k upon a hne whose 
direction is the same as that of the vector i — j + k. 

4 . Find the angle between the vectors 

(a) [1,1,0], [1,0,1]; (b) [1,1,1], [1,0,0]. 

6. Find the lahortest distance from the point A (2, —3, —4) to the line 
through B (1, 2, -3) and C (3, 3, --6). 

6. Find the shortest distance from the point A (1, —2, 1) to the plane 
4a; — 3 2 / + 12 2 ! — 8 =0. 

7. Find tlie c(iiuitiou of a plane perpendicular to the line through 
A (3, 4, —1) and B (5, 2, 3) at its middle point. 

8. Find the angle between the planes 

x-y+z+2==0j 2x+y-z + 1^0. 

9. Piove that the sum of the squares of the diagonals of a parallelogram 
is equal to the sum of the squares of its four sides. 

10 Show that the equation of a sphere having A-B as a diameter is 
(r — a)'(r — b) = 0, wheio a, b, r denote the position vectors of A, B, 
and any point P on the surface. 

16. Vector Product of Two Vectors. When the vectors u and 
V are not parallel, (u, v) shall denote the smaller angle, regarded 
as positive, between u and v, that is, 

(u, v) > 0 and < 180®. If u and v 
are parallel, (u, v) = 0 or 180®. Thus 
sin (u, v) is cither positive or zero. 

The vector product of two vectors u 
ayid V, written uxv, is defuned as the 
vector of Ictiglh |u| |v| sin (u, v) which 
IS perpendicular to both u and v m the 
direction in which a nght-handed screw 
advances when turned from u towards v 
through the angle (u, v). In symbols, 

(1) uxv = |u| |v| sin (u,v) e, 

where e is a unit vector in the direction specified. 

This definition fails to determine the direction of uxv when 
tt and V are parallel; in this case, however, sin (u, v) == 0 
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and twv = 0. Moreover u><v = 0 only when u =» 0, ▼ «= 0, or 
sin (u, v) = 0. The last condition moans that u and ▼ are 
parallel. Hence when u and v are proper vectors, 

(2) uxv = 0 is equivalent to u || v. 

Note, in particular, that uxu 0. 

If we construct a parallelogram on u and v as sides, the dis- 
tance between the sides parallel to u is |v| sin (u, v). The area 
of the parallelogram is therefore 

(3) A = |u| |v| sin (u, v) and uxv = Ae. 

Thus the length of the vector uxv is numoncaUy the same as the area of 
the parallelogram determined by u and v. 'I'his arba is zero when, 
and only when, u and v are parallel — in agreement with (2) alxivo. 

If u and V are interchanged in (1) the scalar factor |u| |v| wn (u, v) 
is not altered; but as a screw turned from v toward u will advance 
in the direction opposite to that when turned from u toward v, we 
see that vxu and uxv have the same length but opposite directions 

(4) vi<u = —uxv. 

Therefore (he vector product of two vectors is not commutative. 
From (1) we see that 

(— u)xv = ux(— v) = —uxv, (— u)x(— v) = Uxv, 

(5) (au)x(6v) = a&uxv 

The last result is obvious when a and b are positive numbers; 
the other cases then follow from the eciuutions preceding. 

17. Distributive Law for Vector Products. The vector uxv 
may be formed as follows. Draw u and 
V from the same point A (I'^ig 17a). Lot 
p be a plane perpendicular to u at A, 
and regard rotations in this plane as 
positive when they advance a r-h screw 
in the direction of u. Then uxv may be 
“ obtained by the sequence of three opora- 
Fia. 17o. tions, namely 

(P) Project V on p, obtaining v'; 

QfS) Multiply v' by |u|, obtaining |u| v'; 

(R) Revolve juj v' through -1-90° about u, obtaining uxv. 
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In. fact the tesultuog vector agrees with iwv in direction (upward 
in Fig. 17o) and also in magnitude since |u| jVI = |tt| jv) sin (u, v). 
We may indicate this method of forming ttcv by the notation 

(1) u>w = RMPy] 

this simply means that v is first projected, then multiplied, and 
finally revolved as described above. 

Now each of these operations is distributive; that is, the result 
of appl^dng any one, as R, to the sum of two vectors is the same 
as if JS were applied to the vectors separately and the resulting 
vectors added. Keeping this in mind, we have from (1) 

ux(v + w) =» RMP (v + w) 

= f2M (Pv + Pw) 

= R (MPv + Jf Pw) 

== RMFv + RMPti, or 

(2) U!<(v + w) = uxv + uxw. 

If the factors are interchanged in every term of (2) we again 
obtain a true equation: 

(3) (v + w)xu = wu + wxu; 

for this simply amounts to multiplying (2) by — 1. 

Repeated application of (2) and (3) enables us to expand the 
vector product of two vector sums just as in ordinary algebra, 
provided that Ike order of the factors is not altered; for example 

(a + b)x(c + d) = axc + bxc + axd + bxd. 

If c 0 in the equation 

axc = bxc or (a — b)>«c 0, 

we can conclude ettker that a — b = 0 or that a — b and c are 
parallel vectors. Hence we cannot cancel c in the equation to 
obtain a = b unless we know that a — b and c are not paraUeL 
Since the axes of codrdinates in § 11 were chosen so as to form 
a r-h system, a rotation of a r-h screw from i to i, j to k, or k to i 
will make it advance in the direction of k, i or Respectively (see 
Fig. 11). Hence from the definition of a vector product, 

(4) H = k, j>k = i, fed = j( 
j>d = — k, k>^ = — i, ik = — j. 
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The relations (4) arc easily remembered if we note that i, j, k 
occur in each equation in the same cyclical order (Fig. 17/>). 

. We may now expand the product 

Jc 

I ttiV = (Us 4 + Wyj + + Vyj + J'jl). 



i 

Fig. 176. 


Of the nine terms in the expansion, throe vanish 
since 

id = jxj = kxk = 0, 

while the remaining six may be grouped as 
follows: 


UXV = (UyW, — 7ltVy) i + (uj)f — W*V,) j + (UgiOy ~ WyW*) k. 

From this result we see that the components of Uxv are the de- 
terminants formed by columns S and S, S and t (not 1 and S), 
1 and £ of the array 

Ux Uy lt% 

Vs Vy V, 


This rule is equivalent to writing uxv as the determinant. 

li j k 


( 5 ) 


uxv = 


Us Uy lit 
Vs Vy Vg 


Excmple 1 If u => [2, —3,6], v = [ — 1,4,2], we may compute the 
components of uxv from the array 

2 -3 5 
-1 4 2. 

Since 


-3 5 

- -26, 

6 2 

1 

= -0, 

2 -3 

4 2 

2 -1 


-1 4 


UXV = 

= [-2( 

h -9, 6]. 



As a check we may verify that uxv is perpendicular to both u and v, 
(2) (-26) + (-3) (-9) + (5) (5) =■ -.'>2 + 27 + 26 - 0, 
(-1) (-26) + (4) (-9) 4- (2) (5) =• 26 - 36.-I- 10 - 0. 


Example 2. To find the equation of a plane through three pointa 
A, B, C not in a straight line. 

Method. Since AB and AC lie in the plane, n - AB>tAC is normal 
to the plane. If P is any point of the plane, AP lies in the plane and is 
perpendicular to n. Hence n • AP = 0 is the required equation. 
Computation. J£ the points are 

A (1, 0, 2), B (2, 3, 0), C ( - 1, -2. 5), P (x, y, z), 
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we have 


AB - [1, 8, -2], AC = [ -2, -2, 3], AP ^\x - 2], 

and by the method of Ex. 1 we find 

n - = 15, 1, 4]. 

Hence the required equation is 

5 (x - 1) + y + 4 (z - 2) = 0 or 5 x + y + 4 z - 13. 
Check. This equation is satisfied by the points A, B, C. 


Example 3. To find the shortest distance between two straight lines 
in space. 


Mdhod. If the straight lines are AB and CD, the vector p AB^CD 
is normal to both lines. Then the numerical value of the component of 

AC along p will give the required distance. Instead of AC we may use any 
vector, as BD, which begins in one line and ends in the other. 


CompttUiiion. If the lines AB and CD are given by the points 
A (2, -3,1), 5(1,0, -2), C(4,2,l), 5(-l, -2,1), 


we have 

^ = [-1, 3, -3], CD - [-5, -4, 0], p = I5«CD - [-12, 15, 19]. 
The component of AC « [2, 5, 0] on p is, from (§ 15, 1), 

Eli? _ [-12. 15, 19] -[2, 5,0] -24 + 75 _ _6^ _ , 

Ipl ■ vm “ Vm " V730 " 


This is the distance required. 

Check. The comixnient of BD = [—2, —2, 3] on p is 

p.^ ^ f-12, 15, 19] • [-2, -2,3] _ 24 - 30 + 57 _ 51 
IpI “ y/lM “ -n/^ V730 


PROBLEMS 

1. Find the equation of a plane through the points A (1, 0, 2), 5 (2, 3, 0), 

C{-1, -2,6). 

2. Find the components of a vector of length 39 which is perpendicular 
to the vectors [4, —3, 0], [—4, 6, 1]. 

3. Find the equation of a plane through the points A (1, 2, 3), 
5 (2. —8, 4) and perpendicular to the plane 3x+2y — z+7 -0. 

[The vectors AB and [3, 2, —1] are both parallel to the required plane.] 
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4. Find the equation of a plane through the point A ( — 1, 2, 1) and 

perpendicular to the planes 4x + Sy — 2z + 7 0, Hx - '2y — 5z + 

6 - 0 . 

5. Find the shortest distance from the point P (1, 1, —3) to tiio plane 
through the points A (1, —1, 2), B (3, 2, 4), C ((5, 2, —2). 

6 . Find the shortest distance between the lines AB and CD: 

(a) A (-2, 4, 3), B (2, -8, 0), 0 (1, -3, 5), D (4, 1, -7). 
ib) A (2, 3, 1), B (0, -1, 2), 0 (1, 2, 6), D (-3, 1, 0). 


18. Scalar Triple Product. Three vectors u, v, w, taken in this 
order, are said to form a nght-handed (r-h) or left-handed (1-h) 
set according as the angle 6 between uxv and w is acute or ob- 
tuse. This definition is easily remeinbered by noting that tlie 
thumb, index, and middle finger (bent upward) of the right hand 
form a ivh set. 

The scalar product of u>o(r and w is written uxvw* and often 
called the scalar triple product of these vectors. The g(‘oniotric 
meamng of this product is state<l in the 


Thbokbm. The product uxv-w is numerically equal to the volume 
V of a parallelepiped hamug u, v, w as concurrent edges; more 
precisely, 

(1) uxv-w = I _ when u, v, w form J set. 


ttXV 



If A denotes the area of the faces of this paralleh'piped parallel 
to u and v, and h the perpendicular distance between these faces 
(Fig. 18), we have 

uxv'W = |uxv| |wl cos B — =» ± V 

since |uxv| = 4 (§ 16), and |w| cosS = h or —k according os u, v, w 
form a ivh or a 1-h set. 

* No ambiguity can arise by omittmg the parentheses in (u)(t)>w since 
the grouDing nxfv-w) is meaningless 
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If u, V, w are proper vectors, F = 0 only wheiL the vectors are 
coplaaar. Therefore (hree proper vectors are coplanar (parciUel 
to the same plane) when and only when Uictr sccdar triple product is 
zero. In particular, a scalar triple product containing two parallel 
vectors is zero j for the three vectors are then necessarily coplanar. 
For example, uxvu = 0. 

The i>h or 1-h character of a set u, v, w is not changed by a 
cydical change in their order, such as v, w, u or w, u, v. The 
student should assure himself of this fact from a figure. Hence 
from (1) 

(2) UXV'W = wwu = wxu-v. 

However a r-h set becomes 1-h, and vice versa, when their cyclical 
order is changed; hence 

uxV'W = — uxw*v, etc. 

Thus if the set u, v, w is r-h, the products in (2) all equal V while 
UxWV = w><v*u = vxu*w 

all equal — F. 

The value of a scalar triple produd is not altered by an interchange 
of the dot and cross. For from (2), uxv*w = vvw*u, and the last 
product may also be written u*vi<w (§14, 4); hence 

(3) UxV*W = U'VKW. 

From (§ 14, 5) and (§ 16, 5) we have 

(4) (au)x(6v)-(cw) = a6c uxv*w. 

Finally, the distributive law for scalar and vector products 
shows that a scalar triple product of vector sums may be expanded 
just as in ordinary algebra, provided that the order of the factors 
is not altered. Thus if we expand 

UxVW = (uj. + Uyj + Mjk)x(v4 + Vyj + V^)-(wJi + lOyj -f t«ik) 

we obtain 27 terms. Of these 21 vanish, as they contain triple 
products in which two or more equal vectors occur. The remain- 
ing 6 terms are those containing the products 

ixj*k = jxk'i = kxi'j = 1, ixk*j = kxj-i = jxi-k = — 1, 

and the calculation shows that they are precisely the 6 terms in 
the expansion of the determinant below: 

Ujf TJiy tfg 

Vgg Vy . 

WX Wy Wm 


(5) 


U>cV*W = 
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This result also follows at once from the determinant form of 
uxv (§ 17, 5). 

Example 1. To computo the volume of the paxallelcpiped whose con-v 
current edges are AB, AC, AD when the rectangular coordinates of A, 
B,C,Dtxe given. 

Let the points bo 

A (-3, 1,2), Z?(-1,0, -2), C'(2,l,4), D (2, -3, 1). 

Then AB = [2, -1, -4], AG = [5,0, 2], AD - [6, -4, -1], 

AB*AC =. [ -2, -24, 5J, AB^^AC ‘AD-^ -10+96-5-81. 

Thus, from (1), 81 is tho rc<iuircd volume, and AB, AC, AD form a r-h 
set. We ought also compute this volmno from (5) . 

—4 2-1-4 

AB^^AC • AD - 5 0 2 -81 

5 -4 -1 

The volume of the totrahedion ABCD is 1/6 of this, as we know from 
solid geometiy 

Example 2. To find tho point P where the liiu^ AB pierces the plane 
CDE. 

Method. Since the vector CP is coplanur with CD and CE, 

CD^^ -CP =0. 

But ^ = AP - AC = X - AC 

where X is a scalar To find its value wo have 


CDxCE-(\AB - AC) = 0, 
The point P is then given by 


CD-r/i,’ • AC 
ClhGE- AB 


OP - OA + AP = CA + X AB 

Computahon. Let the line and plane bo given by the ixunfis 
A (1, 2, 1), B (2, 1, 2) and C (0, -4, 4), D (2, -2, 2), E (4, 1, 2). 

Then CD - [2, 2, -2], CE - [4, 5, -2], CD»CIi - [6, -4, 2], 

AC -[-1, -6,3], AP=[1, -I, 11, 

[6, -4,21-[-l, -6,3] _ 24 
[6, -4,2].[1, -1,1] "12“- 

OP - OA + X AB - [1, 2, 1] + [2, -2, 2] - (3, 0, 3]. 

The required point P is therefore (3, 0, 31 
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elude. Since DP is coplanar mth DC and DE we may use the rdation 


DC*DB . DP 


to detennine X. 


0, where 

DP = Ip -Id 


\AB - AD, 


19. Vector Triple Product. In order to expand the product 
we first note that this vector is perpendicular to Uxv 
and hence is coplanar with u and v. Ther^ore, from § 8, 

(u><v)*w = Zu + mv, 

where I and m are numbers. To find I and m choose a r-h system 
of rectangular axes having the a;-axis parallel to u and the p-axis 
in the plane of u, v. Then 

U = u4, V = vji + Vyj, w = wJL + Wyj + 

UxV = = UajWjk, 

(uxv)xw = Vyfiy (wjad + Wjibd) 

- (t0*i - wA) 

= — VyWyXX 

"=* (v — VJl) — tlylOyU 

= UgWgV — (VfWg + VyWy) a; 

or, since 

U*W = lltWx, V*w = VxWf + VyWy, 

(1) (uxv)xw = (u*w) V — (v*w) U. 

Since wx(uxv) = — (uxv)xw, we have also 

(2) wx(u><v) = (w»v) u — (w-u) V. 

In the left-hand members of (1) and (2), one of the vectors in 
parenthesis is adjacent to the vector outside, the other remote from 
it. The right-hand members of both equations may be remem- 
bered from the scheme: 

(Outer doZ Remote) Adjacent mmus (Outer doZ Adjacent) Remote. 

In general the vectors (u>v)xw and ux(vxw) are not equal; the 
former is coplanar with u and v, the latter with v and w. Hence 
cross mvMflication of vectors is not associative. 

Example 1. The vector projection of a in the direction of the unit 
vector e is (e>tt) e from (§ 10, 1); hence the vector projection of u on a 
plane perpendicular to e is 

u — (e-u) e = ex(uxe). 
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Example 2. Find the vector u which satisfies the equations: 
a-u “ at, bxu “ c. 

The scalar a and the vectors a, b, c are regarded as known. From 
the second equation we have 

ax(bxu) = axc or (a*u) b — (a*b) u - axc; 

hence, in view of the first, 

u »• — — provided a-b 9 ^ 0. 


PROBLEMS 

1. Prove the identities: 

(а) ax(bxc) + bx(cxa) + cx(axb) “ 0. 

(б) (a>«b)-(bxc)x(cxa) = (a-bxc)* 

(c) (axb)-(cxd) - (a-c) (b-d) - (a-d) (b-c). 

2. Show that the lines AB, CD are coplanar and find the point P in 
which they meet 

A (-2, -3,4), B(2,3,0), C'(-2,3,2), D(2,0,l). 

[CD is parallel to CP = AP — AC = \AB — AC. Find A by setting 

— > 

up a proportion between the compouents of these vectors; then OP ^ 
OA +\ AB.] 

8 Given the vectors u and a, b, c in § 9, compute I, m, in (§ 9, 1) 
[To find Z multiply the equation by-(bxc).] 

4 Prove that the equation of a plane through the {xiints Pi, Pi and 
parallel to the vector a is 

r-(rj - ri)xa - ri-r,xa. 

6. Find the point P where a line through Pi and parallel to 1 pierces 
a plane through Pi and normal to n [The equations of the line and 
plane are r — ri b Al, (r - ri)<ii ■» 0. At the point P show that x - 
(fi - rO-n/l n.] 


20. Summaiy, Chapter I. A vector is a segment of a stiaight 
line having a definite length and direction. Equal vectors have 
the same length and direction. The negative of a vector is a vector 
of the same length but opposite direction. Note that 


AB = OB- OA. 
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Vectors are added accordii^ to the parcdidogram law. Vector 
addition is commutative and associative: 

u + V = V + u, (u + v) + w = u + (v + w). 

Subtracting a vector is the same as adding its negative. 

The product of a vector and a positive number p is a vector p 
times as long and having the same direction. The product of a 
vector and a negative number — p is a vector p times as long and 
having the opposite direction. The multiplication of vectors 
by numbers is commutative, associative and distributive: 
ou s ua, (a6) u = a (&u), 

(a + &) u » au + 6a, o (u + v) = on + av. 

If u and V are not parallel, any vector coplanar with them may 
be expressed as au + 

If u, V, w are not coplanar, any vector may be expressed as 
ou + 6v + cw. 

The component of u on an axis s is the number 
Us = |u| cos (s, u). 


The component of u + v on s is + »*• 

The point P is said to divide the segment AB \n the ratio a/h 
when 


AP = ^PB-, 


and OP = 


hOA-\-aOB 
0 + 6 


The centroid of a set of points P, associated with the numbers 
m, is the point P* defined by 

* — > OPf 

mi P*P, = 0; and OP* 

The scalar product u*v is defined as 

u*v = |ul |vl cos (u, v); and u*v = lu|v* = lv|u,. 

Dot multiplication is commutative and distnbutive : 

U-V = V*U, U*(V + W) = U*V + U'W. 

If u and V are not zero, u*v = 0 implies that u and v are perpen- 
dicular, and conversely. 

If e is a umt vector in the positive direction of an axis s, the 
component of u on s is e*u. 

The vecfor product uxv is defined as 

u>w = |u| |vl sin (u, v) e. 
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where e is a unit vector normal to the plane of u and v whoso 
direction is given by the rule of the r-h screw. If A is the area 
of the parallelogram with u and v as sides, uxv = Ae. Cross 
multiplication is distributive, but not commutative: 

UxV = — VxU, Ux(v +■ W) == UxV + UxW. 

If u and V are not zero, uxv = 0 implies that u and v arc parallel, 
and conversely. 

The scalar triple product u^vw is numerically equal to the 
volume of a parallelepiped having u, v, w as edges. If u, v, w 
are not zero, U3W*w = 0 implies that u, v, w are coplanar, and 
conversely. The value of uxv*w is not affcctod by a change in 
cyclical order of the vectors or by interchanging the dot and cross. 

The vector triple product 

Ux(vxW) = (U'W) V — (u-v) w. 

If u is referred to rectangular axis rr, y, z, 
u = + z/ak; 

Zlw = |u| cos (X, U), etc , |u|* = + 7/.®. 

If u lies in the rry-planc, iz* = 0 and cos (t/, u) = sm (x, u) ; 

ttx == lu| cos (x, u), Uy = |ul sin (x, u); ^ = tan (x, u). 

Ux 

In terms of rectangular components we have 

U + V = [m. + V„ Uy H- Vy, u, + 

au = [aUx, nuy, 
u-v = ?v’* + 'V'y + 


i j k 


Ux Uy ?/, 

Ux Uy Vx 

; uxvw = 

Vx Vy Vx 

Vx Vy Vg 


Wx Wy Wx 


uxv 



CHAPTER II 

STATICS. FUNDAMENTAL PRINCIPLES 

21. Force. Everybody is familiar with the notion of a force 
from the muscular sensations due to pushing, pulling, or supporting 
heavy bodies. This rough notion may be made quantitative by 
measuring such efforts on a spring balance. Some definite force 
must first be chosen as a unit — for example, the tension produced 
in a spring, held vertically, when supporting some standard body 
in a particular locality, and the elongation of the spring marked. 
Other bodies may now be made which produce this same elongation, 
and the position of the pointer corresponding to two, three, etc 
of these bodies marked 2, 3, ... , thus forming a scale of force 
magnitude. Either of two bodies, which singly produce equal 
deflections, and which together produce the unit deflection, will 
locate the graduation 1/2. Other sub-multiple graduations may 
be located in a similar manner.* Thus, theoretically at least, an 
instrument may be constructed to measure forces. If such an 
instrument seems crude, it should be remembered that all in- 
struments are to some extent inaccurate Moreover it is not diffi- 
cult to imagine a standard spring balance, constructed with great 
care, by which forces over a Imiited range could be measured with 
extreme precision. 

It should be noted that the conception of a force as a push or 
pull involves the idea of direction as well as magnitude. Thus 
a force, when being measured on a spring balance, must be applied 
along the axis of the spring. In brief, force is a vector quantity. 
A force, however, cannot be represented by a free vector; for the 
effect produced by a force on a body depends upon the point at 
which it is applied. Forces are therefore represented by vectors 
acting at specific points, their 'points of application 

This method of graduating a spring balance does not presuppose a knowl- 
edge of the law connecting the elongation of the spring with the force applied. 
It does assume, however, that within the range of forces measured, the same 
force will always produce the same deflection. 

41 
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We may now define force as a vector quantity localized at a 
point which represents the action of one body on another. • It 
must be admitted that this definition is of slight service unless the 
nature of force is already known from experience. This is due to 
the fact that force, as one of the primitive concepts of mechanics, 
is hardly capable of being defined. 

As forces are vector quantities they will be represented by letters 
in heavy type, as F, W, P, etc. The corresponding letters in 
italics will usually be used to denote their magnitude; thus F = 
|F|, The notation will always show whether a vector or its mag- 
nitude is being considered. 

22. Local and Standard Weight. The most familiar of all 
forces is the pull of the earth (force of gravity) on all bodies on or 
near its surface. The loeigH of material bodies is due to this 
earth pull. 

Definition 1. The weight of a body in a given hrnhty — ite 
local weight — in the force the body erertn on itn nupportn when at 
rest relative to the earth in that locality. 

If a body is resting on a table, tlio ilownward forc<‘ it exerts on 
the table is its weight; if it is hung from a cord, its weight is the 
downward force it excri.s on the cor<l. Note that, weight is a force 
and consequently a vector quantity. Since t.ho direction of I he 
weight is always known, being along the plundi-lino at tlie locality 
in question, the weight of a body is usually giv(‘n as a scalar mag- 
nitude. Thus we shall speak of a body of weight W, nu^aning 
that the magnitude of the weight is W. 

The local weight of a body may bo iloicrmined by suspending it 
from a spring-balance graduated in terms of an assumed uml, forc<‘. 
Experiment has shown that the weight of a given bo<ly varies with 
the locality, increasing with the latitude and decreaHing slightly 
with the height above sea-level. The greatest variation of local 
weight in the United States proper is about 0 2 per cent; this, of 
course, is neghgible in most engineering calculations 

If, however, we wish to define the unit of force as l,he weight 
of some standard body, it is necessary for the sake of precision 
to specify the locality at which the weight is measuied. For the 
present we may regard any place at sea-level in latitude 45“ N. as 
a standard locality, 

* Force is often deSned as the agency which changes, or tends to change, 
the motion of material bodies. 
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DEFrymoN 2. The standard weigM of a body is its weight at a 
standard locality. 

The British gravitational unit of force is the pound force] this 
is defined as the standard we^ht of the standard pound body (a 
platinum body kept at the Standards Office of the Board of Trade 
in London). 

The metric gravitational unit of force is the Mlogram force] this 
is defined as the standard weight of the international prototype 
kilogram (a platinum cylinder kept at the International Bureau 
of Weights and Measures, Sevres, France). 

23. Particles and Rigid Bodies. If in a certain problem in 
mechanics the matter composing a certain body may be regarded 
as concentrated in a single point, the body is called a particle. 
As our subject develops we shall see when it is allowable to regard 
a body as a particle and when this is inadmissible. Thus the mo- 
tion of a billiard ball thrown in the air may be determined quite 
accurately by treating it as a particle; but this is clearly out of the 
question if we are dealing with its motion on a bilhard table, which 
involves, perhaps, rolling, sliding and spinning. 

We shall consider any material body as composed of an aggre- 
gate of very small particles. The size and shape of any actual body 
may be altered by suitably apphed forces. But bodies vary con- 
siderably m their abihty to resist deformation, some yielding 
readily to small forces while others are not visibly affected by very 
large ones In the latter the relative positions of the component 
particles are only very shghtly altered. We may therefore imagine 
bodies so rigid that they suffer no deformation whatever no matter 
what forces they are subjected to; these are the ideal ngtd bodies 
of mechamcs. Of course no actual bodies are rigid in this sense; 
the ideal rigid body is a pure abstraction. The justification for 
regarding actual bodies as rigid in certain problems is that their 
deformation is neghgible or unimportant in the problems in 
question 

In certain branches of mechanics, as the Theory of Elasticity 
and Hydrodynamics, the deformations of bodies are of the first 
importance and are carefully taken into account These branches 
constitute what is known as the Mechanics of Deformable Bodies. 
In this book, however, we shall be principally concerned with the 
Mechanics of a Particle and of Rigid Bodies. It is important, 
therefore, to keep in mind the following definition: 
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A rigid body an tdeal body whose parhdes always matntain 
the same relative position, irrespective of the forces applied; its 
size and shape are therefore invariable. 

24. The Fundamental Principles of Statics. Wo shall biisc 
our development of Statics on four fundamental principles. These 
are collected below for the sake of convenient reference, hlach 
principle will be discussed in detail in a subsequent article. 

Pbinciplb a (Vector Addition op FoitcBs). A system of 
forces acting simvitaneously on the same particle may lye rejylaced 
by a single force, acting on this particle, equal to their vector sum. 

Principle B (Transmissibility op a Force). A force acting 
on a rigid body may be shifted along its line of action so as to act on 
any particle in this line. 

Principle C (Static Equilibrium). If the forces acting on a 
particle or rigid body, initially at rest, can be reduced to zero by means 
of Principles A and B, the particle or body will remain at rcM. 

Principle D (Action and Reaction). The intnaclion be- 
tween two particles, whether in direct contact or at a distance from 
each other, may be represent by two forces of equal magnitude and 
opposite direction acting along their joining line.* 

These principles may be justified in part by dirtset. oxperinw'nt. 
The most conclusive evidence of their corrootnow, howi'vor, is 
that the calculations based on them arc in agreement with observa- 
tion, the agreement becoming more and more exact witli incieased 
accuracy in the measurements. 

We proceed now to a more detailed examination of these prin- 
ciples and the results that may lie dodueod from them. 

25. Principle A: Vector Addition of Forces. A syslryn of 
forces acting simultaneously on the same, particle may he replaced 
by a single force, acting on this particle, equal to their vector siim.\ 

We have seen that a force may bo represented as a vector lo- 
calized at a point. In view of Principle A, we may comliino any 

* It is understood that the forces representing the interaction of two partielos 
Pi and Pi act on these particles, obviously the action of P, on is a foico 
acting on Pt 

t It would have boen sufficient to state this jirineiplo for tivo foreos, in 
this form the pnnciple is known as The PataUdogram of Forces (sco § ;i) Tho 
case of any number of forces follows readily from this From a purely logical 
point of view, it is only necessary to state this pnnciple for two special cases; 
(1) two collineax forces, (2) two perpendicular forcos. Tho general case of 
any two forces may be bmlt up from those 
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set of forces acting on a particle into a smgle force, their rmUtant, 
by the polygon construction of § 3. Thus in Fig. 26o, the forces 
Fi, Fa, Fj, Fi acting at P may be replaced by the force R at P. 
In particular, any set of forces actmg on the same particle may be 
canceled if their vector sum is zero. 




From Principle A we may prove the following useful 

Theoeem a. a system of forces, acting sinvuUaneotisly on a 
particle, may be replaced by any other system of forces, acting on this 
particle, having the same vector sum. 

For both systems may be replaced by one and the same single 
force, their vector sum; they must therefore have the same dy- 
namic eifoct on the particle. 

If the forces Fi, Fa, . . . , F„ act on the particle, their resultant 

R = Fi + Fa F» = ^,F, 

may be found grapliically by the polygon construction, as in Fig 
25a, provided that the forces lie in a plane. But when the forces 
are not coplanar, the polygon formed by the vectors Ff and R is 
not plane and the methods of descriptive geometry must be used 
to find R graphically. If we project this skew polygon on any 
plane a closed plane polygon is obtained Thus in Fig. 256 the 
horizontal and vertical projections of three forces, concurrent at 
a point P, are shown to scale on the left. On the right the usual 
polygon construction gives the projections R*, R, of the resultant. 
From these we may find the magnitude R of the resultant; one 
method, shown in the figure, consists in revolving R about a vertical 
line until it is parallel to the vertical plane. 
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26. Computation of Resultant. If a system of foroos F, act 
on a particle, the magnitude and direction of their resultant R 
may be computed as follows Choose a system of rectangular 
axes and express each force F, in tenns of its rectangular (iom- 
ponents. Using the bracket notation of § 1 1 wo write 

R = [X, Y, Z], F, = [A-., Yi, Z,] 

Since the component of R on any axis is ciiual to i.lic sum of the 
components of the forces F, on this axis (§ 10), 

Then from § 11 we have 

R = VA"* + K* + Z^; cos (x, R) = ^ , etc. 

Thus both magnitude and direction of R arc determined. 

If the forces Fj are coplanar, their plane may be chosen as the 
a:j/-plane; then Z; = 0 and Z = 0 If we denote the angle (x, F<) 
by 6t, we have from § 11, 


X = 2^. = 2^. cos 6i, Y^'^Yi^ 2^, sin 

R = VX* + P; tan (®, R) = J. 
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The precise quadrant in which the an^e (a;, R) lies is determined 
by the signs of X and Y. 

The resultant of two concurrent forces may be found from the 
Law of Cosines. Thus in Fig. 26a, 

AC^ = AB^ + BC^- 2 {AB) (BC) cos 9, or 
ie* = Fi* + + 2 FiFs cos (Fi, Fj) 


since 6 — 180“ — 0Fi> Fa)- 
The angle ^ = (Fi, R) is 
now found from the Law 
of Sines: 

sin^ _ sing 
Fa ” ie ■ 



Fia. 26a. 



Fio 265. 


Example The four coplanar forces acting on the body shown in 
Fig. 265 are concurrent at P and therefore have a resultant R = [Z, Y]. 
The sines and cosines of the angles (x, F,) may be found at once from the 
figure. Thus we have 

X = 200-4- + 0 - 100-4- - 300-4= 

V2 Vs Vs 

= 100 V2 - 100 Vs = -<S2.2 

Y = 200-4 -f 200 + 100 4- - 300-4 
V2 Vs Vs 

= 100 V2 -f- 200 - 100 Vs = 117.8. 

Hence R = V(82.2)» -f (117 8)« = 143.6 lb , 

117 8 

{x, R) = tan-i = 180“ - 5S“ 06' - 124“ 54'; 

the angle is in the second quadrant since Z < 0, F > 0. As a check we 
compute 

X 822 ,,,,,, 

^ “ cos (a:, R) “ cos 65“06' “ ® 

The figure also shows the graphical construction for R. 
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PROBLEMS 


1. Two concurrent forces of 500 lb. and 300 lb. make an angle of 60°; 
find tbe magnitude and direction of thoir resultant. 

2. The resultant of three concurrent forces is zero; if « SO, >■ 
70, jP, = 50 lb., find the angles between the forces. 

3. If A, B, C, D,E,F axe the vertices of a regular hexagon, show that 

the five forces AB, AC, AD, AE, AF liavc a resultant cciual to 3 AD. 

4. Find the resultant of three forces equal to u, v, w in Fig. IS. 

5. Find graphically and analytically the magnitude and direction of 
the resultant of the following sets of forces in the a^-plano dirocU'd out- 
ward from the origin. The first number gives the magnitude of F, in 
pounds; then the direction of F» is specified by giving the angle (x, F,-) 
measured counterclockwise or by the coordinates of a point on its line of 
action. 


F, F, 

(а) 11,180° 20,90° 

(б) 60,180° 50, (-4, 3) 

(c) 68, (8, 15) 50, (3, -4) 

(d) 50,30° 70,135° 


F, 

15, (-3, -4) 
130, (12, 5) 

48, 270° 
100,240° 


F 

25,(3,* -4) 

59, 270° 

52, (-12, -5) 


27. Principle B: Transmissibility of a Force. A force acltrig 
on a rigid body may be shifted along its line of action so as to act 
on any partide in this line. 

It should be noted that this principle applies only to bodies 
which may bo regarded as ngid (§ 23). 

From Principles A and B we now deduce a theorem which is 
very useful in the reduction of forces acting on a rigid body: 

Thejorem B. Two forces of equal magniliulc and opposite di- 
rections acting along the same line in a rigid body, may be introduced 
or canceled at pleasure. 

Proof. We may introduce two forces F and — F acting on the 
same particle P of the body since their vector sum is zero (Pnn. 
A): then we may shift — F so that it acts on any other particle 
Q of their common line of action (Prin. B) Again, if F acts at 
P and — F at Q, both forces having the same hnc of action PQ, 
we may shift — F to P (Prin. B) and then cancel both forces at 
P (Prin. A). 

28. Equivalent Systems of Forces. Resultants. Two systems 
of forces S and S' are said to be equivalent when either system may 
be replaced by the other by applying Principles A and B (or the 
derived Theorems A and B). Note that if we can pass from S to 



§29 


RESULTANT OF PARALLEL FORCES 


49 


S' by a certain cbain of operations allowed by these principles, we 
can also pass back from /S' to jS by exactly retracmg our steps. 

If the S 3 rstems S and S' are equivalent, the vector sum of the 
forces — the force-mm — is the same in each system. For the 
very statement of Principles A and B shows that the force^m 
is not altered when they are applied. 

If the forces applied to a body are equivalent to a single force, 
this force is called their resultant. If the forces Fi, Fj, . . . , F» 
have a resultant R, 

(1) R = Fi + Fj + • • • + F« = 

and the magnitude and direction of R may be found graphically 
or analytically as explained in the precec^g articles. To com- 
pletely determine R, however, we must also find its line of action. 
Both graphical and anal 3 rtical methods to accomplish this will be 
given later on. In particular the forces F, acting on a partide P 
always have the resultant R given by (1); in this case R is com- 
pletely determined since it necessarily acts upon P. 

A. system of forces applied to a rigid body may not have a re- 
sultant — m fact, it IS only by exception that the system can be 
reduced to a single force. To give a simple example, consider 
a pair of forces F and — F, of equal magnitude, opposite directions, 
and with different (but parallel) hnes of action. Such a pair of 
forces is called a couple. If a couple had a resultant R, then from 
(1), R = F — F = 0; that is, a couple acting as a rigid body 
would be equivalent to no force acting on it. But this can not 
be true since a couple obviously exerts a turning effect on the body 
to which it is applied. 

29. Resultant of Parallel Forces. Let Fi and F 2 be two paral- 
lel forces acting on a rigid body at the points Pi and P 2 . If the 
forces do not form a couple they have a resultant that may be 
found as follows. At Pi and P 2 introduce two opposite forces, 
Q and — Q, actmg along the line P 1 P 2 (Theorem B). Combine 
Fi, Q and F 2 , — Q to the forces Ri, R 2 respectively (Prin. A), 
shift Ri and R 2 to the point 0 where their lines of action meet 
(Prin. B) and combine them at 0 (Prin. A) to the force 

R = Ri + Rs = Fi Q + F 2 — 0 = Fi -{- Fa. 

R is the resultant of the given forces Fi, F 2 . Figures 29a and 29b 
show the construction when the forces have the same direction 
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and when opposite directions. If Fi and Fg form a couple the 
above construction fails to yield a resultant; the original forces are 
then merely replaced by an equivalent couple formed by Ri and 



0 

Fio. 29o. Fio. m. 


Let the line of action of R cut P\Pz in the point P', then from 
similar triangles (in both figures) 

A P ^ 0 P]\^Q 

PO Pi’ PO Ft 

where F\, Ft, Q denote magnitudes of the forces. On dividing 
the first equation by the second we obtain 

PiP . Ft . 

PPt Fi ’ 

that is, P divides the segment P\Pt in the ratio FtfFx, the division 
being internal or external according as Fi and Fj have the same 
or opposite directions. In the latter case R lies lioyond the larger 
force. 

Examples In Fig. 29c the forces of 5 lb. and 3 Ib. applied tx) the body 
have a resultant of 8 Ib. whose line of action divides PiPt inlenially in 
the ratio of 3:5. 

In Pig 29d the forces of 2 lb. and 6 lb. have a resultant of 3 lb. whoso 
line of action divides PiPj externally in the ratio of 5 2. 

A system of three parallel forces can always be reduced to two 
by the above construction; for two of these forces necessarily have 
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the same direction and may be replaced by a single force. If the 
forces of this new system do not form a couple they may in tunr 
be replaced by a single force — the resultant of the given system. 

2 

P. p. 


|8 

PiQ. 29c. PiQ. 29<i. 

By successive applications of this process we may reduce any 
system of parallel forces F, to two forces, say Ri and Ra, such that 

Ri + Ra = S®*- 

If 0, Ri and Ra cannot form a couple and may therefore be 

replaced by a single force R, the resultant of the system. 

If, however, = 0, then Ra = — Ri and the forces form a 
couple provi<lcil they have different lines of action. But if Ri 
and Ra act along the same line they may be canceled, the onginal 
system of forces is then reduced to zero. 

30. Principle C: Static Equilibrium. The next fundamental 
principle deals with the central problem of statics: If a body, 
acted on by certain forces, is at rest, under what conditions will 
it remain at rest'? 

Phinc'II'lk C- (Static EQuiiiiimiuM). If the forces acting on a 
particle or a ligid Imhj, initially at rest, can be reduced to zero by 
means of Principles A and B, the particle or body mil remain at 
red. 

A sot of forces that can be reduced to zero by means of Prin- 
ciples A and li is said to he in equilibrium. From § 28 we see that 
the vector sum of any set of forces in equihbrium must be zero. 
It does not follow, however that we have equilibrium when this 
condition is fulfilled; consider, for example, a body acted on by a 
couple. 

Example 1. In Fig. 30a the upward forces may be replaced by a force 

8 lb. which is exactly opposed to the downward force (see § 29, Example) 
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and therefore oanods it. The forces are thus induced to zero and the 
body is in equilibrium. 



Example 2. In Fig. 306 the four coplanar forces A, B, C, D arc nonnal 
to the sides of the quadrilateral at the middle pomts and proixirtional 
to the lengths of those sides: 

A 

abed 

Replace A and B by their resultant Ei. If in the force triangle A, B, Ei 
we choose the scale so that A = o, R •= 6, it will lie the samo ns the tri- 
angle abe turned through 90°, and Ei = c. Moreover Ei m nonnal to 
the diagonal e at its middle point, for the perpendicular liiseetors of a 
triangle meet in a point. Similarly replace C and D by their resultant 
E*, di awing the force triangle C, D, E 2 to the samo scale so tliat C = c, 
D = d. Wo find that Es = — Ei and that these forces have the same lino 
of action. If we cancel Ei and Et the force system is reduei'd to zero. 
The body represented by the quadrilateral is therefore in e()uilihriuin. 

31. Principle D: Action and Reaction. Two particles Px and 
P 2 may act on each other by direct contact pressures or at a dis- 
tance through the agency of gravitation, magnetism, or cloctrieul 
attraction or repulsion. The force Fw exerted by Pi on /*2 acts 
at P 2 , the force F 21 exerted by P 2 on Pi acts at Pi Principle D 
now states that* 

(1) I'm = ~r 2 i or Fi 2 + F 21 = 0, 

and that both forces act along the hne P 1 P 2 . 
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Pbinciple D (Action and Reaction). The interaction be- 
tween two partideSf whether in direct contact or at a distance from 
each other, may be represented by two forces of egtud magnitude and 
opposite direction acting along their joining line. 

The forces acting on a given body may be divided into two 
classes: (1) the external forces exerted by bodies whose particles 
do not form a part of the given body; and (2) the internal forces 
consisting of the interactions between its component particles. 
According to Principle D the internal forces may all be grouped in 
pairs of equal magnitude and opposite direction, each pair ^ving 
a common hne of action. In view of Theorem B of § 27 all such 
pairs of internal forces may be canceled (i.e. disregarded) provided 
that the body is rigid. We therefore have the important 

Theobem D. In considering the equilibrium of a rigid body, 
only the external forces need be taken into account. 

Accorchng to the Principle of Action and Reaction all forces 
occur in pairs of equal magnitude and opposite direction. Thus 
if the force exerted by a bat on a ball is F, the force exerted by the 
ball on the bat is — F. The gravitational pull of the earth on the 
moon is a force G directed from the moon to the earth along the 
lino joining their centers, the puU of the moon on the earth is a 
force — G acting along the same line. If a heavy ball resting on 
a table exerts a downward force of 10 lb at the point of contact, 
the table exerts an upward force of 10 lb on 
the ball at this point In brief, to every action 
Ihcie corresponds an opposite reaction of equal 
magnitude 

32. Contact Forces. Friction. Consider a 
body at rest on a horizontal plane (Fig. 32(i) 
livery particle of the body is attracted to the 
earth by a certain force and the resultant of 
this system of (virtually) parallel forces is a 
single force G directed vertically downward. 

This resultant earth-pull may be called the gravUy of the body. 

As the body is in equilibrium, G must be balanced by an up- 
ward force R, the resultant pressure of the plane on the body; 
that is, R = — G and acts along the same vertical line. Now by 
the Principle of Action and Reaction, the resultant pressure of the 
body on the plane is a force W = -R, exactly opposed to R. 
From § 22, Def. 1, W is the local weight of the body. As R may 



Forces exerted on body. 


Forces exerted on plane 
Fig 32 a 
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be FegapTded as the “ reaction ” corresponding to the “ action ’’ 
W, R is called the reaction of the plane on the body. 

From the above we have W = G; the same vector thus serves 
to represent both the gravity and the weight of a body. In the 
future, therefore, we shall usually denote the gravity by the letter 
W. Nevertheless the gravity of a body and its weight are distinct 
forces; the former is exertecl by the earth on the body, the latter 

by the body on its supports 
We know from cxpcrionco that a 
body may also remain at rest on an 
inclined plane (Fig. Z2b), and that the 
rougher the plane the more steeply it 
may be pitched before the body Ixigins 
to slide. As before, the gravity W of 
the body must be balanced by the 
reaction R = — W of the plane in 
order to maintain equilibrium. The 
reaction R now makes an angle 6 with the normal <.o the plane 
equal to the inclmation of the plane to the horizontal. If wo re- 
place R by forces N and F, respectively normal and parallel to the 
plane (Theorem A), wo have 

F 

N = R cos d, F = R sin 6, tan ^ — jf- 

F and N, the tangential and normal projections of the reaoliion, 
are called respectively tha friction and the normal prcimuiv of the 
plane on the body 

If the inclination of the plane is increased beyond a corf, am 
limiting value, the body will begin to slip. The gr(>af ost angh' 0 
that R can make with N before the body slips is called the angle 
of friction. The tangent of the angle of friction is called the 
coefficient of friction and denoted by /x; that la 

(1) ju = tan <l> 

where ^ is the greatest value of the angle $ = (R, N). The body 
will not slip as long as 

(2) 0 ^ 4> or tan 0 ^ n- 
Since tan 0 ^ F/N this condition may also bo written 

(3) F ^ pN. 

We state this important result as follows: 
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The Sndion exerted by a rough 'plane on a body at rest upon it 
can 'not exceed ju htnes the 'normal pressure. 

In the case above, the angle of friction ^ is equal to the greatest 
inclination that the plane can have before the body slips. This 
fact furnishes a convenient method for finding fi experimentally 
and has given rise to the 
name angle of repose for <j>. 

Another simple method 
for obtaining the value of 
ju consists in finding the 
greatest horizontal force P 
that can be applied to a 
body of knovm weight W 
at rest on a horizontal 
plane without causing it to 
slip (Fig. 32c). The result- 
ant R' of the gravity W of 
the body and the force P must be exactly balanced by the re- 
action R of the plane. On replacing R by the forces N and F we 
have, since R = — R', 

F P 

N = — W, F = — P, and u = tan 0 = ^ = •^. 

Thus if a body weighing 10 lb. will slip when the horizontal force 
exceeds 1 lb., m = 0.1. In performing this experiment the force P 
is apphed through the tension oi a hoiizontal string attached to 
the body. The string passes over a smooth pulley and carries a 
scale pan to which weights may be added. Then if Wi is the 
weight of the pan and IF 2 the greatest weight that may be added 
to it before slipping occurs, we may take P = Wi + Wi in 
computing y, as above The string is assumed to be so hght that 
its weight may be neglected. 

Equations (2) and (3) hold for all cases of bodies in contact 
along plane surfaces If the surfaces in contact are curved the 
equations apply to elements of surface that may be regarded as 
practically plane. 

Numerous experiments have shown that the coefficient of friction 
n depends essentially on the nature of surfaces in contact, but not 
on their shape or area. Moreover p is independent of the normal 
pressure. These “laws of friction,” however, are only approxi- 
mate. 
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Values of fi are tabulated in various handbooks for engineers. 
For the contact of dry metals ju ranges from 0.1 to 0.3, for woo<l on 
wood from 0.2 to 0.5, depending largely on the grain. For lubri- 
cated surfaces the values are much smaller. 

If we wish to consider a problem under the assumption that 
/i = 0 we shall call the surfaces ‘‘smooth.” Tliis, of course, is 
an ideal case since /x > 0 for all actual surfaces. As ^ 0 when 

M = 0, the reaction of a“smooth” surface is always along its noniml. 

33. Axial Stress. C5onsiderathin bar AJ3 incciuUibrium under 
the action of opposed forces applied at its ends A, Ji (Fig 
If one of these forces is F, exiuilibniim requires that the other sluiU 
be — F and that both shall act along the lino A It. 

If we imagine the bar to consist of two parts, AC and CH, 
formed by the particles to the loft and to the right of any plane 
section C, these parts arc individually in ciiinhbrium. In order 
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that part AC shall be in equilibrium the resultant of tlu* cohi'sivi' 
forces exerted by the particles just to the right of V on (liose just 
to the left must e<iual — F. Similarly in order that pari. CH 
shall 1)0 in equilibrium tlio resultant of tin* cohesive forces exi'i-hsl 
by the particles just to the left oi C on those just to the righi. must 
equal F. This pair of opjiosite forces of wjual magmludi' a(. C 
is called the strm* across the si'ction. Wlien, as m h’lg. (he 
forces at A and B tend to slietch the bar, the sliess is i-alled a 

Icmion; but wh(*n these forces (end (o 
compress the bar, is an Fig. 336, (.lu‘ 
stress is called a coiiiprrxiiwti. 

A cord or a flexible cable can susiain a 
tension, but obviously not a compression 
We shall prove in § 94 that if a flexibh' 
cord is stretched across a smoofh surface, 
a smooth peg or pulley for example, the tension is the same across 
any section For the present we shall assume this fact "I’lius 
if in Fig. 33c the cord supports a weight of W lb., the tension in 
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the cord across any of the sections shomi is W lb., provided that 
the surfaces are smooth (jt = 0). 

A stress along a bar or cable is specified by giving the magnitude 
of one of its forces. Compression is sometimes distinguished from 
tension by prefixing a 
minus sign to its value. 

The twin forces of a 
stress are Internal forces 
and may therefore be 
neglected in consider- 
ing the equilibrium of 
the bar as a whole 
(Theorem D). But for 
the equilibrium of a 
part, as AC, that force 
of the stress which rep- 
resents the action of 
CB on AC must be taken into account; the other force does not 
then concern us as it acts on CB. 

Example. In Fig. 33d a wciglit of 100 lb. is hung from a wall bracket. 
To fiiul the stiosscs in its bai-s consider the equihbrium of the section 
shown. If wo shift the forces so that they act at P (Prin. B) they may 
be replaced by a single force, their vector sum (Prin. A). For equilib- 

liuin this sum must be zero. Hence draw a vector AB to lepresent the 
100-lb. weight and fiom its ends diaw lines parallel to the bars of the 
biacki't (the lines of act um of their stresses) thus forming a triangle ABC 
If we place aiiowhi'uds on BC and CA so that 

Xli + /if’ -f- fti = 0 and take F, = Fj = CA, 
equilibrium is assuied; hence 

F, = — = 115.4 lb , F, = 100 tan 30“ = 57 7 lb. 

cos .10 ’ 

The directions of Fi and Fa show that the upper bar is in tension, the 
lower ill conipicssion. 

34. Summary, Chapter 11. A force may be represented by a 
vector localized at a point. 

The (local) weighi of a body is the force that it exerts on its 
supports when at rest. The flocal) gremty of a body is the resultant 
pull of the earth upon it; the gravity of a body and its weight are 




Fia. 33d. 
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equal forces. The standard weight of a body is its weight at a 
standard locality — approximately any place at sea-level in latitude 
45*^ N. 

A particle is a body which, in the problems considered, may 
be regarded as concentrated in a single point. 

A rigid body is an ideal body whoso shape and size are not altered 
by the forces applied to it. 

The four fundamental principles of statics deal with 

A. The Vector Addition of Forces, 

B. The Transmissibility of Force, 

C. Static Equilibrium, 

D. Action and Reaction; 

they are collected for reference in § 24. According to Principle B, 
a force acting on a rigid body may be represontod by a v<u^tor 
localized in a line, its line of action 

A body at rest on a plane (or on a portion of a surface so small 
that it may be regarded as plane) is acted on by impressed forces, 
including gravity, that have a resultant R'; then the reaction 
of the plane on the body is the force R = — R' that balan(‘es R'. 
When R is replaced by two forces N aiul F, normal and tangent to 
the plane, N is called the 7iormal F the frtcfion If the 

body begins to slip when the angle (R, N) exceeds a <*ortiiin value 

the condition for equilibrium is 

F ^ fiN where a* == tan 4>; 

<t> is called the angle of ftichon, fi the coefficient of fnctwn The 
coefficient ^ is practically independent of N and of the size and 
shape of the area of contact. 

In a bar or cable subject to axial forces at its ends, t.he pair of 
opposed forces of equal magnitude that re j) resent t.hc mutual 
actions of the matter on opposite sides of any section is (‘idled a 
stress (tension or compression) 

The tension in a flexible cable is not altered in passing over a 
“ smooth ” surface. 
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36. Equilibrium of a Particle. A body, either rigid or deform- 
able, of sufficiently small dimensions may usually be regarded as a 
particle situated at a certain point P. In accordance with this 
view, the lines of action of all external forces acting on the body 
pass through P; or, to use a briefer phrase, the forces are con- 
current at P. However, a rigid body of arbitrary dimensions may 
be regarded as a particle whenever the external forces applied to it 
are concurrent at a point P. For the forces may be shifted along 
their lines of action until they act on the particle of the body at 
P (Prin. B) and then replaced by a single force, their vector sum 
(Prin. A). The body will be in equihbrium only when this re- 
sultant vanishes (Prin. C), a condition entirely independent of the 
size or shape of the body. In view of Theorem D (§ 31) we may 
therefore state the 

Theorem A particle at rest will remain at rest when^ and only 
when, the vector sum of the external forces acttng on it is zero 

The entire theory of the equilibrium of a particle is comprised 
in this theorem 

If the fori'CNS Fi, F.>, . . , F„ act on the particle, the above con- 

dition for equilibrium is expressed by the vector equation 

(1) Fi + Fo + • • • + F« = 0 or ]^F, = 0. 

From the definition of vector addition (§ 3) this condition may be 
put in the geometric form* 

The forces Fi, F 2 , . . , F„ acting on a particle will he in equilib- 

rium when, and only when, the vectors F,-, drawn successively (pe- 
ginning to erul) in any order whatever, form a closed polygon 

This polygon — the force-polygon — will be a plane figure only 
when the forces F, are coplanar; otherwise it will be skew and the 
methods of descriptive geometry are required to represent it on 
paper. 

If a skew force polygon is projected on any plane a closed vector 
polygon is again obtained. Hence if a system of concurrent 

50 
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forces is in equilibrium, tboir projections on any piano also repre- 
sent a system of concurrent forces in ©(luilibrium. 


Example 1. Wliat horizontal force P is re<iiurecl to support, a body of 
weight IV on a smooth piano of inclination 
The body will be in equilibrium under thr(»(‘ fonjc^s; its graviiy W, 
the force P and the reaction R of the smooth plane, normal to its surface. 


Draw a vector to represent W and 
complete the force triangle by 
drawing the sides parallel to P and 
R (Fig, 35a). From this trlangh^ 
we have 

P ^ W tan a. 

Example 2, A body of weight W 
is hung from the apex of a tripod. 
Find graiihically th(‘ stressc^s in the 
The tripod OAB(! is shown in plj 



Fio IJfia. 


legs of tli(‘ tupod. 

Lii and (^l(‘vnti()n in Fig. If wo 


take a section of the tripod as shown, the uppi*r part will 1)(» in e<iuihl>- 


riuin under the weight W and the threi' ujiwjird thrusts along its I(»#rs. 


The weight of the tripod itsidf is neglected. As W projc'cis into a point 


on the horizontal plane, the horizontal pioj(»(‘tion of the lor(S‘-(|ua(lnlat(*ral 



Fio. 356. 


is a triangle. This triangle is drawn, to an aibitrary scale, with it.H si(I(‘H 
parallel to the legs OAj ()i\ We next draw t.li(‘ v(*rtieal jiioji'etions 
of these forc(\s as shown, tla* closing sidij of th(‘ ioree-(iuadnlat(*ral must 
repie.sent W in magnitude* and diieetion. TIa* si(l(‘s I, 2, 3 of tin* triangle 
and quadrilateral represent the horizont,al and V(‘rt.i(?al proje^etjons of 
the thrusts along the legs of the tiqxjd to the same scale that W is n‘ure- 
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seated in the vertical projection. The actual magnitudes of these forces 
may now be found from their projections by one of the methods of descrip- 
tive geometry for obtaining the true length of a lina, 

Example 3. Find graphically the stresses in the legs of a tripod OABC 
when a given force P is applied to its apex 0 (Pig. 35c). 



SSn 


Fro. 35c 

Let R denote the resultant of F: and Fj, the stresses in legs S and S, 
then 

Fa + Fj — R = 0, P + Fi -h R =■ 0. 

Thus R lies in the planes of Fa and Fs and also m the plane of P and Fi, 
hence R acts along the Ime of intersection of these planes One point 
of this line is 0; anothei is the point E wheie the horizontal traces of the 
lilancs iiicot. Thoretore R is parallel to OE. Both projections of the 
foicc-tiianglc P, Fi, R can now be drawn and then the projections of the 
triangle — R, Fa, Fj joined on. The values of the stresses are found from 
tlicir iMojeclioiis Note that leg 1 is in tension. 

36. Free-Body Diagram. Before solving a problem in Statics 
it is necessary to know just what forces are acting on each body 
involved. The best way to make this perfectly clear is to draw 
each body fiee from its supports and then represent the action of 
the latter on the body, as well as the other forces, known and 
unknown, by vectors drawn in the proper directions. This 
constitutes the free-body dtagram of the body. 

When a surface supporting a body is removed, its “ reaction ” 
R on the body must be shown by a vector. If the surface is smooth, 
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R will be normal to the surface. But if fn<!lion is consitlcrod and 
the body is on the vei^o of slipping, R will make an angle ^ « 
tan-^ fi with the normal in the direction to oppose the motion 

If a cord supporting a body is cut, its action on the body must 
be shown by a vector along the cord tlirectcd away fnim the body. 

A portion of a structure is of1,en “ cut ofT ” and regardivl as a 
free body. A bar of a framed structure may lie cut in this process 
‘promded d itt only Huhjed to axial sirm. This is always the case 
when all the cx<,emal forces acting on the bar are applied at two 
points, A and Ji For let the fonjcs af. these point-s have tlie re- 
sultants Ri and Rs respectively; then since the bar is in eiiuilih- 
rium, Rt + Rs = 0. These forces must also act along (he same 
line AB, the axis of the rod; otherwise they would form a couple 
The stress across any section of the rod is tlierefon' axial (§ 
When such a rod is cut, the forces ac.ross t.he si'ction pull on its 
parts when the stress is a tension, push on its parts wiien (h(‘ stmss 
is a compression (Fig. 33a, h). 

In most numerical pniblcms it is simpler to first, solve for the 

unknown quantities in gimeral 
tenns, and then subslitut^i the 
given numerical values in the 
results. We shall usually follow 
this plan 

Kuitnplf In Fig .‘Hi what is tlu* 
gicatcst force P that, can lie ai)i)lM‘d 
to the httiiig heloie tlic body of 
W(‘ight IF too II) slips along the 
jiliuie? 'I'hi' co(>IIici(>nt ol fuel ion is 
M = 0 ‘if) and 0 ■- 30". 

'Phe tiguM' sliows the fi(*e-I)ody 
diagram and foice-fiinngle 'I'wo oi 
the angles of this (.rituiglc are clearly 0, tlu' nngh' of liiclioii, and tM)° - 0 ; 
the third is therefore 90° + 0 - From lh(‘ Law of Sines 

P sin <^ 1 ^ sin ^ 

W “ sin (tK)*' + 0 - “ cos (fi - 0 ) * 

Since ton ^<=11 = 0.25, 0 = 14° 2', and 



P 


^‘"COH 15° 68' 


26.2 lb. 


37. Scalar Conditions of Equilibrium. hYom the vciitor con 
dition of equilibrium, for concurrent forces we may 
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obtain three equivalent scalar equations by taking components 
along any three axes not parallel to the same plane. Thus if 
we adopt a system of rectangular axes and write F, = [Z<, Yi, Z,] 
we obtain 

( 1 ) = 0 , = 0 . 

as necessary and sufiEicient conditions for equilibrium. 

When the forces F, are coplanar, their plane may be chosen as 
the ®y-plane; the third equation of (1) then reduces to 0 = 0 
and may be omitted. 

Example If in the Example of § 36 we take components along the 
05- and J^axes shown, we get 

Pcos9— Bsin^ — 0, 

Psina-l-Ecos^ — IT = 0 

On solvmg these equations for P and R we find 

_ Wsin^ _ _ TTcosa 
“ cos (a - ~ cos (a — ‘ 

38. Equilibrium of Concurrent, Coplanar Forces. If the forces 
F, are coplanar and we denote the angle {x, F,-) by the two scalar 
conditions of equilibrium may be written 

cos e, = 0, sin = 0 

From these two equations we may determine two unknown quan- 
tities; these may be 

1. the magnitude and direction of one force* Pi, Si; 

2. the magnitudes of two forces: Pi, Pj, 

3. the directions of two forces, di, 6^, 

4 the magnitude of one force and the direction of another: 
Pi, 02- 

We shall give in turn the graphical solution in these four cases 
Case 1: To find Pi, Construct the resultant R = F 2 -f- 
Fs 4* • • • of the known forces. Then Fi = — R and is com- 
pletely determined. 

In the remaining cases we first construct the resultant R = 
p, ^ _|_ . . .of the known forces. The unknown elements of 

Fi and Fs are then found as follows. 
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Case S: To find Fi, From the oiuls of R draw lines parallel 
to Fi and Fj; their intersection determines the force triangle R, 
Fi, Fj. This construction is applied in the Example of § 30. 

Case S: To find 6i, $2 Prom the ends of R as centers do.scribe 
circles of radii Fi, F 2 . If they intorsecit they 
. ^ detennino two force-triangles (Mg. 38a) ; one 

/ of these, however, or possibly both, may prove 
\ 'A\ p to be inadmissible. If the circles aixi t.aug(Mit 

F,'\\y/ \ * there is but one solution; tlic forco-trianglo 

then degenerates into a segment of a straigiit 

Fi ; lino doseribo<l twice. If l.he circles fail to in- 
Via. 88 a. terscct equilibrium is impossible. 

Case 4- To find Fi, O 2 . Fn)m one end of R 
as center draw a circle of radius F 2 , from l.he other end draw a 
Kne parallel to Fi. If the line cuts tiie cirele there are two solu- 
tions (Fig. 38h); one of those, or both, may pn)vo to be inad- 
nxissible. If the line is tangent to the oirole i.here is oiu^ solu- 
tion. If the line fails to meet the circle cquilibnum is impossil>lc. 



Fro. 3Sb. Fio . 88 r. 


Three concurrent forces in (‘(|uihbriuin are nocossiiiily coplanar; 
for the foroo-polygon is a (riangle and tliorcfoio plane. As to 
their magnitudes, we have on applying the Law of Siiu's i.o tlie 
forco-triangle (Fig. 38c), 

Fi _ F 2 F.1 

sin a sin /3 sin 7 


Since sin a = sin (Fj, F 3 ), etc , wo have proved 
Lamy’s Thkobem. If three eoncurretd forces are in equilibrium, 
the magnitude of each force is proportional to the sine of the angle 
between the other two. 
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Example 1. A sphere weighing W lb. rests in the angle between two 
smooth planes inclined « and ^ to the horizontal (Fig. 38d). Find the 
reactions of the plane on the sphere. 



Flo. 38d 


The sphere is in equilibrium under three forces its gravity W, which 
by symmetry acts through the center 0, and the reactions Ri, Ra of the 
sfrnooth planes, whose lines of action also pass through 0. As Ri, Ri are 
unknown, the problem falls under Case 2. From the Law of Smes 
applied to force-triangle (or from Lamy’s Theorem), we have 
p TTsin j3 W sin a 

^ Bin (a + (i) ^ ® "■ sin (a + j8) ' 

If, for example, W = 100 lb , « =* 60°, p = 30°, we find Ri - 50 lb., 
Ri =s 86 6 lb. 

Example 2. A cord which passes over two smooth pegs A, B has the 
weights Wi = 3 lb., TTa - 5 lb , = 7 lb attached as shown in Fig. 

38e. Fmd the position of equilibrium and the pressures on the pegs 



Fig 38e 


The particle P of the cord where W is attached is in equilibrium under 
three forces of known magnitude. As the directions of two forces are 
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unknown, the problem falls under Case 3. Although the circle is cut in 
two points there is only one admissible solution. To find the inclinations 
of the two parts of the string wo must solve the forco-triiuigle for the angles 
« and /?. As its throo sides me known, this is a standard pmblom in 
trigonometry. The student may verify tliat a =■ 21® 47', fi = 38® 1.J'. 

The pressure on the peg A is a force exactly balanrasd by the prx'ssuro 
Pi exerted by the peg on the cord. As the peg is smooth the tension of 
the cord on both sides of A is IP,; and as the din'cttioiis of those force's 
are known, the deternunatioii of Pi lalls under Case 1. Since the force- 
triangle is isosceles we have 

P. =. 2 IP, cos 1 /S =» 5 07 lb.; 

and the inclination of P to the vei tical is i fi. Similarly 
Pa = 2 Wa cos 1 rt “ 9 82 lb. 

Example 3. A weight IP =■ 15 Ih. is sui)ix)rU*d on a snusith plane', 
inclined a = .30® to the' heirizeintal, by a string whiedi passe*s eive'r a sineieith 
pulley alxivo the plane anel Carrie's a we'ight eif 10 Ui hanging vertically 
(Fig. 38/). What angle docs the' string make with the plane? 



As the magmtuelo of the le'action anel the' elire'e'l.ieai eif llii' sl.iing are 
unknown, the pieiblcm falls unde'r Ciuse' 4 Only eine eif tlu' foie-e'-tiiangle's 
gives an admissible solution. Freim it we' fintl by the* l,aw of Sine-s 


sin (a -f |3) 


W sin a 
P 


15 X OJ) 
10 


0 75, 


a + jS = 48® 35', 7 “ 90® - (a + /J) 


41® 25'. 


hence 
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PROBLEMS 

1. A weight of 80 lb. is supported by two ropes 5 ft. long attached at 
two points on the same level and 6 ft. apart. Find the tensions of the 
ropes. 

2. A weight W is supported by two ropes maldng an^es of « and p 
with the horizontal. Find the tensions of the ropes. 

Compute the tensions when W -» 100 lb., ot = 30°, p = 46°. 

3. A wei^t of 2000 lb. hangs from the end of a boom inclined at an 
angle of 30° to the vertical. The boom is supported by a cable at its 
upper end making an angle jS with the horizontal. For what value of /3 
will the cable tension be a minimum? Compute this tension and corre- 
sponding stress in the boom. 

4. In Problem 1 compute the tensions in the ropes when a horizontal 
force of 24 lb. is applied to the weight. 

6. What is the least horizontal force P that will support a body weir- 
ing 100 lb. on a rough plane (m = i) inclined at an angle of 30° to the 
horizontal? 

What is the greatest horizontal force P' that can be applied to the body 
without causing it to slip upward? 

6. Solve Problem 6 for forces P and P' parallel to the plane. 

7. A box weighing 100 lb. is supported on a rough plane (n = 0.3), 
inchned at an angle of a = 30° the honzontal, by a force making an angle 
of a = 20° with the plane. Fmd the limits P, P' between which this force 
can vary. 

8 If ^ = tan“‘ ft is the angle of friction in Problem 7 show that the 
limitmg values of the supporting force are 

_ hi n (a - if,) sin (ffi + ») 

cos (9 + 4>)^’ COB (e — <t>) 

Obtain general solutions of Problems 5 and 6 from these results. 

39. Equilibrium of Concurrent Forces in Space. For a system 
of concurrent forces in space we have three scalar conditions of 
equihbrium (§ 37, 1). From these we may, in general, solve for 
three unknown quantities — magnitudes of forces or their direction 
angles The most important cases arise when the unknown quan- 
tities are 

1. the magnitude of one force Fi and its direction angles; 

2. the magnitudes of three forces, Fi, F 2 , Fs whose (known) 

lines of action are not eoplanar 

In these cases there is just one solution for the unknowns. 
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In Case 1 we have 

JSTx = -Xj - Zj - • • • , Fi - -Fs - F, , 

Zi = — Za — • • • J 

then Fi and the direction angles may be computed as in § 11. 

In Case 2 let R denote the resultant of the known forces; then 
Fi + Fa + Fj = — R. 

Hence if we express — R as the sum of three forces parallel to the 
known lines of action of Fi, Fj, Fs (§ 8) the magnitudes of these 
forces will give the desired solution. The soluiion is therefore 
unique * 

As already noted in § 35, the projections of the forces in equi- 
librium on any lino or piano may also bo itigardcd as a set of con- 
current forces in equilibrium. The use of ibis fact, as shown in 
the examples following, usually facilitates the solution of problems. 


Example 1. Find the Htronsos in the throe rods of tl\e wall bracket 
shown in Fig. .30a. Tho suspondod weight IF == 100 Ib and «=/!=> .30". 

Tho pin at the junction of the mds is taken ns tlie fri'c body. Fj must 
bo a tension in order to funiish a vertical conipoiuuit to balance! W, and 
Fi and Fj, which by syminetry ate nuineiically equal, must be coinptes- 
sions in order to balance the horizontal coin|x»nent of F,. If we pio- 
joct tho forces on tho plane of W and Fa, t.h(! pioji'ctions of F, and F, 
are both of magnitude Fi sin a. From the fonii'-tiiangle in this jilane we 
find 


hence 


Fi cos ti ~ ir, 2 Ft sin n - W tan ft, 


Ft = F, 


2 sin « ’ ’ cos ft ‘ 


Substituting the values given alxive wi* find 
,, „ .W tan .30" .W 

“ ~mn .30" ■ “ cos .30" “ 
100 


-Fa 

Fa 


.A Il.l.') lb. 


• Tho vectorial solution is as follows Ijct ei, e,, Cj lie unit voetors along 
tho lines of action of Fi, Fj, Fs; then 

F lOi “h Fata d" Fata = — R 

To find Fi take the scalar product of lioth memliors l>y Oixe,, thus 
F,trt,xt, = -R.ejxe., F, = - 

61*62X63 

If Fi fcurns oui to be negative its direction is ((ivon by — ei. F 2 and Fa are 
obtained in similar fashion. 
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Fig. 39a. 


Example 2. Find the stresses in the mast AB and supporting cables, 
BC, BDj when the force P acts m the vertical plane midway between the 
cables (Fig. 396). 



Consider the point B as a free body. By symmetry Fi - Fi, these 
stresses must be tensions in order to balance the horizontal component 
of P. Hence Fs must be directed upward in order to balance the down- 
ward components of Fi, F 2 and P. Project the forces on the horizontal 
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plane; the projections of Fi, F», F, and P havo tho magnitudes Fi cos a, 
Fi cos a, 0, P cos y. Prom the force-triangle in this plane we find 
« „ ,> r, r, P cos y 

2 Pi cos a cos ^ = P cos Y, Pi ” Ft 


Now, take components vertically; then 

P» •= P sin 7 4-2 Pj sin a “= P ^sin y 4 

P = 1000 lb., « = /3 = 46“, 7 = 30“, 
Pi “ P. - - 500 V3 = 8661b., 


2 cos a COB fi 
COM 7 tan 


cos fi 


-“)• 


If 


2 008 * 45 ° 


P, « 1000 (l + " 500 (1 4- V6) - 1725 Ib. 


Example 3. A particle of weight W’ « 10 lb. is at rest on a rough piano 
inclined at an angle a = 10° to the hon^sontal. If th(^ cocfliciont of fri<!- 
tion is « 0.3, what is tho greatost hoiixontal fon^o P, parallel to the 
plane, that the particle can susiain without slipping? 

Replace the reaction of the jilane by the normal pressure N and ihc 
friction F (Fig, 39c). F will be directed up the plane and away from P 
so as to oppose both downward and horizontal slipping, d(‘note the 



angle between F and a line of greatest slope on tho plaiu' by y rioj<‘ct 
the forces W, P, F, N, on the plane; th(‘ magnitude's of thc‘ir pioji'ctions 
are W sin a, P, P, 0 respectively. Fnirn the forc(*-triangle of th(^s<j jiro- 
jectiona we find 

p 

p 2 ss sin* a, tan y ^ ur 

* * W sin a 

On taking components normal to the plane we have also 

N == W cos a. 

When F has its limiting value /JV, 

P* /iW* or P* 4- sin* a =• cos* a, 
whence P « W cos a — tan* a 

Since the particle was originally at rest on the plane, tan a g /i (5 32); 
the radical is therefore real. 
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Prom the data of our problem 

P =- 10 cos 10® V.09 - tan* 10® = 2.39 lb. 

K desired we could also compute N, F and y from the results above, thus 
completely determining the reaction of the plane. 


PROBLEMS 

1. A weight of 100 lb. is hung from three ropes 6 ft. long which are 
fastened above to three hooks on the same level, each being 4 ft. from 
the other two. Find the tension in 
the ropes. 

2. Fmd the stresses in the legs 
of the tripod shown in Pig. 39d 
when it is loaded with 

(а) the horizontal force P = 1000 
lb., 

(б) the vertical force W = 1000 
lb. 

Solve both graphically and ana- 
lytically. 

3. The tnpod OABC rests on a Fio ZQd. 

horizontal plane. The apex 0 

projects into the point Q on the plane and the angles 

OA.Q — A, OPQ P, OOQ ** 0] SQO ™ a, CQA, » A.QS ^ y% 

When the tripod supports a weight W at its apex, prove that the stresses 
m the legs OA, OB, OC are 

W sm at W sin W sin y 

k cos A ’ k cos B ’ k cos C ’ 

where k = sm a tan A + sin /S tan B -f sin y tan C. 

40. Systems of Particles. Problems in the equilibrium of a 
S 3 rstem of particles are solved by treating in turn each particle as 
a free body The Principle of Action and Reaction now comes 
into play; this asserts that the forces exerted mutually by two 
particles on each other are equal in magnitude, opposite in di- 
rection and act along the same Ime. These mutual forces are 
usually the reactions of surfaces in contact or stresses in bars or 
cables that jom the particles of a system. 

Example 1. The framework ABC consists of two bars AC, BC con- 
nected ^ a pin at C while the ends A and B are connected a rope. 
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If it rests on a smooth plane and sustains a woi^t W at C, find the stresses 
in the bars and rope (Fig. 40a). 



Drair first the forcc-triangle W, Fi, F* for the forces in equilibrium at 
C and apply the Law of Sines. 


hence 


Fx F, W . 

sin (90® — /S) sin (90® — «) “ sm (« + /J) ’ 
_ _ W cos g _ W cos ec 
‘ ~ sin (a + /S) ' * “ sin (a + /!>) ‘ 


Knowing Fi we may draw the forco-tnanglc — Fi, Ri, T for the forces 
in equilibrium at A; as this is right-anglcfl 


T = Fi cos a 


IF cos a cos () 
sin (a '4- ti) 


We might equally well have drawn the force-triangle — Fj, — T, Rj 
for the forces in equilibrium at B; from this we obtain the sami* expn'SHion 
for T. 

These three force-triangles may bo conibinod in a single figure in which 
each pair of mutual forces ±Fi, ±Fi, ±T is rcpn*seiit(‘d by a single line. 
From this diagram we have 

W = R^+R, = Tim<. + T tan p, T ^ ^ ^ ^ ^ • 


This result is easily seen to be in agreement with that above. 

If we take P = 1000 lb , « = 45°, p =■ GO”, we liiul 
Fi - 518 lb , F, = 732 lb , T » 3GG lb. 

Example 2. Two smooth spheies of wmght Wi, Wj rest in cnnlact with 
each other in the angle between two planes inclined at angles a and p 
lo the horizontal. Fmd the reactions Rt, Rt of the planes on the H])ben's 
and the mutual pressures :tR of the spheres on each other (Fig. 40&). 

Each sphere is in equilibnum under the action of three conourrent 
forces: 


Wi+RiH-R-O, W,-l-R*-R-0. 
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On adding these equations we have 

+ W* + Bi + R* “ 0; 

hence the vectors Wi + W*, Ri, form a closed trian^e. From the 
Law of Sines: 

_ _ (Wi + TTt) sin j3 (TFi + TTa) sin « 

* sin (« + 18) * * ~ sin (a + /}) 


w 


w 


Fig>. 405. 

We must also have R = BA m order to satisfy the two original equations 
of equihbrium. The angle y, givmg the direction of R, is found from 

^ BC Wt — Hi cos /3 Wi cot a — Wi cot /3 

tanT=^g,- “ Wi + W* 

Finally R may be computed from the two expressions for AC: 

i? cos 7 = Ri sin ft 

PROBLEMS 

1. Particles weighing 2 and 3 lb , connected by a cord, rest on the 
surface of a smooth circular cylinder. If the cord subtends a central 
angle of 90®, find the 
equilibrium position of 
the particles and the 
tension of the cord 

2. Weights of 10 and 

20 lb. hang from the 
points Bj C of SL cord 
ABCD whose ends A, D 
are fixed. If AB and 
CD are inclined at angles Fig. 40c. 

of 30® and 46® to the 

horizontal, find the tensions in AS, BC, CD and the inclination of BC 
to the horizontal. 
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8. A wei^t IF » 100 lb. hangs from a wire supported by two posts 
as shown in Fig. 40c. Find both graphically and analytically the stresses 

in the wires 1, 2, the posts 3, 
4 and the guys 5, 6. 

4 h'^nd both graphically 
and analytically the stresses 
Fi, Ft, Fi, Fi in the truss 

shown in Fig. 40d when 

P - 5000 lb. 

6 Find the stresses Fi, 

Ft, . . Fo in the framework 
shown in Fig. 40«} when 

a - 45“ and P - 2000 lb. 
[First compute fl.J 



Ki« 4()« 


41. Summary, Chapter III. In order that a particle sliiill Ik) 
in equilibrium it is necessary and sufficient that the vi'ctor sum 
of the forces acting on it eijual zero; in brief, the force-polygon 
must close. 

If a set of concurrent forces in equilibrium is projecU'd on any 
line or plane, their projections also represent a set of forces in 
equilibrium. 

The vector equation 

Sf. = 0 

for the equilibrium of the concurrent forces F, is equivalent to 
the three scalar equations 

= 0 , '^Y, = 0 , 2 ^. = 0 . 

If the forces all he in the xp-plane, the third of these equations is 
omitted. 



Fjq m 
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Before solving a problem in Statics a free-hody diagram should 
be drawn for each body involved. In this diagram the body is 
shown /ree from its supports, and all the forces acting on it, known 
and unknown, are represented by vectors. In a system of particles 
the mutual forces exerted by any two on each other are equal in 
magnitude, opposite in direction and act along their joining line. 



CHAPTER IV 
PLANE STATICS 

42. The Law of the Lever. If A B is a light* uniform bar free 
to turn about a horizontal axis O, it may be shown by direct ex- 
periment that a weight Wi supported at a distance di from O 

may be exactly balance<l by 
a weight W 2 at a distance da 
from O on the other side 
(Fig. 42a), provided that 
(1) Widi = IFada. 

The equilibrium may bo 
readily explained. Prom (1) 
we have 

AO _ (h _ W2 , 

OB (h Wi ' 

that is, O <liviclcs AB internally in the ratio W 2 iWi, I fence 
from § 29 the resultant of the parallel forces Wi and W 2 is a force 
Wi + W 2 acting downward 
at 0. If then the support a 
O exerts an upward rcaci-ion ^ 

R = — (Wi 4- W 2 ) on the 

bar, it will be in equilibrium 
under the forces W 1 , W 2 , R. 

Archimedes (287-21 2«.c ) 
deduced the law of the lever 
expressed in (1) by a very 
ingenious lino of reasoning 
The argument, as mo<ljricd 
by Galileo, is as follows Fia 426. 

Let AB ho a light rod free 

to turn about a central axis O and supporting a uniform beam 
CD by strings at its ends (Fig. 426). If CD is cut m two 
parts of woiglit TFi, W 2 and each pait is hung from AB by 

* We speak of a Iwcly as “ light ” when its weight is neglected in the prob- 
lem under consideration.. 
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strings at its ends, the equilibrium will not be disturbed. Let us 
now replace the strings on each part by a single string at its center; 
it is plausible that this change also will not disturb the equilib- 
rium of AB. From the figure we see that 

* = }(! + *), = 

this gives equation (1) above. 

We may regard the products Widi and Wjcfc as measures of the 
turning effects exerted by the weights Wi and Ws about the axis; 
for equilibrium they must be equal in magnitude but opposite in 
sense. These products are called the mom&nis of the forces 
Wi and W 2 about the axis. In the present case the forces are both 
perpendicular to the axis. 

In any case a force F which acts on a body capable of turning 
about an axis s may always be replaced by two forces F' and F", 
respectively perpendicular and parallel to the axis. It is obvious 
that only F' contributes to the turning effect or mom&td of F 
about s, while the tendency of F" is to slide the body 
along s. The moment of F about a is then measured 
by the product of the magnitude of F' into its per- 
pendicular distance from the axis. 

43. Moment of a Force about an Axis. In order 
to specify the sense of a rotation about a bne s, we 
choose a positive direction on the line, that is, we regard 
s as an axis (§10). Then the positive sense of rotation 
about the axis s is such that a right-handed screw (iu 
a fixed nut) revolved in this sense will advance in the 
positive direction along s (Fig. 43a). A positive rota- 
tion, observed from the positive end of the axis, will Fia 43a 
appear as counterclockwise 

We are now in position to give a general definition of the mo- 
ment of a force about an axis that takes account of the sense as 
well as the magnitude of the turning effect 

Definition. 7/ F is a force and F' its projection on a plane 
normal to the axis s, the moment of F cd)ovi s is the product F'p of 
the magnitude of F' and its perpendicular distance p from s, taken 
with a postiive or negative sign in agreemerU with the sense of rotation 
about s indicated by F'.* 

* This is also the defimtioa of the moment of any vector F, localized m a 
line, about an axis 8. 
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§ 44 

If in Fig. 436, F' = 3 lb., p — 2 ft., the moment of F about s 
is 6 Ib.-ft.; the moment is positive because the rotation indicated 
by F' is counterclockwise when viewed from the +s side of the 
plane. If the direction of the axis s or of the force F is reversed 
the moment changes sign. 

The moment of F about s is not changed by shifting the force 
along its line of action; for such a shift docs not change F', p, 

or the sense of rotation indi- 
cated by F'. 

If F 0, the moment of F 
a!)out s will vanish only when 
F' = 0 or p * 0. In the 
former case F is parallel to n, 
in the latter its lino of action 
posses through a. In both 
cases F and a lie in the same 
plane; Ihcrofore 

The momerU of a force about 
an aans vaniahes whm, and ordy 
when, the force anil nxie are 
coplarutr 

44. Computation of Mo- 
ments. In Fig. 436 F' and 

r' = AP' are the projections of F and x = A P on a plane nonnal 
to the axis at A. Denote the moment of F about « by M, In 
the figure F' tends to produce a positive rotation about a, hence, 
from the definition of § 43, 

Ms = F'y == F'r' sin a; 

and if e IS a unit vector m the direction of « 

M,e = r'F' sin (r', F') e = r'xF (§ 1(5, I). 

If we reverse the direction of s, both M, and e change sign, so (.hat 
M,e still equals r'xF'. Hence in both coses 

Ms = e-r'xF'. 

If we put 



r' = r + PF, 


F = FT -I- F -f QQ' 
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in this result and expand, five terms are triple products con taining 

two of the parallel vectors e, PP', QQ' and therefore vanish (§ 18). 
The lemaiaing term gives 

( 1 ) Ms = 

Clearly A may be chosen at pleasure on the axis; and since F 
may be shifted along its line of action without changing Mg, 
P may be chosen at pleasure on this Hne. In brief, any vector 
AP from a point on the axis to the hne of action may he taken as i 
in (1).* 

In view of (§ 14, 3) the important result (1) may be stated as 
follows: 

Theobeu. The moment of a force F oibovt an axis is equal to 
the component of the vector rxF on this axis, where r is any vector from 
a point on the axis to a point on the force’s line of action. 

Example. The line of action of the force F = [1, —1, 2] passes through 
the point P(2, 4, —1). Find the moment of F about an axis s through 
the point A(3, —1, 2) and havmg the direction of the vector [2, —1, 2]. 
Computation. 

r = ip = [2 - 3, 4 + 1, -1 -2] = [-1, 5, -3], 
i j k 

r.F = -1 5 -3 = [7, -1, -4], e = = M2, -1, 2]; 

1-12 V4 + 1 + 4 

Af, = e rxF = i(14 + 1 - 8) = 2i 

Check The points Ai(5, — 2 , 4 ) and Pi(3, 3, 1 ) lie on « and the line 
of action respectively. If we take 

r = AP, = [-2, 5, -3], then dcF = [7, 1, -3] 
and e-rxF has the value above. 


46. Moments about the Coordinate Axes. Let the force F = 
[X, y, Z] act through the point P(x, y, z). Then the moments of 
F about the coordinate axes are the components of the vector 
^ i j k 

OPxF = X y z 

X Y Z 

— > 

* This may be shown directly. For if ri = AiPi is another such vector 
and we put 

r = AP = AAi + AiPi + PiP 

m (1) and expand, we find Ms — e*rixF since ilAi||e and PiP||F. 



80 PLANE STATIC5S 

on these axes. Hence 


146 




y z 
Y 2 


M, = 


Z X 

Z X ^ 




X y 
X Y 


Example, If F « [2, 2, -3] acts through the point P(l, -2, 1), 
the moments of F about the coordmatc axes are the components of the 
vector 

[1, -2, l]x[2, 2, -3] = [4, 6, 61. 

Thus M» = 4, My “ 6, M, « 6. 


PROBLEMS 

1. In § 17, Problem 6flr, compute 

(а) the moment of AB alx>ut the axis CD, 

— > 

(б) the moment of CD al)out the axis AB^ 

— — > 

(c) the moments of AB ami CD about the coordinate axes. 

— > 

2. In § 19, Problem 2, compute tlie moim'iit of AB about tin* axis CD. 
Interpret your lesult 

3 Compute the moment of [3, —4, —21, localized at 7-^(1, —1,3), 
about the axis through -4(2, 1, 0) m the direction of 4 ^ 

46. Theorem of Moments. The mm of the r/iomenia about 
any axza of a net of forces ronanrerd at the pond P is eipial to the 
moment of their vector sum, acting through P, aboiU this axis. 

Proof. Let A bc a point on the tixia a and r = AP. Then 
if the forces Fi, F 2 , . . . , concuriont sit P, hsive the vector sum R, 

(1) rxFi + rxF2 -!-••• = rx(Fi H- F 2 -}- • • • ) ~ ^xR 

by (§ 17, 2), Let e be a unit vector in the direction of «. 'I’lien 
since 

e*rxFi + e-rxFj + • ■ . = e-rxR, 
our theorem is proved 

In any system of forces the sum of the moments about an axis s 
is called the moment-sum about s. Consider now two eqmvalervt 
systems of forces, S and S'. We have seen m § 28 that the force- 
mm is the same in each system. The momcn<.-sum about any 
given axis is also the same in each system. P’or in reducing S 
to S', the appheation of Principle A does not affect the moment- 
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sum by virtue of the Theorem of Moments; and the application 
of Principle B, the shifting of forces along their lines of action, 
leaves thar moments unaltered. 

Two e^ivcHent systems of forces have the same force-sum and the 
same momeni-sum about any given axis. 

47. Couples. A pair of forces F and — F, equal in noagnitude, 
opposite in direction, and having different (parallel) lines of action 
is called a couple (§ ^). 

Let P and Q be any two points* on the lines of action of F and 
— F respectively (Pig. 47). Then the sum of the moments of F 
and — F about an axis s in the direction of the unit vector e is 

e-AP>^ + e.lQx(-F) = e-(ip - Iq)^ = 

As this moment-sum depends only 
on the direction of the axis and not 
on its position we may state the 

Theobem. a couple has the same 
moment (i.e. moment-sum) cibout cdl 
parallel axes in the same direction. 

This theorem shows that a couple 
is essentially irreducible. For if a 
couple could be reduced to a single 
force R, we would have R = 0 (§ 28) 
and hence the moment of the couple 
would be zero about any axis what- 
ever As this is obviously not the 
case, the proposed reduction is im- 
possible 

The vector QP>iE is perpendicular 
to the plane of the couple Hence the moment of a couple has 
its greatest numerical value about axes perpendicular to its plane, 
namely F-QP sin a = Fd. The perpendicular distance d between 
the forces is called the arm of the couple Hence, about a normal 
axis, the 

Moment of a Couple = d= Force X Arm 

48. Reduction of Coplanar Forces. In dealing with a system 
of coplanar forces we shall always take moments about axes m a 
fixed direction normal to their plane. If such an axis cuts the 
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plane in the point A, a moment about the axis is called a moment 
about A. If the plane of the forces is chosen as the xj/-plane, 
moments will bo taken about axes in the direction of +z. 

Consider, now, a system of coplanar forces Fi, F2, . . . acting 
on a rigid body. Denote their force-sum and their moment-sum 
about A by F and If there are three or more forces, two at 
least, say Fi and F2, do not form a couple. If the lines of action of 
Fi and F2 meet at P, shift the forces so that they act at P (I’rin. B) 
and replace them by their vector sum (Prin. A) ; but if the forces 
are parallel, combine them by the constniction of § 29. Similarly 
combine the resultant of Fi and F2 with a third force Fs and con- 
tinue this process until the system is rediio.cd to two forces, F' 
and F". The force-sum and moment-sum of this equivalent s}^ 
tern are F and Mji (§ 46). 




Case 1: F 0. Then F' and F" do not form a couple and may 
be replaced by their resultant, R = F' -f F". 

Case F = 0, Ma 5^ 0 Now F' -f F" = 0, but tlie forces 
can not have a common line of action and reduce to zero; for in 
that case Ma would vanish. Hence F' and F" form a couple of 
moment 


FDNICULAE POLYGON 


83 


Case S: F = 0, Af^ = 0. Again F' + F" = 0, but now the 
forces have a common line of action and reduce to zero; for if 
they formed a couple, Ma would not vanish. The forces of the 
system are therefore in equilibrium (§ 30). 

Example. Fig. 48 represents four coplanar forces acting on a rigid 
body. With the aid of a force-polygon, which gives the direction of the 
successive resultants, 

Fi -|- Pj = Bi, Bi Pj = Si, Rj -j- Fi = R, 

the resultant R of the system is determined as shown. Only lines of 
action need be drawn in the space-diagram to the left, in which R’s line 
of action is shown; its magnitude and direction are given by the force- 
iwlygon. 

49. Funicular Polygon. The graphical reduction of a ss^stem 
of coplanar forces by the method of the previous example is incon- 
venient in practice whenever the forces to be combined are parallel 



or nearly parallel. We therefore give a more serviceable method 
which is based on the simple device, already employed in § 29, 
of introducing two forces Q and — Q acting along the same line 
(Theorem B). 

Consider, for example, three forces Fi, F 2 , Fs acting along the 
linpp shown in Fig. 49o, To find their resultant R, we first con- 



84 


PLANE STATICS 


struct the force-polygon A BCD shown at the right. Then from 
any convenient point 0 as pole we draw lines to the vertices A, 
B, C, D. We now introduce the forces 

Q *= OA and — Q = AO 


into the system, and construct the successive resultants 

Q -f- Fi = Ri, Ri F2 = Rj, R2 4- F3 *= Rt, 
and finally 

-Q+R, = ^ + 5^ = Zb=R. 


The directions of Q, Ri, Rj, Ra and R arc given by OA, OB, OC, 
OD and AD, 


Turning to the space-diagram, we draw any line parallel to OA 
to serve as the line of action of Q and — Q Let this line cut the 
line of Fi at Pi. Now draw successively 


PxPiWOB, P,Ps\\OC, PzP\\OD; 


these are clearly the lines of action of Rj, R2, R3. The point. P, 
where the hnes of — Q and R3 meet, lies on the hue of action ol R 
Thus R is completely determined in magnitude, direction and 
position The constniction is suggested by I, he following scheme 
in which the sign = denot es vqutimU'iHr in the sense of § 28 

Fi + F2 + F3 = Q Fi + F2 + F3 + (~ Q) 

s Rj -f- Fjj ..j- Fj ^ (_Q) 

== Rs + F3 -j- ( — Q) 

e R, 

s R. 


The figure PiP^. . , whose sides are paralh^l to the rayit 

OA, OB , . . . drawn from the pole O to the vcitices oi the lorci*- 
polygon, is called a funicular or link polygon Note t.hat. the t.wo 
sides of the funicular which meet on the line of action of a force 
F, are parallel to the rays that subtend F, in the lorci'-polygon. 
The construction above corresponds to C’ase I of § 48 , in which 
^ 0. If, however, Df.- = 0, the forcc-polyj^on closes and the 
system will reduce to a couple or to zero. The construction for 
four forces is shown in Fig 496 The successive resultants 
Q Fi = Ri, Rj Fa = R2, R2 + Fa = Rs? Rs + P4 R4 

are constructed as before. Since the force-polygon is closed, 



§49 FUNICULAE POLYGON 85 

R 4 = Q; the sjrstem is thus reduced to the couple lU, — Q (Case 
2, §48). 

If the line of action of R 4 had coincided with that of Q, the forces 
R 4 and — Q would have canceled each other. The original forces 
would then have been in equilibrium (Case 3 , § 48). 

In carrying out the above construction we may vary the force- 
polygon by changing the order of its sides. Moreover the pole 
may be chosen at pleasure; and lastly, for a given pole the line 
of action of the forces Q, — Q may be any line parallel to the first 
ray from 0 . 




The funiculars drawn for different poles have the following 
property 

The corresponding sides of two funicular polygons, drawn for 
the same forces hut with different poles 0, O', meet on a line parallel 
io 00'. 

Consider for example the sides of the polygons meeting on the 
hne of action of the force F 2 (Fig 49c). In the space diagram we 
have 

Ri-f-F2 = R2, R/-I-F 2 SR 2 '; 

hence on reversing the forces in the second equivalence and adding 
them to the first, 

Ri + (— RiO — R 2 + (“^20- 

As the forces in the two members are equivalent, their resultants 
must be equal vectors acting along the same line. The force 
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HiR g ram shows that both resultants equal 00'; as the first acts 
through L, the second through M, a line through L parallel to 00' 
must pass through M. Similarly Rs and Rs' meet on a line through 
M parallel to 00', i.e. the line LM, and so on. 



60. Resultant of Coplanar Forces. Consider a system of eo- 
planar forces F* acting on a rigid body If the force-sum is not 
zero, these forces have a resultant R = Sf. whose lino of lutlion 
may be found from the equation expressing that the inoinoni, of 
R about any axis is equal to the moment-sum of the 8ya<.oin about 
the axis. 

We use rectangular axes and write R = f.Y, 1'], then 
(1) X = ^Xi, Y = Jr,. 


The moment of R about the origin (i.o, f.he ;'-a\is) is, Irom &4r). 


y 

n 

Y 


Fig. 60a. 

action is known as soon as X, 
and (2) 


xY — yX* li the forces 
[A'„ F,1 act at th<i i)oin<.H 
(®i, yi), their moineiit-suiii 
about the origin is 

(2) Mo = 

Hence if (x, y) is any point 
on R’s lino of action 

, (3) xY-yX^ Mo. 

This equation of the lino of 
and Mo are computed from (1) 


*This result may be read from Fig. 50a in which x,y,X, T are all positive. 
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An important case arises when the forces F,- are all parallel. 
If we take the x-axis perpendicular to the forces, Xi — 0 and X 
= 0 The line of action of the resultant then has the equation 

xY = Mo = '^Yi or X = 

Example 1. The three forces shown acting on the block in Fig. SOb 
have a resultant R whose components are 

X 20 + 60 cos 30“ = -20 + 43.3 = 23.3 lb., 

Y - -100 + 50 sin 30“ = -100 + 25 - -75.01b.; 
hence 

B - V23.3‘ +76« =78.6 lb. 



Since the 50-lb. force has the components [43.3, 26] and acts through the 
pomt (4, 3), the moment-sum about 0 is 

Mo = 20X1- 100 x 2-t- 25 X 4 - 43 3 x 3 - -209.9 Ib.-ft. 
The equation of R’s line of action is therefore 

xY -yX = -209 9 or 75 x -|- 23.3 y = 209.9 
The intercept of this line on the x-axis is 2.8; its direction is given by 

tantf = ^ - -3.22, B = -72“ 45'. 

The figure also shows how R may be found graphically by means of a 
force-polygon and fumcular polygon. 
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Example 2. Fig. 50c reprosonts a boaiii 10 ft. long acted uiwn by three 
forces. Find their resultant. 

Taking tlie y-axis as shown, wo have 

F = -100 + 100 - 300 - -300 lb. 

for the n*Hul(ant. The moment* 



PROBLEMS 

Solve lx)th graphically and nnnlytically. 

■ -> -V 

1. ABCD is a square. Show that ih(‘ forc(‘H r(*i)i(‘S(‘nt<‘(l by Ali^ r/>, 
BD, CA havo the roHiiItiiiit 2 (U) 

2. Forces of 1, 2aiid 3 lb at the v<‘!hc(*s yl , Tof ao<‘(iuiIal(‘ral 

triangle having sides of 3 fe<*t, ai(‘ peiixMidiculai (o the si(l<*s *1/^, Ii(\ 
CA. Each foree hnids to turn llie triangle* in the sensf* -1/^^ aboul ils 
center. Show that tlieir i(»sultant is a lorcc* of v/3 Ib in I lie dii(*elion 
BC and cutting AB prodii<*ed «S f<*(*t fioni .1 

3. The forces F, in Uk* i//-i)lane ael ihrough (he ponds and make* an 
angle 0, with the +u.-axis. Find (h(*ii lesullaiit in (lit* lollowing eiuses: 


(а) F, 20 10 

Pt (1,0) (3,0) 
Ot 135° 45° 

(б) F, 30 15 

Pt (0,0) (2,0) 

0, 90° -90° 


30 15 11). 

(3, 3) (0, 4) ft. 

-90° 0° 

10 1511) 

(3,0) (1,0) ft. 

-90° 90° 


4. ABCD arc the vertices of a paiall(*logram tak(‘n in onh*!* IVovc 

— > — > — y — -> 

that the forces represented by AB, BI), DC, CA, an* in (*(iuilibriurn. 

6. Prove that the forces rejin^sented by tlu^ sid(*s of a plaiui jiolygon, 
traversed counterclockwise, reduce to a couple whose nionuuit o<iuals 
twice the area of the polygon. (Forces and longtlis are drawn to the 
same scale.) 
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61. Center of Gravily. The gramty of a body was defined in 
§ 32 as the resultant force of attraction exerted on the body by the 
earth. We shall show later that no matter how a body is placed 
with respect to the earth, the line of action of its gravity always 
passes through a certain point, the center of gravity of the body, 
whose position relative to the body is fixed. 

At present we shall only consider bodies that are symmetrical 
with respect to a point 0. Every point P of such a body corre- 
sponds to another P' lying on the line PO prolonged and at the 
same distance from 0. If a homogeneous body has central S 3 ma- 
metry, its center of gravity coincides with its center of symmetry 
O. For if we regard the body as composed of symmetrical pairs of 
particles of equal gravity, the resultant gravity of each pair will 
pass through 0; hence the gravity of the entire body acts through 
0 . 

In solving problems, the gravity of uniform bars, spheres, cylin- 
ders, etc. will be represented by forces acting through their centers 
of symmetry. Since the gravity of a body is equivalent to the 
distributed attractions on its particles, we may use the gravity 
instead of the latter in forming the sums of forces or their moments 
(§46). 

62. Equilibriiun of a Rigid Body: Coplanar Forces. In con- 
sidering the equilibrium of>a rigid body only the external forces 
need be taken into account (§ 31). If the external forces acting 
on the body are equivalent to zero, the force-sum and moment- 
sum about any axis vamsh (§ 46) Conversely, if the force-sum 
and moment-sum about any axis normal to the plane vanish, the 
system of forces reduce to zero (§48, Case 3). Hence m view of 
Principle C (§ 30), we have the following 

Theorem. In order that a rigid body shall be in equilibrium 
under the action of a coplanar system of external forces, it is neces- 
sary and si^fwient that the force-sum and the moment-sum about 
any one axis normal to the plane both vanish. 

Thus if F denotes the force-sum and Ma the moment-sum 
about the point A, the body will be in equilibrium when and only 
when 

F = 0, Ma = 0. 

The vector equation F = 0 may be replaced by two scalar 
equations by taking components along any two intersecting axes 
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of the plane. If we choose the ajces of x and y for this purpose 
we obtain the three scalar equations of equilibrium: 

(1) F. = 0, 

When the forces [JT,, of the system act through the points 
Vt) and we take moments about the origin, these conditions, 
when written out in full, become 

2 ^'* = = 0 , “ 0 - 

Either of the following sets of conditions 

(2) Fx = 0, Ma = 0, Mb * 0 {x not ± A/i), 

(3) Af^ = 0, JWj = 0, Afc =® 0 (4, JJ, 6* not in a line) 

are necessary and sufficient for equilibrium. If the systeni is 
equivalent to zero it is obvious that these conditions must be 
fulfilled. Conversely if either conditions (2) or (3) arc fulfilled, 
the system is equivalent to zero. 

Proof. In cither case the system can not roduco to ii couple. 
Suppose, then, that the forces have a resultant R 
When conditions (2) hold, R must act along the line A Ii, as 
its moment about A and B is zero Also F* = li cos (x, R) = 0, 
and since x is not perpendicular to AR or R, /i = 0. 

When conditions (3) hold, the moment of R about A , B and C 
is zero, that is, R’s line of action passes thniugh thes(‘ poinis 
This is impossible as the points do not lie on a line, hcnci* wo must 
again conclude that It = 0 

When all the forces of the system are parallel the conditions 
for equilibrium reduce to two scalar equations. For if we take 
the a:-axis perpendicular to the forces, the equation F* = 0 is 
automatically satisfied, and the conditions (1) and (2) mdiice to 

( 1 ) ' Fy = 0 , Ma = 0 , 

(2) ' Ma = 0, Mb = 0 (AB not || the forces) 

Example 1. In Fig 52a the bars AB and BC arc hinged to a wall at 
A and C, and joined by a pin at B. In order to find the rciuttion at A 
and the stress in BC wo draw a froc-body diagram of AB as shown. 
S denotes the thrust on the pin B and R the reaction at A, which must be 
directed to the left in order to balance the horizontal component of S. 
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Using conditions (1), we have 

(i) Fg = -E cos 9 + iS cos a - 0, 

(ii) /'’y •= Esin® +iSBinfl! - 600 - 900 = 0, 

(hi) - <Sx6sin« -600 X2 -900 X4 -0. 


9001b 



Sincere = 
From (lii) 


10 ft., 
since 


^ _4 
BC~l’ 


AB 3 
cos a = - g • 


S 


4800 X5 
24 


1000 lb., 


and hence from (i) and (ii), 

cos 9 = 600, jB sin 9 = 700; 

tan 9 = ^ - 1 1667, 9 = 49“ 24'; 

E = 100 V36 + 49 = 9221b. 



1000 lb. 

« 4'- 


600 lb. 


-2 


1 


We might have used tlie eooib 

equation 

Mb = i2 X 6 sin 9 — 600 X 4 i j ' ' ' | ' i 

- 900 X 2 = 0 

instead of (ii). This gives R 
sin 9 = 700 as before. 

Example 2. Fig. 526 rep- -piQ 52 b 

resents a beam loaded with 

three concentrated loads. If the left support is smooth, its reaction R| 
will be vertical, and as all the loads are vertical, the wnjnft is true of 
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To find the reactions we use conditions (1)': 

(i) Fy « i2i + - 600 - 1000 - 500 = 0, 

(ii) Mb « -12 fli + 600 X 9 + 1000 x 4 - 500 X 2 =- 0. 

From (ii) 12 Ri = 8400, Ri - 700 lb,; 

from (i) Bi + Ri — 2100, R^ = 1400 lb. 

Instead of (i) we might have used the equation 

Ma = 12 /e, - 600 X 3 - 1000 X 8 - 600 X 14 « 0; 


this gives the above value for R^ 


Example 3. Fig 526’ rcprcs(Uits an ele- 
vator car eccentrically loaded. If the 
wcught of the ear and conU^nts is IF = 'I(KK) 
r lb , find the t(Misioii T in the cable just 
before the (‘ar starts upward The co- 
ofIiei(*nt of fnetion b(‘tw(‘en tht‘ ear and 
guides IS /i = 1 

Ij<‘t us suppose t.hat the (‘C(^entri(^ load 
causers the (;at to hav(^ point eontacd. witli 
- th(‘ guides at A and Ii In th(‘ figun* the 
n^aetions at tlu^scs jioints aie n^platu^d by 
then normal proje<dions Nx, Ni and the 
loiees of inetion acting <Iown- 

ward in ord(‘r to oppose the impending 
motion. On ajiplying conditions (1) we hav(‘ 


A'N.i 
N, I 

i 

J 

B 


1 



l/^N, 

1 


A 

W. 

6^ 




Fio 52c 


(i) F, = - N, = 0, 

(ii) Fy = T - IF - t,Nx - iu/F2 - 0, 

(m) Me - cS A^, + 3 fiNx - 3 - IF - 0 

From (i) and (ii) 

Nx =■ .V,, T IF +2t,Nx, 
and from (iii), Ni « IF/S = r>(K) lb. Hence 

T - 1000 + 2 X 1 X 5(M) =- 42501b. 


PROBLEMS 

1. A 10-ft horizontal beam AB wcnglung 30 II) per foot is supported 
at its ends, the left support Ixnng smooth If it carri(‘s V(‘rti(‘al loads of 
100, 300, and 200 lb at 2, 4, and 0 ft liom A iesp(»c.tiv(*ly, find the' re- 
actions at A and B, 

2. A uniform bar 8 ft. long weighing 100 lb. is supported horizontally 
between two smooth pins ^4, /i, 1 ft. apart. The bar has one end under 
A and passes over B. Find the pm reactions. 

3. A uniform »od 12 ft. long weighing 120 lb. rests on a smooth floor 
at an angle of 30® to the vertical. It is supiiorted between two smooth 
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pins A, S, 2 ft. apart, the lower pin A being above the rod. Rnd the pin 
and floor reactions. 

4. A uniform rod AB of weight W rests with the end A on a smooth 
floor, the end R on a smooth vertical wall. It is kept from slipping by a 
horizontal string tied at A and fastened to the wall. If the rod is inclined 
at an angle ct to the floor, show that the tension in the string is i PT cot a. 

5. What horizontal force P is required to sup- 
port the box in Fig. S2d if its weight of 900 lb. 
acts through its center? Find the reaction at A. 

6. A 10-ft. ladder weighing 32 lb. rests on a 

cement walk and leans against a smooth wall so 
that its top is just 8 ft above the ground. If 
the coefficient of friction at the base is i, what 
horizontal force applied to the ladder at a point A 
one-third of the way up will just keep it from slip- Fig. 52d. 

ping outward? 

How great may this force be before the ladder slips mward? 

7. The radii of a wheel and axle are respectively n and n. A rope 
wrapped in opposite directions around the wheel and axle carries a pulley 
weighing W lb , the free parts of the rope being vertical. What force F 
applied at right angles to the end of a crank of length I will just support the 
pulley? 

When ri = 1 ft , ra = 3 in , 1 - 2 ft., find the ratio F/W. 

8. A boat davit rests in step-bearmg at A, passes through a smooth 
hole R in a rail 4 ft vertically above A and then curves outward so that 
the falls are 5 ft. from the center-hne AR. If the ropes carry a load of 
3000 lb , find the reactions at A and R. 

9. A window-sash 5 ft wide and 4i ft. high has an unbalanced weight 
of 10 lb. It has two grips 1 ft from the sides to raise it. It the coefficient 
of friction at the sides is i, what pull applied at the right-hand grip will 
just raise it? (Assume contact at the lower light and upper left corners.) 

10 Wlion unloaded the beam of a balance has its thiee knit e-edges on a 
hoiizontal line at a distance d from each other. If a weight w in one pan 
deflects the beam (of weight W) through an angle &, prove that the center 
of giavity ot the beam is at a distance (w/W) d cot 6 below the central 
knife-edge 

53. Three Forces in Equilibrium. Suppose that the three co- 
planar forces Fi, F2, Fs are in equilibrium and that the lines of 
action of two, say Fi and Fa, meet at a point A. For equilibrium 
it is necessary and sufficient that 



Fi + F2 H" F3 = 0, and = 0. 
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Since the moments of Fi and F 2 about A are zero, the moment of 
Fs about A must also be zero, that is, the line of action of F« 
passes through A. The forces are therefore concurrent at ^1. 
Conversely, when this is true we must have M a = 0. Therefore: 

In order thai three novr-paralUl coplanar forc(‘.s shall be in equir> 
librium it is necessary and sufficient that they form a closed triangle 
and that thezr lines of action meet in a point. 

Example 1. A light ladder AB of length Z, with itw l<)W(*r (^nd on a rough 
horizontal plane, leans against a smooth vertical wall (Fig. SSa). A man 

of weight W stands on tlu* ladcler 
at C, For a given ine.Iination a of 
the hwldc^r, how far may the man 
ascend be! ore the ladder slips? 

Writ(i the problem, 

then, IS to find th(‘ gieatest value 
of r consistent with e(|uilibrmm If 
we neglect its w(‘ight, th(‘ ladder is 
actiHl on by thrive forcu^s tlu‘ wisght 
W, the normal n^aijtion N of the 
wall, and the r(jact.ion R of th(i 
ground. As thesij must. Ix* concur- 
rent, the line of R passcss through 
th(5 point 1) wher(» tlu' Iiiu^s of W 
and N ine(‘t At th(i point of 
slipping, th(» inclination oi R to 
the vertical ia equal to angle of friction <i> Hence 

. ED 1 cos a r . 

tan ^ A ijt “ M ~ I cot 01 , 

AE I Hin u I ' 

or, since tan <!> n, the cooificiciit of friction, 

r = id ton a. 

For example, when n - 0.2, « =• (K)®, I = 9 ft., 
r - 0.2 X 9 X 1.73 = 3 1 ft. 

From the force-triangle we find 

Af = W tan £ a IT see 

Exam-pie 2. Fig. 532* represents a crane supixirting a load P ^ 5 
tons. If we neglect the weight of its mcinburH, the tcmuoii T in the rod 
BC and the reaction B on the pin A may be found us follows. 
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In the free-body diagram for AB the direction of R is determined since 
the forces P, T, R must be concurrent. From the figure 


tan et 

CL == 


_4 _1 
12 “3» 
18“ 26', 


tan /8 
/S 


4tan 01 
8 

9“ 28'. 


1 

6 ' 


Therefore in the force-triangle the angles have the values shown, and from 
the Law of Sines 


T B P 

sm 80“ 32' " sin 71“ 34' " sin 27“ 64' ‘ 


Since P = 6 X 2000 = 10,000 lb., we find 

T = 21,080 lb., B = 20,270 lb. 



These results also follow from the conditions of equilibnum: 

(i) P, = P cos |3 - r cos « = 0, 

(ii) Ma - 12 sin a T — 8 P =0, 

(m) Mb = 4 P - 12 sin |8P - 0. 


From (li) we find 

2P 20,000 
^ ~ 3 sin « “ 3 sin 18“ 26' 


= 21,080 lb.. 


and from 


(i) and (iii) 

tan p — 


P 

3 TcOSee’ 


B 


p 

3sin/3‘ 
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The student may show that p and U computed from these equations have 
the values given above. 

Suppose, now, that the upper end of the crane-column turns in a smooth 
bearing. Under the influence of the load P the column will bo pressed 
against the right side of the bearing so that the bearing will exert a hori- 
zontal reaction N on the column. The crane as a whole is m oriuilibrium 
under throe forces, the load P, the reaction N at the top, and the reaction 
R' of the stop-bearing below. Hence R' must pass tlirough the point 
whore the lines of P and N moot. The direction of R' is tlius given by 
tan 7 = 3*0 = 7 * 21° 48'; 

and from the fore(>-triangle P, R', N, we hav(! 

N -‘P tan 7 “ 4000 lb., R' = = 10,770 lb. 

COH y 


As a check, tako momenis about the base of the column; thc'n 20JV — 
8 P = 0 and N = 4000 lb. 

Example 3 The l^impendcd Rod. A uniform rod A/i of length I 
and weight W is supported at its ends by two strings of lengths a, b 
which are tied U) a hook 0 above* (Fig. .We). 
Find the tensions Tb of tho 
The rod is in (Kiuilibriuin uiuIct ih(‘ foroos W, 
Ta, Tft. Huico <ho f()n‘(\s inusi !>(» concurnMit. l,ho 
rod will assuino a position so that tla^ Iiik^ ()(! 
is vortionl. If wo draw tho paTalh'lo^rain OA 
th(‘ iriansle has its Hid(»s paralh^l to I h(‘ I hi(*o 
forcos and may l>e <‘hos<‘n as (ho foio(»-trianjrlo. 
Hence 

Ta Tb W 


where c is tho lc*nKth of OC, Thus th(' l(‘nhions 
of tlio stiiiijj?4 aro pioi^oitional to tlaur haigths 
To find c wo note that tli(» sum of S(|uaios 
of tho sides of a parallcloj^ani is equal to tho sum of tlie s(iuai(‘s of its 
diagonals; hence 

4 c« 4- - 2 aa + 2 



2 c = \/2 a* + 2 - /*. 


Knowing c wo may readily comj)ut(‘ t.lio inolinai.ion 0 of i.ho lod. 

For example if a = 4, 6 = 8, I = 5 ft , and W = 100 lb , 2 r 5 ft ; 
and we find Ta = 80, Tb = 60 lb., 0 =* 78° 4 1'. 

Example 4. A block of weight W resting on a rough floor is subjocted 
to a horizontal force P acting at a distance h above the floor (Fig. 53<i)- 
Under what conditions will it remain at rest? 

If the block remains at rest, the three forces P, W, and the reaction R 
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of the table will be iu equilibrium. Then the magBitude and directioii of 
R are determined by the force-triangle P, W, R; thus 

E = VP* + W*, tanfl-^. 

If /i is the coefficient of friction between 
floor and block, the block will not slip as 
long as tan 5 ^ m (§ 32, 2). The condition 
for no slipping is therefore 

p 

or P^fiW. 

For equilibrium it is also necessary that 
the lines of action of P, W and R shall 
meet m a point. From the figure we see 
that line of action of R will meet the base 
at a distance x -h tan 6 from the hne of 
W. In order that R may act at a point in the base of the block we must 
have a, that is 

h tan d or hP ^ aW. 

If this condition is fulfilled the block will not overturn about the edge A. 

In order that the block shall neither slip nor tip over, both of the con- 
ditions above must be fulfilled. 

Example 5. . The Three-Hmged Arch Fig. 53e represents schematically 
an arch consisting of two rigid parts 1 and 2, hinged to the abutments at 
A and B and to each other at C. Let Pi and Pa denote the resultants of 
all the loads applied to parts 1 and 2 respectively. 



We shall first find the reactions Ri at A and Si at B when Pi alone is 
applied to the arch (Pa removed). Then part is in equihbrium under 



Fig 53d 
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two forces, Si at B and the liin^^t^-preHsure at C, The hinge-preasure of 
jf on is therefore equal to —Si and acts along CB, Coiiscjciuontly the 
hinge-pressure of on i equals Si and acts along BC, Now part 1 is in 
equilibrium under the three forces, Pi, Ri at A, and Si at C, hence Ri 
must pass through the point Oi where the lines of action of Pi and Si 
meet The force-triangle Pi, Ri, Si may now bo drawn and Ri and Si 
determined. 

We next find the reactions Ra and Sa when Pa alone is applied to the 
arch (Pi removed). Now part is in (‘cimlibriiim UIld(^r the throe forces 
Pa, Sa, and the hingo-prcssure of I on 2 at C, The latter c{iualH Ra, acts 
along AC, and meets the lino of action of Pa at O 2 . Sinc(» Sa must pass 
through Oa, its direction is known. The forc(^trianglo Pa, Ra, Sa may now 
bo drawn and Ra and Sa detormmod. 

Now since 

Pi “h Ri “h Si - 0 and Pa ■!* Ra "h Sa ^ 0 

we must have 

Pi + Pa + (Ri +• Ri) +- (Si h Sa) 0 

This shows that the entire arch is in eciuilibiium undt^r the loads P|, 
Pa and the reactions 

R = Ri "1“ Ra at A| S ** Si 4- Sa at B, 


R and S may now b(» constructed and the complete force-diagram drawn 
as shown, H gives the hinge-pressure at C exerted by 2 on 1. 

The entire construction admits of a simple graphn^al check. J<\)r if 



we draw a line (not shown) through (Ik^ 
hinge C parallel to H and cutting Pi and 

— > 

Pa in the jxants Qi and Q^j Ihen A^i and 
— ► 

BQ 2 mu,st have the tlir(‘ctions oi R and S 
resp(‘ctiv(*ly. 

PROBLEMS 

1. A uniform rod A /^S ft long is hinged 
at A, its ujiper end B rests against a 
smooth vortical wall If the lod weighs 
100 lb. and makes an angle of 30® with 


the honzontal, find the reactions at the hinge and wall. 

2. A uniform rod AB 10 ft. long is hinged at A, A cord BC 6 ft long, 


tied to its upper end B, is fastened to a point C 10 ft. vertically above A. 
If the rod weighs 60 lb , find the tension of the string and the hinge re- 


action. 
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8. Fig. 53/ represents a crane carrying a load of 2000 lb. at the end of 
the boom. Find the reactions at A and B and the pin pressures at C, 
D, and E due to the load. 

4. A light rod AB, hinged at its upper end A is inclined at an an^ of 
80° to the horizontal. It rests at C on a smooth horizontal pin and carries 
a vertical load of 70 lb. at its lower end B. If AC = 7 ft., » 3 ft., 
find the reactions at A and C. 

6. The roof truss of Fig. 58c is supported on horizontal rollers at A 
and IS hinged at H. What are the reactions at A and H due to a wind load 
of 10,000 lb. perpendicular to AD and regarded as concentrated at C? 
Solve graphically and anal 3 rtically. 

6. In the arch of Fig. 53e, AC and BC have horizontal and vertical 
projections of 10 and 4 ft. (span = 20 ft.). If a single load Pi = 16 
tons cuts AB 5 ft. from A, find the reactions at A 
and B What is the horizontal thrust on the arch? 

7. The rods AB and CD in Fig. 53^ are pinned 
to a wall at A, C and to each other at D. Find 
the reactions at A and C due to a downward load 
of 300 lb. 

8. A uniform rod AB weighing 60 lb. is hinged 

at A. A cord attached at B passes over a smooth 
pulley (7 6 ft vertically above A and carries a 
weight of 50 lb. hanging freely. Show that in Fia. 63g. 

equilibrium the portion BC of the cord is 10 ft. 

long. What is the length of BC when the hanging weight is 30 lb.? 

9. A uniform rod AB 3 ft long is supported with its upper end A 
against a smooth vertical wall by means of a strmg 5 ft. long joining B 
to a point C of the wall above A If the rod weighs 10 lb., find the tension 
of the string and the reaction of the wall on the rod 

64. Problem of Three Forces. Let R denote the resultant of 
the known forces acting on a rigid body. Then H 1,B,S are three 
lines, not all parallel, lying in a plane with R, we can always find 
three forces Fi, F 2 , Fs acting along these lines and forming with R 
a system in equilibrium. 

Suppose, first, that no two of the lines are parallel. Then if 
B and 3, 3 and 1, 1 and 2 meet in the points A, B, C (Fig. d4a) 
the conditions of equilibrium (§ 52, 3) 

Ma = 0 , Mb = 0 , Me = 0 

give Fi, F 2 , Fa respectively. Thus if pi and qi denote the distances 
of Fi and R from A, we have 

= Rffi - Fipi = 0, Fi=^R. 
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As the moment of Fi must balance that of R, Fi points to tho 
left. 

This problem admits of a simple graphical solution. Thus 
if R cuts 1 in the point P, draw the line 4 joining P and A and, 



with the aid of a force-diagram, replace — R by forces Fi and F 4 
along 1 and 4 (at P)- Then shift F 4 to A and replace it by tho 
forces Fj and Fa along 2 and 5. Now 

— R s Fi 4* F 4 = Fi -h Fa -|- Fa, 

that is, Fi, Fa, Fs, R form a system cquivalcni, to zero. 

If the lines 1 and S are parallel, tho <!ons(.niciion given above 
still applies (Fig. Mh), But since there is no point C in this (“jise. 
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the analytical solution must be modified. If ar denotes an axis 
perpendicular to 1 and S, we may now use tho condit ions of equi- 
librium (§ 52, 2) : 

Mx = 0, Mb = 0, P, = 0. 

These equations give in turn Pi, Pa and Pa. 
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Example. A imifoim rod of weight F = 100 lb. rests on smooth planes 
at A and B and is supported 1^ a cord CO (Fig. 64c) inclined at an aii^e 
a =» 30® to the horizontal. The rod is in equilibrium under four forces: 
its wei^t W, the normal reactions Ni, Ha of the planes, and the tanann 
T of the cord. Ni, N* and T act along given lines 1, 2, S', the problem 
is to find their values. 



Ni 

Fro. 54c. 



To find T, for example, take moments about the point D where the 
hues 1 and 2 meet: 


Md = pT —2W = 0, 

p = DE cos a = (8 - 4 tan «) cos a = 8 cos « — 4 sin «, 


2W ^ 100 100 

p 4 cos a — 2 sm a ” 3.464 — 1 


40.6 lb. 


We may also proceed graphically, replacing — W by forces Nj and F« 
along the lines 2 and 4, and then replacing F^ by Ni and T along the Imes 
1 and 3. From the force-diagram we may scale off Ni, Ni and T, or even 
compute these forces after finding the angle p. This is left as an exercise 
for the student. 

The student must not forget, however, that any set of conditions of 
equihbrium given m §52 will suffice to solve our problem. Thus the 
equations 


F, * r cos a — Hi = 0, 

Fj, = Hi — W — r sin a =• 0, 
Mo ■= 2 F-H 8 H*-4Hi - 0, 
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may be readily solved for Ni, Nt aud T. To find T, multiply the first 
8, the second by 4, and add both to the tliird,* then 


8Tcos« -4rsin« -0, ^ - 2~ 


as before. Putting T 40.6 in the first and second equations, we find 
Ni - 120.3 lb., N, « 35.2 lb. 


PROBLEMS 


1. A uniform rod 8 ft. long and weighing 100 lb. rmts on two smooth 



planes, one horisonhU, the other in- 
clined 60“ to the horizontal. If the in- 
clination of the rod is 30°, what hori- 
zontal forc(* I* iniist Ik* applud at the 
lower (*iid to kii'p th<‘ rod fnmi slqiping? 
Find also tint ri'actions of tlu' planes. 
Solve graphically and analytically. 

2. A light rod AJi, 5 ft. long, is sup- 
IKirted by the rods I, S, !i as shown m 
Fig. 54d Find grapliieally (he stu'sses ut 
the rods due to the 100-lb. load ut IS 


66. Trusses. A Intss is a frainowork of rigid bars of wood or 
metal (the members of the truss) each of which is e.onn(‘ct(‘d to 
other nieinbcrs at two jou^s m such a manner that the <»ntire 
structure is capable of supporting, without any csscuitial change of 
shape, loads applied to the joints la this chapter we shall con- 
sider trusses whose members are parallel to a single plaiu'. In 
such a truss the ideal joint consists of a smoot.h cylindrical pin 
which fits into holes in the inetnbcrs which it oonnoids. In older 
to compute the stresses in the iiicmbcrs of a truss we assiunc that 

(1) the members arc connected by smooth inns, and 

(2) all external forces acting on the truss are apjilied at the 
joints. 

Under these assumptions a member AB connecting the joints A 
and B will be in equilibrium under the action of two forces, the 
resultants and of the forces acting on the member at A 
and B respectively. Hence F^ + Fb s 0 and the member is 
subject to an axied stress (§ 33) numerically equal to either re- 
sultant. Such a member noay always be cut ” in fomung a 
free-body diagram (§ 36). 
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Actual roof and bridge trusses may differ considerably from the 
ideal truss described above. When the connections are all pin 
joints, the condition of perfect smoothness at the joints is only 
roughly fulfilled in practice, and frictional forces may be developed. 
In riveted trusses the deviation from assumption (1) is still more 
serious. In such trusses the members are riveted directly to each 
other or to a common plate, and are always subject to bending as 
well as axial stress. As to assumption (2), the fioon-beams of a 
bridge or the purlins of a roof are designed to transmit the loads 
to the joints of the truss. Nevertheless the weights of the mem- 
bers themselves are not applied at the joints. If these weights 
are small in comparison with the other loads, no great error is 
made in dividing them equally between the joints or even neglect- 
ing them altogether. 

56. Statically Determinate Iriisses. In order that a truss may 
be capable of supporting loads without deformation (other than 
the minor changes in length of its members due to tension or com- 
pression) there must be a certain minimum number of bars con- 



Fia 56a 


necting its joints Thus if there are four joints, four connecting 
bars can not form a rigid structure, five bars form one which is 
jvst rigid, while with six bars the structure is over-rigtd, having 
one redundant bar (Fig 66a). A structure is said to be just 
rigid if it may be deformed after any one bar is removed. 

Consider a plane truss with j joints, Pi, P*, . . , Pj. To 

specify their relative position take Pi as origin of rectangular axes 
and draw the x-axis through Pz The relative position of the 
joints will then be fixed by giving the abscissa of P* and both co- 
ordinates of the j — 2 remaining joints, 1 + 2 (j — 2) = 2 j — 3 
coordinates in all. The known length of each bar gives one equa- 
tion between the coordinates of its joints; hence if there are n 
bars in the truss we will have, in general, just enough equations 
to locate the joints when 
(1) n = 2j - 3. 
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Thus in the roof truss of Fig. 56&, j = 7 and n = 11, so that this 
rdation is fulfilled. 

In order that a truss as a whole bo in equilibrium under its loads 
and the reactions of its supports, three scalar conditions of equi- 
librium must be fulfilled. The reactions, then, will be completely 
determined by these equations provided that they involve just 
three unknown elements — magnitudes or directions of forces. 
Thus in Rg. 666, the reaction at the hinge A is unknown in mag- 
nitude and direction, while the reaction on the smooth roller B 

is unknown in mag- 



nitude only; these 
reactions may there- 
fore be completely 
determined. The fig- 
ure shows tlie graph- 
ical solution; the 
force P represents 
the resuli>ant wind- 
prmsuro on one side 
of the roof. When 
(ho roaci.ioris may 
i)(* comiilofcly dcfer- 
nuncd, as in this 
case, t,hey are said 
(t) he statiailhj dder- 
minalv. Nofo that 


Fhi .W) tins would not lie 

trill' if tlie truss were 

hinged at both supports, the two reactions would then involve 
four unknown elements 

Suppose now that wc have a just rigid t.russ of ti iiara and j 
joints, fulfilling therefore relation (1), and let it 1)0 supported so 
that its reactions are statically determinate To deti'imine the 
stresses in its n bars wo may regard each pin as a free body in 
equilibrium under tlie system of concurrent forces formed by tlie 
stresses in the bars connected by this pin. For examjile the pin 
(7 in Fig 566 may be treated as a particle at rest under four forces 
Thus each joint will furnish two scalar equations of cquilibnuni 
and the j joints will furnish 2 j equations in all Those equations 
are linear in the n unknown stresses m the bars and the 3 unknown 
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elements in the reactions. These w + 3 unknowns may in general* 
be determined uniquely from the 2j equations when m + 3 = 2 j. 
Since this relation is the same as (1), we have shown that when 
the reactions on a just rigid truss are statically determinate, the 
stresses in its members are also statically determinate, i.e. they 
may be found from the equations of static equilibrium. 

The stresses in a statically determinate truss are entirely inde- 
pendent of the section areas of its members. This is not the case 
with an over-rigid truss; the equations of static equilibrium do not 
then suffice to find the stresses, and the elastic properties of its 
materials must be known in order to solve the problem. For this 
reason an over-rigid truss is said to be statically indeterminate, f 

67 . Stresses in Simple Structures. A simple truss is one 
which may be built up from a triangle by succesdvely adding two 
new bars which meet in a new joint. Thus the truss of Fig. 
57 is simple) note that the bar OB is not a member of the truss 
and must be regarded as part of its support. On the other hand 
the roof truss of Fig. 60o is obviously not simple 

A simple truss is, in general, just rigid, and the stresses in its 
bars are statically determinate when the external forces acting 
on it are known J: The pin at the last joint added is in equilib- 
rium under the known external force and the stresses in the two 
bars meeting there If we draw a free-body diagram for this 
pin and apply the conditions of equilibrium to the three concurrent 
forces acting on it, the stresses in the bars may be determined. 
We may now imagine these bars removed from the truss, provided 
their action on the pins at the adjacent joints is represented by the 
forces just found when reversed in direction. The remaining 
structure again must have at least one joint where just two bars 
meet The stresses in these may be found as before and the process 
( ontmued until the stresses m all the bars are known. 

* We disregard here an exceptional case 

t When the moduli of elasticity are known and the section areas of the 
members are given in advance, the stresses in a statically indetermmate truss 
may be determined by the Method of Least Work. See Parcel and Money, 
tStahcaUy Indeterminate Stresses, (1926), Wiley. 

X If the truss has j joints and n bars, j — 3 joints and 2 (f — 3) bars must 
be added to the base triangle, hence 

n = 3 + 2 (7 - 3) = 2j - 3, 
in agreement with (§ 56, 1). 
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The diiections of tho unknown stresses at any joint are usually 
evident from inspection. However, if an error is made in assign- 
ing an arrowhead in the freo-body diagram, the corresponding 
stress will turn out to be negahve in the completed calculation. 
Thus a negative stress indicates that the assumed direction o/ the 
force must be reversed* 

Before computing the stresses in a truss by the method above 
it is usually necessary to find the reactions of its supports by apply- 
ing the conditions of equilibrium for coplanar forces to tlie truss 
as a whole. If the truss contains an unsupported joint of just 
two bars or one of three bars, two of which ho in a line, tho cal- 
culation may be begun at once by considering tho equilibrium of 
its pin However, if all the stresses in the truss are required we 
may as well compute tlie reactions at the outset as they furnish 
a check on the computation. 

Example The cantilever truss of Fig 67 is supported at the hinge 
1 and by the bar Oti The reaction R at 1 and the force T exerted by OS 
on the joint S have threi' unknown elements ti, It, T. To find them we 



apply the conditions that insuie the equilibrium of the truss os u whole 
under the coplanar forces P, Q, T, R. 

F* - cos - r - 0, Fy - 72 sin /S - P - <2 = 0, 

Afi “ a tan « 7' - 2 oQ — 4 oP -> 0. 

From the last equation wc have 

(i) r - (4P + 2Q)cot«; 

* If oU the bars are assumed to be in tension — the arrows in the fteo'body 
diagrams all pointing away from the pins — the positive stresses in the com- 
pleted calculation will be tensions, the negative, compressions. 
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and from the first two 

(li) Bcos/3 = r, iZsiniS-P + Q, tan <9 

from which we may find p and B. 

We now compute the stresses at the joints 5, 4 , S,B,1 in turn. (It 
will be noticed that we might have started at joint 6 without a knowled^ 
of the reactions.) At each joint the directions of the unlmown forces are 
supplied by inspection and then the two equations of equilibrium are 
written down. The first of these expresses that Fy » 0, the second that 
P. =0. 

Joint 5. 

Susmat — P 0, Sit — Sts cos a = 0; 

-S„-Pcot«. 

Joint is 

8ii sin « — 1S4B sin a = 0 , iSm cos a + Sab cos a — jSm = 0, 

p 

Szi = 1S4B = — , 8u ^ cot Of. 

sin oe' 

Joint 8. 

82s Bin a — /S 84 Sma — Q =5 0, 8ii — 8zi — 8 za cos a — SasCOSa = 0, 

= (3P + Q)cot«. 

Joivi 2 s 

8 n sin CL — 82 Z sin « = 0, £ia 4 + Sn cos a + COS a — T = 0 ; 

-Si. r = (4P+2Q)cot«. 

Joird Is 

ij sm jS — Si2 sin a « 0, R cos jS — £^12 cos a — Si® = 0, 

^ P + Q, i? COS /3 = (4 P + 2 Q) cot a * T. 

The agreement of those equations with ( 1 ) and ( 11 ) above checks the entire 
calculation. 

When P = 2000 lb , Q = 1000 lb., and a = 45°, the above results give 

Sab = 2828, /?28 = 4242, 1824 = 4000 lb , tendonj 

SzB = 2000, >Si 3 = 7000, Szi - 2828, S 12 = 4240 lb. compression, 

T = 10,000 lb. tension, 0 = 16° 42', R = 10,440 lb. 

PROBLEMS 

Compute the reactions and stresses for the following trusses; 

1. Kg. 58&. 2 Fig. 68c. 3. Fig. 59d. 4. Fig. 69e. 
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68. Index Stresses. In a simple truss in which the diagonal 
members are all inclined at the same angle a to the horizontal, 
the stresses may bo computed with great rapidity by the following 
modification of the method of joints. Consider, for example, the 
cantilever truss of § 57, loaded as shown in Kg. 58o. The loads 
are given in units of 1000 pounds (“ kips ”)• The numbers written 
beside the diagonals Ali, BC, CD, DE give the vertical compo- 
nents of their stresses (m kips) required fur vertical balance at the 




V 


joints A, B, C, D. When the joinls are taken in this order, iheso 
numbers and the associated arniws are evident on inspection, 
they are called the iiuhx .s//c.ws for tlic diagonals. Denoting 
them by /j and the actual stn'sw's hy Sd, 

Id = Vertical component, of .Sj = Sj sin a, or 

h 


( 1 ) 




sin » 


Let us now obtain harizorUal balance at. each joint by l,real.ing 
the index st.resses Id as if t.hey were the horizontal componiMits 
of Sd- Taking tlie joints in the order A, B, C, I), we tiiiis get the 
numbers written beside the horizonl,alH, together witli the asso- 
ciated arrows; they are called the tmicx ntrenitcs for the horlzonl.als 
Wo denote them by 7* and the actual sf.resses liy (S'* Hinco the 
horizontal components of Bd arc really 

Sd cos a ~ Id cot a 

instead of Is, the actual horizontal stresses Si, will be h cot a 
instead of 7^; thus 

(2) S* = 7* cot a. 

In the diagram of index stresses the vertical loads on a truss 
are taken at their actual values. Hence if a truss has vortical 
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members, the numbers I, written beside t.hftnn in obtaining vertical 
balance are the actual stresses S,: 

(3) 5,-1^ 

Since a is constant throughout the truss, the M-Tna is true of 
the factors which convert In and into Si and If we draw a 
right triangle with its sides h, v horizontal and vertical, and its 
hypotenuse d inclined a to A (Fig. 68o), equations (1), (2), (3) 
may be written 

(4) Si=Ui, Su = lh, S, = ll^ 

For the truss given above, a = 45° and we may take A = » = 1, 
d = hence 

5a = 1.414 Ji, 5*=/*, 5, = I,. 

For example Sab = 2,828, Sac = 2 kips. 

Horizontal and vertical balance at the joint E demand that the 
reaction R shall have the index componmts [10, 3] In the present 
case these are the actual components since both h and represent 
actual forces. Hence 

R = •\/T09 == 10.44 kips, jS = tan~^ .3 = 16° 42'. 

These results agree with those of § 57. 



Fio. 586 

Example 1. In the Pratt truss of Fig 585 the loads and reactions are 
given in kips. As the loading is symmetncal the stresses need only be 
computed for one-half of the truss. The mdex stresses are found by taking 
the jomts m the order ABCDEFO. At G we find that the index stress 
m OH is a tension of 11, as this agrees with the index stress in QE the 
lequirements of symmetry are fulfilled and the calculation is checked. 
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If wo cut the trues as shown wo must have horizontal and vortical balance 
for all iho external loads on the truss to the loft of the section: thus, 

88 + 11 - 99 = 0, 55 + 11 - 3 X 6 - 3 X Ifi - 0. 

In the triangle ABC, A = 20 ft., v <■ 24 ft.; henco d ■» 31.24 ft. The 
conversion equations (4) now become 

Si - 1 302 h, Sk - 0.833 /*, 5, - I,. 

For example 

ScD - 1.302 X 33 - 43.0, Sen = 0.833 X 88 73.3, Sen - 16 kips. 

Tho members of the upper chord and the three central verticals arc in 
compression. 


4 



Kkj TiSt 

Example 2, Tho inclox Rtroaw'R in tho roof i,ruHs of Fir fiSr aro found 
by taking tho joints in thr order ABCDE. At joint C t.h(* indox HtrcHHOH 
marked x and y are unknown AHHuming their directioiiH iw hIiowii, wo 
must have for horizontal and v(Ttical balance that 

9 — a;-2/»0, 9+2/— x — 4— 2-0; 
hence rr *» 6, 2/ =» 3. Note the check by symmetry at E and the hori- 
zontal and vertical balance of the external forces when the t-ruHs is cut 
as shown: 

9-3-6-0, 9+6-3-2x4-2x2-(). 

In the triangle AED, h 20 ft., = 16 ft., d - 25 ft.; hcnco 
Si B Idj Sh ^ i Ihf Sp — Ip, 

All the inclined members arc in compression, the others in tension. 
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PROBLEMS 


Find the index stresses and the actual stresses for the follomng trusses. 

1. Cantilever truss, Fig. 59d. 

2. Warren bridge truss, Fig. 59e. 


3. Baltimore truss. 
Fig. 59i (only one-half 
of the truss is shomL). 

4 . Cantilever bridge, 
Fig. 59j. [In finding 
the reactions make use 
of the fact that the sum 
of the moments of all 
the external forces to 
the right (or left) of the 
hinge H about H must 
vanish; for a hinge can- 
not sustain a bending 
moment. The reactions 
from left to right prove 
to be —5, 180, and 45 
kips ] 

69. Maxwell Dia- 
grams. In order to 
avoid lengthy com- 
putations, the stresses 
in a simple truss may 
be determined graph- 
ically by drawing a 
force-polygon for each 
joint. The joints 
should be chosen in 
the order specified in 



§ 57 so that there are 
at most two unknown 
stresses at any one 
joint. As before, it is 
usually necessary to 
find the reactions of 



Fiq 59a 


the supports in advance; this may be done analytically, or graph- 


icaUy by means of a funicular polygon. 



112 


PLANE STATICS 


We shall apply tlus method to the cantilever truss of the pre- 
ceding article (I<1g. 5fla) The external forces arc represented by 
vectors drawn ouIskIc of the truss; these divide the outer space 
into four regions labeled w, x, y, z. The space inside the truss is 
divided into three regions a, b, c by the bars SS and S4- Then 
any force acting on the truss, whether internal or oxtenml, forms 
the boundary between two regions and may bo denoted by the 
corresponding letters; for example, P, Su, Sn are denoted by 
xy, xc, yc respectively in the force diagram. This is known as 
Bow’s notation. 

To find the reactions wo first locate the resultant of the loads 
Q hy the help of a funicular jis shown. As this msultant 
P + Q, R, and T are concurrent, the diniction of R is known; 
hence R ami T may Ikj found fnnn a force-triangle. 

The force-polygons are now drawn for the joints />, 4, S, S, 1 
in tiuni Each polygon is formed by drawing the forces at the joint 
in the order in which they are met in clockwise circuit about the 
joint, beginning with the ktuuim fotces (shown hy heavy lines) 
lilach stress appears twice in these polygons, first as an unknown, 
then as a known force. In order to avoid this duplication of lines 
and the inevitable small eriors in diawing that accompanv it, 
the five polygons may be assiunbled into a single figure in which 
each str<‘ss occurs but once 'Fins is the Maxwell diagram* for 
the t.ruhs In tlus diagram the external forces form a elosi'd poly- 
gon and the sl.resses are parallel to the bam ol the t russ and in one- 
to-one eorrcspondence with tliem Of couise the forces concuireiit 
at any joint also form a closc'd polygon. 'Fhe direi'tion of any 
force IS given by its segment in the diagram when th(‘ letters arc 
road in the order in which they occur in a clock wisi* circuit of the 
joint at which the force acts. 

Not every truss admits of a combined stmss diagram having the 
propertiics mentioned above. Hut if a t.riiss, in which the bars do 
not cross and the external forces act only at joints on the outer 
boundary, has a Maxwell diagram, it may be constnictcd as 
follows: 

In the space diagram draw the external forces outside of the truss. 
Then the Maxwell diagram may be drawn by constructing the force- 
polygons for the successive joints so that the forces in each one follow 

* Named after James Clerk Maxwell, the English physicist, who was the 
first to construct such diagrams. 
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in the same order in which they are met in a clockwise* circuit of 
the joint in question, the known forces coming first. 

If two bars of a truss cross, a MaxweU diagram may often be 
constructed if a joint is introduced at their intersection. This 
leaves the truss just rigid; for if 

n = 2 j — 3 then n + 2 — 2 (j + 1) — Z. 

Moreover the stresses in the bars thus joined are not altered; they 
wiU be represented by the sides of a parallelogram in the diagram. 
This device is employed in the following example. 

Example 1. In the truss of Eig. 596 a joint is introduced where the 
central diagonals meet. The reactions are found graphically by means of 
a funicular polygon; the ray ow, drawn parallel to its closing side, de- 
termines the reactions zw and wx. The diagram shows that the diagonal 
members are in tension, the others in compression. 



Fig 506. 







X J 


\L 

N 


Fro. 59c. 


Example 2. Fig. 59c represents a saw-tooth roof truss and its Maxwell 
fHpgrg.ni. The ray ow drawn parallel to the closing side of a fumcular 

• It is only mwAp fag.! that the same sense shall be followed m each circuit, 
olookwise or the reverse. 
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polygon doterminoB tho roaotions m and wx. Tho diagram .shown that 
tho mombers of the lower chord and the diagonala cJ), ed are in tonnion, the 
members of tho upper chord and tho diagonals ba, do, ve are in coia- 
pression. 


PROBLEMS 

Find the stressoB in the following tnisHOH by drawing their Maxwell 
diagrams, using Bow's nototion. The regions oiitaide. of tho truss an 
denoted by letters, those inside by numbers. 


1600 1600 1600 



8000 3000 3000 3000 3000 



1. Cantilever truss, Fig 5fld. 

8. Warren bridge truss. Fig. .TOe. 

3. Roof truss. Fig. fill/. 

4. Deck truss, Hg. 5Qg. 

5. Crane, Fig. 59h. 

6. Baltimore truss, Fig. SOi. 

7 . Cantilever bridge, Fig. 5&j. (See § 58, Problem 4.) 
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OlL. 


gs 38 83 3S 88 83 S3 



Fki. 59i. 


10 10 10 10 



10 10 

LoudH in kifiH 
Pill SIV 


60. The Method of Sections. If a iruHS is “out” in two 
parts by any soction throuKli its bars, either part of the l.ruH8 ie 
in equilibrium under the external forces t.hat act on ii,; these now 
include forces along the cut bars n'presenling the aciion of (he 
other part of the truss (§33). If tlie section ineefs, or cids, but 
three bars, their stresses may bo found by the me(.hod8 of § Trt 
This method of com puling si.resses is particulaily valuabh' wlien 

(1) tho truss is not simple and tlio method of joints offi'rs difiS- 
cultios; or when 

(2) the stresses in certain bars only are reiiuired. 

In addition the method of sections may be used to check certain 
stresses computed by the method of joints. 

Example 1. Tho section through tho Pratt truss of Fig. 686 cuts three 
ban whose stresses we denote by Si, St, St Assigning directions to these 
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forces as shown, we may determine them in turn from the equations 
Mb “ 0 , Fy = 0 , Mg = 0 , 

applied to the part of the truss to the right of the section. Taking the 
panel-length as the unit of length, 

Mb = 56 X 2 — 22 X 1 — Si tan « =■ 0, 

Si = 88 cot <t='88X'if= 733 kips; 

Fy = 56 — 22 — 22 — Sj sin a = 0, 

O 11 11 1X01- 

MG = 65 x 3 - 22 x 2 - 22xl-S,tana-0, 

Si = 99 cot a = 99 X T = 82.6 kips. 

As the stresses are all positive the arrows have been correctly assigned. 
The mdex stresses of Fig. 586 lead to the same results. 

Example 2. The section through the roof truss of Fig. 58c outs three 
bars. Their stresses jSi, Si, S» are determined in turn from the equations 
Mg ~ 0 , Mb = 0 , Me = 0 , 

applied to the part of the truss to the right of the section. If we take the 
panel-length as the unit of length, we have, for example 

Mh =6 XI --S,X2sin« =0, S, - 3 x| = 5kips. 

Example 3. Compute the stress in the bar 17 ot the roof-truss of Fig. 
60a when subject to the wind load shown. 
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by taking luomcntn about 4- Moreover Si? inimt be a tciiflion iu order to 
balance tho momentr of N nlmut 4, thuH 


Na-S„h^Q, 


To find N oonsiclor tlui <'quilil)riuin of Uio tnisH nw a wholo. Roplacing 
tho wind lojwl by its rosullant P noting through $ an<l taking moments 
about 1 , w(^ have 


2 aN 


Vrt» + /)* 

-I- 


0, N 


P v/«» } /)» 
4 a 


Ilenoe 


Pn/o*+A* P_ 

A h ”4 sin a ’ 


Taking P 2000 lb , « • 45'’, ft - 2(r, tho studont shouhl now oom- 
putiO /?, 7 and tho roinaining stn^ssos llio rosulls aro as follows. 

;e « 15S1 lb., y 2^>^•i4', n 707 ii> 

Tonsilo Ktrossos l^n ~ 707 11> , ~ - 1 U>2 lb. 

Comprossiv(‘ Htrossos: >S'ja - *S’24 - l.'17nb., J(KK)lb, 

l(K)()lb, 0. 

Tho strosHCH in this tinss may lx* oomputc‘d out indy by t.ho in(*thod of 
joints. In what <)i(l(*r must (ho joint^^ b(* takon m (ho oiiloulation? 



Fio 00/> 


Example 4. In order to find (.ho strossos in tho t.hreo bars supportang 
the triangle in l^'ig. 60ft, take tho section shown. Th(*n, from tho equilib- 
rium of the triangle, 

/> 

Fy « Si COB « — P = 0, Si » - ; 

Ma “ P 2 a tan a — SaO « 0, « 2 P tan «; 

Mb “ Satt - Sn‘2 o - 0, S3 *» P tan a. 
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PROBLEMS 

1. Compute the stresses m4, 4S, Si in the roof truss of Kg. SSf. 

2. Compute the stresses bS, 4 and dS in the truss of Kg. 5l9g. 

8. Compute the stress <4 in the crane of Kg. 69A. 

61. Members Subject to Non-Azial Stress. We have seen in 
§ 55 that a bar of a structure iu equilibrium under tv)o forces 
is subject to an axial stress. Such a bar may alwa 3 rs be “ cut " 
provided that the twin forces of its stress are introduced as external 
forces at the section. But if a bar is in equilibrium under three 
or more forces, its internal forces at any cross-section do not in 
general reduce to an axial stress; sudi a member must not be cut 
to form a free-body diagram. When a member of this kind is 
connected to a structure by pins, a free-body dia g ram may be 
drawn for the member as a whole by introducing a reaction R 
at each pin. It is usually advantageous to replace R m the dia- 
gram by its horizontal and vertical projections; if R acts on the 
pin A, we shall denote the magnitudes of its projections by Ha 
and Va The direction of these projections of R may often be 
assigned by inspection. If, however, their directions are not 
obvious, they may be chosen at pleasure; an error in assigning an 
arrow is shown in the completed calculation by a negative sign 
in the corresponding H or V. 

Example 1. Fig. 61a represents a crane supporting a load of 4000 
lb at the end of its boom. The weights of mast, boom and biace {.BE) 
are 1000, 600 and 400 lb., respectively. We shall consider m turn the 
equilibrium of the crone as a whole, the boom, and the brace. 

Crane. 

Ft Ha ~Hd = 0, Fy = 74 - 4000 - 1000 - 600 - 400 = 0, 
Ma - 12 IId - 4000 x9-600x4.5 -400x3=0. 

From these equations we find 

Ha Ho = 33251b., 7^ = 60001b 

Boom. 

Fs’-Hb-Hc= 0, F, - 7b - 7c - 4000 - 600 = 0, 

Me = 6 Vs- 4000 X 9 - 600 X 4.5 = 0; 

hence 


He --H e, 7b - 6450 lb., 7c -I860 lb. 
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Fx = Ilji — III: = 0, Fy » Vj$ — — 4()0 « ()^ 

Mi, - 0 IIk - 0 Ki2 ^ 400 X 3 « 0, 

hcncc 

» He, He ^Vb + 200 = (5050 lb., F/, » 7/2 + 400 » 68501b. 



The reactions on the mast, iik* thoi(‘fore 

Ha = 13325, (50(K)I, Hp - [-3325, ()| 
the rcactioiiH on IIk' boom an' 

lie - t-6()50, -IS501, He - |6050, (>45()|, 
and the leaction of th<‘ iniust on th(' braec' is 

He - I6()50, 68501 

The magnitu<l(» and (liroction of ('ucli ,ea(*tion may now Ix' (‘omputed 
fiom its eoinponents (§ 26). TIk' components, howcv(‘i, are umxI diiectly 
m dcHigning the members of llu' eran<‘ 

Example 2. A man weighing IF lb stands on a light sU'pladdc'i AVB 
at a horizontal distance x from th(' hinge C (Fig. If lh<i ladder 

stands on a smooth floor, find tlie tension in tlie tie J)E luid tlie reaction 
Rc of the ladder AC on the backstay B(\ 

Ladder as a whole. 

Mb -= W(x +b)- RAia + i) ■=■ 0, Ra = ~ J W; 

Ma = Reia + 6) - TV(a - x) = 0, Rb 
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Backstay. 

Fg = He — T 0, Fy = Bb — Vc = 0, Me =■ 12j6 — Te =* 0. 
From these equatioiis we find 

He - T = ^Rb, Vc = Bb, Rc = --BnJ. 



Both T and Rc increase as the man climbs to the top of the ladder. 
The greatest tension (for a: « 0) is cAW I (a + 6)c. 

Since T decreases as c increases, the lower the tie is placed, the smaller 
will bo its tension 

Example 3. Fig. 61c U-ti- 

represents a symmetii- ^ 
cally loaded three-hinged 
arch, the forces P being 
the resultants of all the 

11 

loads on the paits 1 and Jli 
2 of the arch. By sym- 
metry the hinge pres- 
sures at C must be hori- 
zontal; for if the pressure 
of i on 5 were [He, Vc], 

the reaction of on 1 would be [—He, — Fc], and unless Fc = 0 the 
symmetry would be violated. From the free-body diagram for 1 we 
have 

Ha - He = 0, Va-P ^0, Ma = Hch - Pd = 0, 


n 

i 


w 


g 

1 


Fig. 61c. 


Ha - He 




Va-P, Ra-P 


V^- 


whence 
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PROBLEMS 

1. Solve Example 2, § fiS, if the. m«iHt and boom of the crane weip;h 1000 
and 600 lb. respectively. 

2. Solve Problem 3, § 53, if i.he mast, boom and brace of the crane 
weip;h 800, 400 and 200 lb. respectively. 

3. In Fig. Old the frame A DVH consists of three 
na^nibers A/), D(\ VH hingiul at /), f / and K, If 
A I) - W/and th(‘ ends A , H n‘st on a smooth plane, 
find the eomimenhs of tlie pin-pressure at A’ when a 
downward load of 12(K) Ib. iiefs on f//) 

(a) at ihs middle i)oint, 

(/;) 2 ft. fo lh(* right of 
(r) 5 ft. U) the right of f/, 

(d) at C; 

(c) 2 ft. to th(^ right of (• ami 3 ft to the left 
of /) (two hauls). 



4. In Problem 3 prove that a downward load P on PI) pio(lue(*s the 
same horizontal eoini)on(*nt. of pin-pressure at. li irn^sjieelivc* of its position. 

6. In Fig. (51c the A-fiamc ABCKF consists of thr(‘e nnnnlxn's AC^ 
i?r, EF hinged at A, T, K and F. If tin* (»ii<l B icsts on a smooth iilane. 


find the coniponen1.s of tli(‘ pin- 
pressure at C and E whc*n a down- 
ward load P « 3()0() Ih. acts on th(‘ 
tie EF 

(a) 2 ft. to th(‘ right of A, 

(h) 4 ft. to the right of A, 

(c) 7 ft. to the right of E, 

(ri) atF. 

(e) Prove timt lie in the same 
irrespective of th(» position of P on 
EF. 


c 



6. In the A-frame of Fig file a downward load of 3(K)() lb acts on the 
member AC. Find the components of pin-prossuro at C aiifl K wlien the 
load acts 

(a) midway between E and C] 
ib) BjtE; 

(c) at C- How is the load divided between AC and BC? 

7. In the A-frame of Fig. file the miwnber A (7 is prolonged beyond C 
an amount CD *» AC. If a downward load of 3(XX) Ib. acts at D, find 
the components of the pin-pressure at C and E. 

8. In the A-frame of Fig. 61e a horizontal load of 30(X) lb., to the right 
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acts on the member BC. Find the reactions at A, B and the 
of the pm pressures at C and E when the load acts 


(a) midway between C and F; 
lb) atF; 

(c) at C. 

Id) Where must P aet on BC so that ffc •= 0? 


62 . Systems of Rigid Bodies. We have already dealt with 
systems of rigid bodies in our treatment of trusses and other 
framed structures. We give now a few more varied examples of 
such systems. No new principles or methods are employed in 
these problems. A free-body diagram should be drawn for each 
body and the equations 
of equihbrium should 
be apphed to it. At 
the connections or sur- 
faces of contact of two 
bodies, the Principle of 
Action and Reaction al- 
ways comes into play. 

Example 1. In the press 
represented by Fig. 62a 
what pressure P is exerted 
by the piston when a force 
Q is applied at the end of 
the lever OA in the posi- 
tion shown (makmg an Pjq 02a. 

angle ff with the vertical) 

and friction is neglected. Fmd also the stress S m the Imk BC and the 
total pressure N of the guides on the piston. 

Lever. The forces Q, S, and R, the reaction at the hinge, are in 
equUibnum; hence 

Mo^Sd-Ql = Q, S 

where 

d 

d a a sin (9 -b aud sin ^ ^ sin 0 . 

Piston. The forces P, S, and N are in equihbrium, hence 
Fg^ — N " S sm ^*0, Fy ^ P ^ S cos ^ — 0, 

W -gsin^Q, P=^cos*Q. 
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If, for example, a 
ain ^ 
/' 


I ft., 6 sa y ft., f »• y ft., 6 ■ 30® 011(1 Q 
i Hin 30" » 0.1067, «-9"30'; 

Hiu39®y0' ^ 


fioib., 


Examplfi 2. Fig. 62ft rcprcw'uie s(tlM‘niati<!ally an arrangement of 
levers uw'd in platform h(»i 1(»). Fnnn the free-lxxly ditigrauis of the vari- 
ous parts we have the following (Hpiations. 



Pla^orm. P -j- Q ■= W. 

Lever AB. Mb = Qh' — Ha' -- 0, It 

Leaer CD. Me = Sc — Pb — Jta -= Sc — ft -1- = 0. 

If the scales ore (IcsigncKl so that a/b — a' /b', 

Se - iP + Q)b = Sc - Wb - 0, S - It', 

SO that the force S iw iiKlcpendent of the P and Q, IL is then immaterial 
how the load W is placed on the platfornu 

Lever BF, Ma^Sd-W'e^O, 

V kfC 
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which ^ves the rdation between the load W and the “weight” W' needed 
to balance it. H we choose the dimensions so that d&/ec « 1/10, the 
load W will always be ten times 


the weight W' that balances it. 

Example 3. Eoberval's Bd- 
OTUse. In Fig. 62c the Hnlra AB 
and CD axe pivoted at their 
centers 0 and P, and form with 
AC and BD a paxalldogram in 
any position. We shall show 
that when the balance is equally 
loaded (W = W') it will be in 
equilibrium in any position, no 
matter how the weights are 
placed in the scale-pans. 

Balance ABCD and sccde^ns. 
This IS m equihbnum under W, 
W', its own weight, and the 
reactions at the pins 0 and P. 
If the moment equation 

(i) Mp = W(a cos® — ®) — 

W'(a cos 9+x^) +Ho c =0 



Fig, 62 c 

is satisfied the reactions will ad- 
just themselves so that the equations F, = 0, and Fy - 0 are satisfied 
Up = Hoj Vo+Vp — W + W^ + Wt. of balance 
Link AC and pan. 


Me ^Hac -Wx =0, Ha^-W. 

c 

Link BD and pan. 

Md =IIbc- W'x' = 0 , Hs =. - W'. 

c 

Lmk AB 

n JT rr tt n tt 

Fx =■ Ho — Ha — Hb =0, Ho ^ 


Substitutmg this result in (i), we obtain the condition W = W', for 
equihbnum, independently of the values of x, a/ or ®. 

Example 4. Differential Pulleys. In the differential chain hoist 
represented by Kg. 62d the upper block cames two pulleys keyed to the 
same axle and of slightly different radii, a and b. An endless cham passes 
over the pulleys as shown. The upper pulleys are grooved to receive the 
linVa of the chain so that it can not slip. In order to find the force P 
required to hold the weight W on the movable pulley we take a section 



across tho chains as shown and treat the lower and upi)er blocks as free 



Kia. G 2 d 


bodies. 

Loim lilock. Th(^ radius of tlnj jHillcy Is r * 
1 (a + ft), Tho e(iuatioiis of eciuilibriinn are 

Mq - /SV ^ - 0, Fy « + St -- W ^ 0; 

hence 

S, - fifa « 4 W. 

Upper Block. If the w<4Kht of llu* chain is nog- 
lectcsl the tension in tho slac^k chain is iscto; hence 

Mo - Pa I- Sib — aSVz •» — J W{a — ft) « 0, 

so that 

r i . 

a 

Kmmple 5, I^'t us find the honzonial force P 
that must be apphe^l lo (h(‘ wedK<‘ ,1 nt order to 
lift lh(» block H earryuiig th(‘ wenght Q wh(»n there 
is friction betweisi all the rubbing surfaces (Fig 
( 52 c), 


ljt»t 0, 01, 0a d(*n<)t(* the angles of friction Ix^lvvism .1 and B, / and A, 2 



Fig. 626. 
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and B resiwctively. The free-body diagrams for A and B show the forces 
when motion is impending; then the reactions R, Si, R, mnlfft an^es 
^ with the normals to the surfaces in contact and are indined so 
that their tangential projections (the forces of f notion) oppose the im- 
pending motion. In the figure the force trian^es for A and B are drawn 
with the sides dtR in common. The student should check carefuUy the 
values given for the angles. The Law of Sines applied to each trian^e 
gives 

P _ sin (a + » + »i) B cos 

B cos 01 ’ Q~COS(a+0 + 0*)' 

On multiplying these equations we find 

... P _ sin (a + 0 + 0i) cos 0a 

Q cos (a + 0 + 0 a) " COS 01 * 

Let us now find the least force P that will just support the wei^t Q. 
Smce the impending motion is now the reverse of that in the problem just 
treated, the reactions R, Ri, Ra are now inclined to the normals at the 



same angles as before but on the opposite side (Fig. 6?f). On applying 
the Law of Smes to the force-tnangles for A and B we find 

P sin (a — 0 — 0i) B cos 02 

B~ cos 01 ’ 0 ~ cos (a — 0 — 0a) ’ 

and hence 

P ^ sin (a — 0 — 0i) cos 0a 
w Q “ cos (a — 0 — 0a) ’ cos 0i ’ 

The force-diagram shown is drawn for the ease a > 0 -|- 0i. When 
« B 0 -f- 01 we find that Ri just balances R and that P — 0 ; and when 
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a < 0 + the impomlinf? nH>Uon of A to left <leinan<ls a for<»e P directed 
to the loft. In thoHci two ctwes the wedf ?(5 A is HclJ-hckmg, i.e* if the force 
P is removed, the wedge A will not be driven out by the for<!e Q, no matter 
what its value. 



Lastly let us find what forei* P dir(M‘(.ed i.o tlie left, is lU'oded to remove 
a self-locking wedge (« g </> t- 4n) wli(*ii load(*d as shown (Kig. (> 2 ^;). 
From the two forco-tnanglc's (drawn foi the eas(‘ « < vv(‘ find 

Ji <*os 4 n ’ Q eos (« + 0 i — ^ 

.. . P sin (0 i- 01 - «) eos 03^ 

Q eoh (« i 03 ' 0) eos 0i 

The student should also diaw the liguie when 0 < « < 0 -|- 0 i, (in) also 
holds 111 this case. 

These r(»sults may be applied to the cot t(*i-joint sliown in Kig V)2h 

in wIiK'h lli(‘ imMiihers B 
and (! are joined by means 
of the eottcT-pin A. TIu' 
t-ensilo sti(\ss Q in B tiik(‘.s 
t.lu* jihiee ot the winght Q 
in tho previous pioiilems. 
If we lussiime that tho fi lo- 
tion at all the rubbing sur- 
facovs IS th<» Hani(‘, so that 
0 =« 01 - 0 a, w(‘ find from 
(i) that 
P = Q t^n (a 4 “ 2 0 ) 

is the force necessary to drive in the pin against the stress Q, The pin 
will be self-locking when a ^ 2 0 . In this case we find from (lii) that the 




(62 

force 


SYSTEMS OF BIOID BODIES 


129 


p - a) 

is required to remove the pin from the joint. 

PROBLEMS 

1. In Fig. 62i the blocks A and B wei^ 100 and 200 lb. respectivdy. 
Ji ficB = i, ’= ii what horizontal force P applied to B will just cause 
slipping? What is the tension P in the rope AlD at this instant? 




2. With the arrangement of levers shown in Fig. 62j show that for 
equihbrium W' = iW no matter how the load W is placed on the plat^ 
form. 

3. If in Fig 62e, Q - 1000 lb., « = 20°, mu = 0.20, /iab = 055, 
MiS = 0 30, what force P will just raise Q? 

Show that the wedge A is self-lockmg and find the force P directed to 
the left that will just remove it. 

4. What force P must be applied to the wedge in Fig. 62k in order to 
just overcome the forces of 1000 Ib. on the block if M 4 C = Msc = Miia “ 
0.16? 




6. Find the force P on the wedge m Fig. 621 that will just drive the 
blocks apart if = Msc = 0.’ 
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6. With the Hystein of piilloys Hhown in (a) PiK. 02wi, (/;) Piji;. (i2n, what 
force P will Hupport a w(Uftht of W - SOO lb. if each pulley wt‘ij?hs 25 lb,? 



Fkj, (\2m Fig. (i2a. 


63 . Cone of Friction. Conmdor a particle I* at rcHi, on a rough 
piano, and lot <f> donotc the aiigl(‘ of friction l)(‘tw(‘(‘n particle and 
piano. The reaction of the plane on tla^ partndc^ <;an make at 
most the angle 0 with t.he normal n to the jilane at P Ihuiec if 
witli P UH vert(‘x and n uh avis we (hsscrilx* a right circular cone of 

H<‘mi-angle (Fig ()3u), the liiu^ of a<‘tion 
of the reaction must he on or within the 
cone This eon<‘ is calhMl the cotw of 
f net ton at In plaiK^ figunss it. is rep- 
n'sented by two Iim^s making angl(‘s of <l> 
on (Mther side with the normal 

Similarly li two lougli sui facets may ho 
r<‘garded as having point eontact. at l\ the 
eone of fiiidion at P is again a cone of 
H(Mm-angle <(> (hvscrilxvl about, tlxur com- 
mon normal, th(‘ reaction-line ol (uthcr 
Hurfa(*e on the other must Ik' oii oi within 
this (X)nc‘ 

The use ol tlie cone of friction in the 
solution of problems is shown in the following examples 

Example 1. ConHidiT a bar AP with its ends resting on rough liori- 
zontal and vertical planes (Fig. (>36) . Tlx' coiu's of in(‘tion at. A and E 
arc drawn with scnii-angles </», 0' e(|ual b) l.hc rc'spi'ctive angl(\s of friction. 
The reactions at these points must have lines included within tluw^ cones. 
If the bar is in equilibrium under a force P and th(‘. rixwitions R, R' at 
A and B, tho line of action of P imisi pass through the point where the 
lines of R and R' meet. Rut since all possible points of inUTsection of 
R and R' arc included in the quadrilateral EFOII, equilibrium is only 
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possible when the line of P crosses this quadnlateraJ. When it does, as 
in the figure, the reactions may meet on any point of the segment W, 
Just which point of W should 


be chosen can not be determined 
by the prmciples of Statics. In 
other words, the reactions Rand 
R' are statically indeterminate. 

The vertices E and 0 of 
the quadrilateral correspond to 
states of impending motion in 
which 6 tends to mcrease or 
decrease respectively. When P 
passes through E qtG the reac- 
tions are uniquely determined. 

Example 2. In Fig. 63c AB 
represents a ladder supported 
by a rough floor and wsJl. As 
a man climbs the ladder, let the 
resultant of his weight and that 



of the ladder be denoted by W Fiq 636 


and act at a distance x to the 


right of A. Let us find the value of x when the ladder begins to slip, and 
also the reactions at this point. 



At the point of slippmg, the impending motions of A and B are to the 
Wt and downward. The reactions R, R' at this pomt are drawn as shown 
in order to oppose the impending motion and at an angle with the normal 
e^iual to the corresponding angle of friction. As soon as the Ime of W 
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moves to the right of N, the point whom tho limiting reactions moot, the 
roootions can no longer equilibrate W and tho ladder will slip. Ilonce 
when W pauses through N the liwlder is on tho point of slipping. Prom 
tho figure 

6 - * — (o — x)m' -* _ a/, 

/I fA 

whence 

hft + 

X =* “ f-v /“ • 

I + MAI 


ThiiH if a * 4 ft., 6 


8 ft., M “ i, m' I) 

2 + 1/3 
J 1/12 " 13 “ 


X *- 


2.15 ft. 


From the force-irianKl(‘ W, R, R' w(‘ have 

K ^ R' \V 

COH <l»' ” Hin " C*()H (0' — 0) 


Example »3. A bracket for Hupportinfj; ji lamp and shade hIkIor on an 
upright cylindrical rod. (Fig. (YMJ) If the widght W of lamp and ahado 
acta at a distama' r from the axis of the rod, liiiil th(i least vahu' of c Ix'foro 
the bracket will slip 



Tinder the action of W tho bracket will have approximately point con- 
tact with tho rod at A and B. Drawing th(^ cxtriani' (dcinimts A(^ and 
BC of the cones of friction at A and B wlii<di corroapon<l to impending 
downward motion, we see tliat W can be c(iuilibrat.cd by the n^actions 
at A and B provided it clocks not act to left of C, Ihmce if t.ho value of x 
for which sliding impends is denoted by d and tho length of the bracket- 



JOURNAL FRICTION 


133 


sleeve by h, 

h =- JSC + CD tm 4 , + AD taa 4 >, 

A = (d + d)fi + (d — a)ii = 2 djt, d g" • 

Thus if A = 2 in., M = 0.1, d = 2/0.2 = 10 in. 

From the force-triangle 


W 

2 


s i2i sin (f>, 


Bi Ri 


W 
2 sin 


PROBLEMS 

1. Solve Example 2 from the three scalar equations of equilibrium. 

2. Do the same for Example 3. 

3. A man weighing 150 lb. climbs to the top of the ladder of Fig. 63c. 
If the ladder weighs 50 lb. and the coefficients of friction at floor and wall 
are } and i. And the least possible inclination of the ladder to the hori- 
zontal. 

4. Of three equal cylmders A, B, C with parallel axes, A and B lie 
in contact on a rough plane, while C rests on top of them Show that the 
angles of friction involved must at least equal 15“ in order to preserve 
equflibrium. 

64. Journal Friction. Fig. 64a represents a journal of radius r 
in a cylindrical bearing of slightly greater radius. Suppose that 
the journal, when on the point of revolving in 
the direction shown, under the action of certain 
impressed forces, is in contact with the bearing 
along the line through A. The reaction R of 
the bearing on the journal will then be mclined 
to the common normal AO to the surfaces at 
an angle the angle of friction, so that the 
friction F opposes the impending motion If 
OB is drawn perpendicular to R, we have 

p = OB = OA sin4> = r sin <!>; 

hence for impending motion the reaction R is tangent to a circle 
of radius p = r sin 0. This circle is called the ezreZe 0 / fridton 
When the bearing is lubricated 4> is small and sm <t> is nearly equal 
to tan 4>ot n; in this case the radius of the friction circle is very 
nearly pr. 

If a bar having pin connections at two points 1 and is in equi- 
librium under two forces transmitted through the pins (this im- 
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I)lics thut the weight of the bar is neglected), these forces must 
iMilanco and therefore act along the same line. If pin-friction is 
considered, the limiting positions of this lino are given by the four 

common tangents to tlio friction 
circles at 1 an<l B (Fig. 646). 
If fi is small at 1.1io joints, the 
Pio tJ4fr. *‘‘wiii of these circles are also amn.11 

an<l it is customary to assume 
tliat the pin reactions act along the line IS tlm)ugh the centers of 
tlie pins. Tliis was done, for example, in dealing with the stresses 
in a tniss 



Example 1. Tf the shaft of the bell-crank shown in Fig. 04r has the 
rjwliUH r -- 1 in. and tiui ciK'flicicnt of axlc-friction is jx a 0 2, what force 
P will just set f lic crank in motion against a nisistiuici' of Q m 100 lb.? 



Fni «lr. 


The reaction R of the bearing must pass through the point wh(*rc the 
lines of P and Q incol. tSinco R is also (.uiigcnt to the friction circh* and 
must exert a (xmnUTclockwiso monn'iit about the axis of the shaft in 
order to resist the impending clockwise nitation of the crunk, R must act 
as shown. From the force-triangle 

/'. . Q __ 

sin (46" + «) ’“ Bin (45" — «) " 

Taking /» » r/t as the radius of the friction circle. 



Is the approximation p ■■ r^ justified in this problem? 
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Example 2. Fig. 64(2 represents an arrangement for raisiiig a wei^t 
W by turning the crank of the windlass below. What force P must he 
applied at the end of the crank in order to just start a weight of 600 lb. 
moving upward when o = 12, 6 - 24, c = 10, d = 26, n =» 1.6, r* = 1 in., 

in = 0.1, m =“ 0.16? 



Let T be the tension in the rope. The reaction Ri must act upward to 
balance T and W. Ri is tangent to the friction circle of radius pt = run to 
the left to oppose the impending counterclockwise rotation. In the free- 
body diagram of the pulley, take moments about a point of Ri; then 

T(b - p^) -Wia + pO “0, T 


Again since P is clearly less than T, the reaction R 2 must act downward 
to balance T and P. R 2 is tangent to the friction circle of radius pa = 
Ti/ift to the left to oppose the impending clockwise rotation. In the 
free-body diagram of the windlass take moments about a pomt of 
Ra; then 

T{c + Pa) — P(d + Pa) = 0, 

„ c + Pa ^ (c + pa) (a 4- Pi) TTT 
^ "d + pa^ ’“(d+Pa)(6-Pi)*^- 


With the numerical values given above we have 


Pi 

P 


15 XO.l = 0.16m., 

10.15 X 12.15 ^ _ 

25.15 X 23.86 ^ “ 


Pa = 1 X 0.16 = 0.16 in., 
102.8 lb. 


With no axle friction P - 100 lb. 
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PROBLEMS 

1. A weight W hangs from a roi» that passes over a pulley of radius a 
mounted on a horizontal axle of radius r. Show tlubt the least force, 
applied downward at the other end of the rope, that will raise the weight is 

p « « w 
« — r sin ^ ’ 


where ^ is the angle of axle friettion. 

(Compute 1* when a = 1 ft., r * 1 fl in., /x = 0 2, and TT - 100 lb. 

2. Find the k'nslon T in the rojK' in Fig. (Md when m = 0.4. The 
other munerical data arc as given in Kxample 2. May we take pi *» mri 

111 this ea.s<*? 

A S A (lywlKH'l widghing 2(KX) lb. is mounted 

on a hoiizontnl sliiift whieh turns in .‘1-inch 
iM'aniigs. VVliat ioKjiie 7' applhsl to the 
shaft will ju.st s('t it m motion if its eenler of 
gravity is on its axis and p 00.Tf 
4 In Fig (He find the force P that will 
just, eausi* the l(KX)-lh wi'ight IF to slide 
up the plane. The jiulkys A, It, of ladii 
12 and 0 in., are keyed to an axle of riwliiis 2 in At the hearing p = 
0 1.5, on the plane / = 0 2.5. 



66. Summary, Chapter IV. 11 F' is (,li<* projection of a force F 
on a plane normal i.o the a.\is a, the nxmivnl «/F uhout n is <l('rnie(l 
as the product of the mngnitudo of F' and if.s perpimdieulnr dis- 
tance from ft, taken positive oi negative in agM'i'iiu'iit wit.li the 
sense of rotation about .s uulicated by F'. Th(‘ moment, of F 
about an axis .s- is eipial to tlie component, of the vector r^F on 
this axis, where r is any vector from a point, on .s to a point on t.ho 
force’s lino of action 

The sum of the moments of a sot of concurrent forces about, any 
axis is equal to the moment of their resultant about this axis. 
If two systems of forces are. equivalent, each syst.oin has the same 
force-sum and momonfrsum about any given axis 

A pair of fojxJCH equal in magnitude, opposite in direction, and 
having diflforent (parallel) lines of action is called a coupZc A 
couple has the same moment about all parallel axes in the same 
direction. The moment of a couple about any axis normal to its 
plane is numerically equal to the magnitude of cither force times 
the perpendicular distance between the forces. 
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If a system of coplauar forces has the force-sum F and the mo- 
ment-sum about the point A, it may be reduced to 

(1) a single force if F 0; 

(2) a couple if F = 0, Ma 9 ^Q; 

(3) zero if F = 0, = 0. 

These reductions may be carried out graphically with the aid of 
& funicular polygon. 

The conditions F = 0, ~ 0 are necessary and sufEcient 

for the equihbrium of a system of coplanar forces. These con- 
ditions are equivalent to any one of the following sets of scalar 
equations: 

F, = 0, Fy = 0, Ma = 0; 

Fx = 0, Ma = 0, Mb = 0 (x not ± AB)‘, 

Ma = 0, Mb — 0, Me = 0 (AL, B, C not in a line). 

Three non-parallel coplanar forces are in equilibrium only when 
they form a closed triangle and their lines of action meet in a 
point. 

The stresses in the members of a simple truss may be found 
systematically by the method of joints-, m this method the re- 
actions at the supports are Erst computed and the equations of 
equilibrium (F* = 0, 2^, = 0) set up for each joint-pin of the truss. 
When the diagonals of a truss are all inclined at the same angle 
to the horizontal, this method may be greatly shortened by the 
use of index stresses. The method of joints may also be carried 
out graphically by drawing the force-polygon for each joint. 
These force-polygons, when combined into a single diagram, in 
which each stress is represented by a single segment, constitute the 
Maxwell diagram for the truss 

In the method of sections the truss is divided into two parts by a 
section cutting just three bars; the equations of equihbrium for 
either part will then determine the stresses in the members cut. 

In making sections through a structure only members subject 
to axied stress should be cut. If a pin-connected member is sub- 
ject to non-axial stress, a free-body diagram should be drawn for 
the member as a whole; in this case it is best to replace the re- 
actions at the pins by their horizontal and vertical projections. 

In dealing with the equilibrium of systems of rigid bo^es, the 
free-body Hiagr am of each body should be drawn. The Principle 
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of Action and Reaction comes into play where the bodies exert 
contact forces on each other. 

If a journal of radius r iuis line <!ontact with a cylindrical bear- 
ing just as nitation is impending, the reaction of the bearing on the 
journal is tangent to the cirde of friction of radius r sin a 
the angle of fnction) dcscrji)ed about the center of the journal. 


PROBLEMS 

1. The center of gravity of a saL'ty-valve Uwer weiglting 1(5 Ib. is 12 m. 
from the hinge, the valve is 4 in. in dianu‘l(‘r, wiugliH M lb. and its Htom us 
4 in. from tho hing(‘. What steam pri'SHure will ojk'h the valvi* if the 
lever carries an 80-lb. weight 28 in. fniin tin* hinge? 

2. A uniform be^uii 20 ft long and weighing 2(X) lb rests with its middle 
jKiint on top of a rough eirenlar cylinder 1 ft. in dimni'kT. Kind the 
greaU'st weight that can be hung fnim on<> (>ii(l of tin* Ihmuii without 
causing it to slip off if = 0 3. 

3. Kig 65a shows a frame supporting a pulley 2 ft in diameter. A rope, 
fastened to tho franw* at F, pass<>s ovi-r the pull(*y luid supinirts a wedght 
of 400 lb. Find the stress m A A'. 




4 . In tho traiiczoidal frame of Fig (5.% the end A is hiugeil while B 
rests on a smooth plane. If Ali - FC = DF >■ FB, show that 

(a) tho horizontal loud P at 1) ]>n)ducos a tension of { P in the tic EF, 

(5) tho vertical load Q at the center of CD produces a timsion of Q cot a 
in EF. 

6. Four equal and uniform bars of weight W are jointed at their ends 
to form a parallelogram ABOD. If this frame is stiffened by a rod BD 
of negligible weight and suspended from A, find the pin pressures at A 
and C and the stress m BD, given that AB is inclined a to the vertical. 
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6. What head h of water can. be supported by the swing valve shown 
in Fig, 65c? Water weighs 62.5 lb./ft.» 




7. In the grip for lifting stones, shown schematically in Fig. 65d, 
the link ABC is pivoted at B and (7. Show that the horizontal gnpping 
forces 


H 




\6 sin a by 


and that the coefficient of friction at the grips must equal or exceed the 
reciprocal of the quantity in parenthesis. 

What is the least value of /i when a = 30®, p » 3 6, a =» J 5? What is 
the ratio H/W in this case? 

8. Two circular cylinders of radii a, b are pressed together by means of a 
closed belt passing around them. If the belt tension is T, show that the 
pressure between the cylinders is 


P 


4 2T 


a + 6* 
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STATICS IN THREE DIMENSIONS 

66. Moment of a Force about a Point. In § 44 wo proved the 
Tiikoukm. The rmmicnt of a force F about an axia .s ta equal to 
the component of the vector rxF on thin axis, where r is any vector 
from a point on the axis to a point on the forc^*'s fme of aciion. Thus 
if e is a unit vecjtor in the direction of s, 

(1) - e-rxF - e-J/^F 

where A is any point on s and P any point on the force’s line of 

action From (I) we can coinpuie the moment of F about any 

— ► 

axis througli A as soon ns t he vector A PAP is known for this 

— > 

point. For this reason A PAP is called the moment of ¥ about the 
poiJit A 

Definition The 7nom(nt of a foire F about a point A is the 
— > 

vector AJ*AP, where P is any point on the actioiiAine of F It is 
obvious that shifting a force along its line of action does not alter 
its moment about a point 

The moment, of a f()rc<' aboutr a point -*1 may lx* n^gardc'd as a 
vector indi(*ating th(‘ turning (‘ffect of th<* force* on a iigid body 
having th<‘ point A fix<‘d, its magnitudes is the nu*asuie of this 
effect, wliik* its direction giv<'S t.he instantaneous axis and sense 
of rotation it t<*nds to produee 

If the force F is not zero, its moment about A will vanish only 

when A P is zero or is parallel to F; in either case F passi's tlirough 
A. Therefore: 

The 7nomenl of a foree about a point vanishes when, and only 
when, its Vine of action passes through the paint 

If we denote the moment of F about A by M^, we may write 

(1) as 

(2) Ms - e-M^, 

it being understood that A is a point on s. We restate this im- 
portant result as follows: 
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The moment 0 / a force F dbtyui a point A is the vbctok = 

^PxF; the moment of P about any axis s through A is the scalab 
component of on s. 

Example. In the example of § 44 the moment of F about A is 
[7, —1, —4]. If axes are drawn through A in the direction of the 
X-, y-, and z^axes, the moments of F about these axes are respectively 
7, -1, -4. 

67. TtLeorem of Moments. The sum of the moments of a 
system of concurrent forces about any point is equal to the moment 
of their resvUant about this point (cf. § 46). 

Proof. Let the forces Fi, Fj, . . . , be concurrent at the point 

P; then if r = AP, the sum of their moments about A is 
rxFi -|-rF2-|-« • • = rx(Fi Fj -t- • • • ) ~ 

where R denotes the resultant. As R acts through P, ]>R is the 
moment of R about A. 

68 . Force-sum and Moment-sum. If Fi, Fs, . . . are a system 
of forces acting at the points Pi, P 2 , ... , the vectors 

(1) F = SF., M^ = 

are called the force-sum and moment-sum about A of the system. 
The importance of these vectors is due to the following 
Theorem 1 . If F and M 4 are the force-sum and moment-sum 
about A for a system of forces, and F' and Ma,' are the corresponding 
sums for an equivalent system, then 

F = F', and M^ = "NLa'. 

Proof. In the reduction of one system to the other by means of 
Pnnciples A and B the force-sum is not altered (§ 28). More- 
over the moment-sum about A is neither altered by applying 
Principle A (Theorem of Moments, § 67) nor by applying Principle 
B (cf. § 46). 

Let us now compare the moment-sums of a given system of 
forces about two points A, B. We have 

Mj, = + AP.)*F. = PAxXf,- + 

or in view of ( 1 ), 

( 2 ) 


Mb = M^ + BA^. 
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If, in particular, the system consistH of a sinulo forcso F, this relation 
shows how its momoiit varies from point to point. 

Prom (2) we see that the moment-sum is the same for all points 
of a line parallel to F. But for any choice of B only 

when F = 0; hence we have 

Tiikorkm 2. The. momml-aum of a nyitfe.n of forcca m Ihe same 
for all points when, and only whm, the fot ce-sum is zero. 

69. Momentof a Couple. Bince the for(‘e-Hum of a (‘ouple is zero, 

A couple has the same 
nionient-snni about allpoinls 
of space CriM'orein 2, § 68), 
The moment -sum of a 
couple is simply called its 
moment. 'I’o show direct- 
ly that the mom(*nt of a 
couple IS the same aliout 
all points, let us compute 
it for the point A. Thus 
if I\ Q ar<* any points on 
the hues of action of F 
and — F (Fig (M)), 

M.1 = APriF + A<M-'P) -{.!/*- d5)-F qKf, 

a result entirely mdependcut of the choice of ,1 This n'sult is 
most simply obtained by taking uiomenls about Q. 

The moment QP^F of the coupl(‘ is a fr(‘e vector perpendicular 
to itfl plane m the direction in which a right-hand sciew would 
advance when turned in the sensi' indicated by the coupk'; its 
magnitude is the product of P into the arm of t.h(‘ couple (§ 47) 

Example. In Fig 70f/ the foi cos U, V ami T, S foim couples On 
taking moments about 0 we tind that tludr moments nn‘ 

^PxXJ - (4 i + :i j)x2 k - 6 i - « j, 

OQxS - 2 kx( -;i j _ 4 i) - 0 i - 8 j. 

Thus the couples XJ, V and T, S have cipial moments. If the units of 
forc e and len gth are pounds and feet, the magnitude of the moments 
is V36 -f- 64 - 10 Ib.-ft. In U, V the forces are 2 lb , the arm 5 ft.; 
in T, S the forces arc 5 lb., the arm 2 ft. 
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70. Reduction of Forces Acting on a Rigid Body. In §48 we 

proved that a system of coplanar forces acting on a WgiH body 
could alwa 3 ^ be reduced to a single force, to a couple, or to zero. 
We shall now consider the reduction of any system of forces 
Fi, F 2 , , . . acting at the points Pi, P 2 , ... of a rigid body. 

Choose a plane not passing through any of the points P, and 
take three points A, B, C, not in a straight line, in this plane. 
Then the force Fi at Pi can be expressed as the sum of three forces 
acting along PiA, PiB, P^C (§9). Replace Fi by these three 
forces acting at Pi (Theorem A) and shift them along their lines 
of action until they act at A, B, C respectively (Prin. B) In the 
same way replace each of the forces F 2 , Fg, . . . by forces acting 
at A, B, C. Now combine all the forces at A into a aingiA force L, 
their vector sum (Prm. A) j similarly combine the forces at B and 
C into their vector sums M and N. The original Eystem is then 
reduced to three forces L, M, N acting at A, B, C respectively 

If one of these forces, as L, lies in the plane ABC it may be 
expressed as the sum of two forces acting along AB and AC 
(§ 8). If we replace L by these forces, shift them along their lines 
of action until they act 
at B and C, and then 
combine them with M 
and N respectively, the 
system is reduced to two 
forces acting at B and C. 

The system, however, 
may be reduced to two 
forces even when L, M, 

N all he outside of the 
plane ABC. For pass 
planes through A and 
M, A and N, and let AD 
be their line of intersec- 
tion (Fig. 70o). Take any point D on this hne and draw BD and 
CD. Replace M by two forces acting at B along the hnes BA and 
BD (§ 8) and shift them along these lines until they act at A and 
D respectively. Similarly replace N by two forces acting at C 
along the lines CA and CD, and shift them also until they act at 
A and D. Finally replace the three forces at A (one being L) 
and the two forces at D by their resultants F' and F". The 



Fig 70a. 
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oriKinul system is then reduced to two forces F', F" acting at A 
and D. 

In this reduction the point A can be chosen at pleasure. For 
the points Pi on the action-lines of the forces can always be taken 

so that A is nut one of their num- 
ber, and the plane A liC then chosen 
so iis to avoid all the points Pi. 

Ij(‘t us now introduce the two forces 
F" and — F" at the point A Crheorem 
A) and then replace F' and F" at A 
by their resul<4int F = F' -h F" (Fig. 
7()ft). The system is now reduced 
to the force F at A and the couple 
formed by — F" at A and F" at D. 
We summarize tlu^se results in 

Tiirorkm I. A Hyulciu uj foram applied to a riyui body may 
alwaya be reduced to cither of the following afuivalent ey.'items' 

(1) Two foreve, one of which acta through any given point; 

(2) A Hingle force, acting through a given point, atul <i couple 

In the latter cjuse the force-sum is (‘(lual to tlic single force and 
the moment-sum aliout 
A is e(pial to the 
moment of tiu* (jouple. 

Hence from § (>8, Theo- 
rem 1 w(! have i.b<‘ 

Tiikokkm 2 ]yhen a 
system of forre.s is re- 
duced to a single fotce 
through the potnJl A and 
a couple, the force is 
eifual to the force-sum 
of the. .system and the 
moment of the couple, is 
equal to the moment-sum 
of the system (d)out A . 




Example Let us reduce the forces Fi, Fj, Fs of Fig. 70c to a force 
through 0 and a couple. 

From the figure 

Fi - -4i, F, --3j+2k, F, -4i-2k. 
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Hence the force at 0 and the moment of the couple will be 
F = Fi + F* + F» = —3 j, 

HLa = OPi^i + OP,xF, + OPt^, 

- (3j +2k)x(-4i) + (4i 4-3j)x(-3j +2k) +2kx(4i-2k) 

= 12k -8j -12k-8j+6i+8j 
= 6 i - 8 j. 

If the units are pounds and feet, the magnitude of this moment is 
10 Ib.-ft. The forces F, U, V of Fig. 70d accomplish the desired re- 
duction. The student 
may show that either 
U, V or S, T form a 
couple of moment Ma. 

Of course these are but 
two of an infinite num- 
ber of couples having 
this moment. 

71. Reduction in 
Special Cases. If a 
system of forces can 
be reduced to a couple, 
the force-sum F = 0. 

Conversely if F = 0 
and M .1 ^ 0 the system 
can be reduced to a Fig. 70d. 

couple. For if we re- 
duce the system to two forces, F' at A, F" at B, then 

F = F' -1- F'' = 0, F" = -F', 

and the forces form a couple of moment M^. 

Theorem 1. A system of forces applied to a rigid body can be 
reduced to a couple when, and only when, 

F = 0 and Ma 9^ 0. 

If a system of forces can be reduced to a single force R, its 
resultant, we have by Theorem 1 of § 68, 

F = R, Mx = AP^ 

where P is a point on the action-line of R. Hence 
F-M^ = R-I^ = 0 



(§ 18 ). 
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CJonvcFHely, if F*M^ == 0 and F 0, tho syHfc'iti can ho reduced 
to a single force. Kor lot us reduce tho systciin to two forces, 
F' at 4, F" at 7? Then 

F = F' + F", = J/7*F", 

F-M^ = F'- J/ixF" = 0, 

and from § 18 wo see that the forces F' anil F" are coplanar. 
They may thi'reforo Ixi combined into a single force (§ 48, ( ’ase 1). 

'I'liKoiiKM 2. A ityitlm 
of foreva (tpplied to a rigtd 
body can be. reduced to a 
mnylc force when, and only 
when, 

F 0 and P-M^ = 0 

lixamide. Ix't us find 
undiT what I'u numstances 
(.he forces I'j, ^fk, A’i, acting 
lit the poiiils (a, 0, 0), (0, h, 
0), (0, 0, r), will have a re- 
sultant (Eig 71) 

'I’hi' forei'-suru and mom- 
ent-sum ah<iu( 0 are 
%k, 

Mo “ flixl'i + b]xZk. h ek»Ai - bZi h rA'j I aKk. 

The system will havi’ a ii-sultant only when 

F-Mo •» bZX -f- cA'r + aYZ - 0 



If wo divide this enuation hy XYZ, this eondilion heeomes 


A' ^ y^z 


{). 


If r is any vector from 0 l.o the line of action of the resultant, the 
equations of this lini* aie given hy r<F - Mo 

For example if A’ • Y = Z and a I, b ^ 2, c - —.‘1, the con- 
dition above is satisfied The forces have the resultant F - 
(i + j + k) whose lino of action is given by rxF «• Mo, or 


i j k 

X y z 

XXX 


- X(2i -3j +k), 


that is, by any two of the equations 

y-s-2, «— » - —3, ® — y - 1. 
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72. Equilibrium of a Rigid Body. Consider a system of forces 
Fi, F 2 , . . . acting at the points Pi, Pg, ... of a rigid body. If 
the system is equivslent to zero it follows from Theorem 1 of 
§ 68 that both the force^flum F and the moment-sum about any 
point A must vani^ 

Conversely suppose that F = 0 and = 0. Let the system 
be reduced to two forces, F' at A, F" at B; then 

F = F' -1- F" = 0, = Js-F*" = 0. 

The second equation shows that dther 
(a) F" = 0, or (6) F" acts along AB. 

Then from the first we see that 

(a) F' = 0, or (6) F' acts along AB. 

In case (6), F' and F" reduce to zero (Theorem B, § 27). Hence 
in both cases the system of forces is equivalent to zero. 

In view of Principle C (§ 30) and Theorem D (§ 31) we have 
proved the following fundamental 
Thbokbm. a rigid body is in eguilibrium when, and only when, 
the vector sum of the estemal forces acting on it is zero, and the 
vector sum of the moments of these forces about any point is zero : 

(1) F = = 0, = 0 * 

These vector equations are equivalent to six scalar equations. 
Thus if we take components of F and on rectangular axes 
X, y, z through A we obtain 

(2) P, = 0, P, - 0, Fr = 0; 
ilf, * 0, My = 0, Jlf, = 0 1 

For the component of on any axis s through A is equal to the 
moment-sum M, about this axis; thus if e is the unit vector in 
the direction of s we have (§ 66) 

e-M^ = ^e-AP,>iFi = JIf,. 

When F = 0, M^i = 0 we see from (§68, 2) that the moment sum Ms 
about any other pomt B is also zero. 

t If the forces all lie in the a:y-plane, the equations Ft » 0, ilf * 0, Af, = 0 

reduce to 0 = 0 The three remaining equations are precisdy the conifitions 
(1) of § 52 for the equilibrium of coplanar forces. 
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Ijct US projoci/ tlio fomss F, of a system in equilibrium on a pla-Tn ^ 
V porpontlicular to s. We thus ol)Uin a system of coplanar veo- 
tors F/. Since the iwlygon of fori'cs F, is closed, its projection on 
v is also closed; that is, F' = Sf.' = 0, Again, the moment of 
F, about s IS equal to the moment of F/ about s (§ 43). Hence 

if M/ ilenotes the moment-sum of the 
' P vectors F^' about s, M,' = M, =■ 0. Now 
* tho equations 

( \ F' = 0, Af/ - 0 

JA 1 - 7 -^ 

1 iJ show that the vectors F,' may be regarded 

as a system of coplanar forces in equi- 
Fni. 7‘2o librium (§ f)2). Then'fore' 

// tiw. forccn acting on a rigid body are in 
equilibrium, Ihnr projections on any plane 7nay also be reyauled as 
a sysUon 0 / forc/-s in e(]uilibriu»i. 

The six equations (2) sufliee, in general to ilelennine six unknown 
(luantities. Thus if a rigid liody ih anchored to the ground by 
means of six links, 
l.he stresses in thesi' 
links may be found by -O 
solving (Hiuations (2) 
provided that tho de- 
t(»rnunant of (.h(\so i 

linear equations is not 



Example 1. A liKht 
roctariKular i)hii<‘ 12 ft, 
long aiul 0 ft. wido is 
supp<>it(‘(l hy siv links 
(Fig. 72b); of th(*H(» / 
and 2 am v(‘rtical and 1 
ft. high, and /i, >{, (> Fn* 72b 

mak(' an angh' a with 

the v(‘rtieal. Find the stresses m these links due to tho liorizontal 
force P » 300 lb. 

Assunxo that tho stresses in tho links arc all tensile. On chosing 

* This dotorminant is always zero when more than three links moot in a 
point or ho in a piano; or more generally, whouovor a lino may be drawn that 
meets all the links. 
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rectangular axes as shown we have the following equations for ths 
equilibrium of the plate: 


(i) 

P» 


S» sin « — Si sin « — P » 0, 

(u) 

Fy 


Ss sin a 4- Sg sin at » 0, 

(iii) 

Ft 


-Si - St- (St +St+St+ St) cos a 

(iv) 

M, 


12 Si + 12 S* - 0, 

(V) 

My 

ss 

— 6 Sg — 6 Sg COS a — 6 Sg COS Ot — 4 P 

(vi) 

Mt 

* 

— 6 Sg sin « — 6 P =0. 


The stresses S, may be found by solving these equations. Since 
Bin ct = 3/6, cos ee = 4/5, we have from (vi) and from (ii) : 

-5001b., 

Si = = 600 lb. 


Since /Si + /Ss ■= 0 from (iv), we have from (iii) and (i) 

S, + Si = 0 , S» - Si = 600 ; 
hence St = 250 lb., 8i = —250 lb. 


From (v) 

St = -(iS, + Si) cos a - I P = 750 X s - 200 * 400 lb., 


and from (iv), Si » -400 lb. The positive stresses are tensile, the 
negative compressive 

S, = 400 lb , S, = 260 lb.. Si = 600 Ib , 

Si = -400 lb., Si = -250 lb , S. =• -600 lb , 

Exam'ple 2. If the plate in Example 1 has a concentrated down- 
ward load of 400 lb. at its center, we will have 

Si "= St, Si = Si, St = St, 


due to symmetry. It is natural to assume, now, that the stresses 
are compressive. The student should draw the free-body diagram for 
the plate Owing to the relations above, only three more equations 
are needed to compute the stresses. These may be chosen as follows: 


M* = 6 Se sin a =• 0, at = , 

Af, = 6 X 400 - 12 (Si+ St) =0, Si = 100 lb.: 

Afy - 6 S* -t- 6 Si cos « - 3 X 400 = 0, Si - 125 lb. 
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PROBLEMS 

1. Find tho atrcRM<»s in the wix linkn HupportiiiK th<* light ro(5tangular 
plate of Fig. 72c when acted on by the two forecss P « 300 Ih. as shown. 



2. Find the strcHHes in those links when the jdate supports a down- 
ward load of too 11). at its eent<*r 

8 A ineehanie (*x<‘its a tuniing moment of 00 II) -in. on the handle 
of a seiewdnvcT whose point is 3/S in wide and Ix^vidi'd to an angle 
of If the sen^wdiiver engag(‘s tin* scn‘w at tin* uiipei (‘dg(‘H only 
of a hcpiare slot, find lh(» vcTtieal forec* tending to rais(» it out of the 
slot 

4 An iron spheie 10 em in diameter i<‘sts in a eirculai hoh* S cm. 
m diameter in a horizontal table Find tln^ i(*a(‘lion P of th(‘ table 
per unit of length. Iron weighs 7 SO grams p<»r euhie eentiineter 

5 . A soap bubble of radius r is under pressures of p and p» p(»i unit 
area inside and outside respectively If W(* imagim* lh(» bubble 
divided into two halves by a great ciieh», show that tin* tcuision across 
its cireumferenec' is J r(p — po) pei unit of length 

6. Four eiiual smooth spheres of weight W arc* plaecxl in contact so 
as to form a pyramid — three resting on a smooth table, one* on top 
of those Find 

(а) the horizontal force II that must be applied to the lower balls 
to maintain equilibrium; 

(б) the pressure P of the upper ball on each ball beneath; 

(c) the reaction V of the table on each lower ball. 

[The centers of the spheres are at the vcwtices of a regular tetrahedron 
whose upper edges are inclined at an angle cos"* to tho vertical. 
Draw a free-body diagram for each ball.] 
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7. Ths bEisd pl&t6 of & cr&Q6 is boltsd to tlio floor by four bolts 4 it 
the corners ABCDota 2-ft. square whose center is 0. If the crane load 
of 2000 lb. acts downward through a point P, such that OP » 10 ft. 
and OP is perpendicular to AB and CD, ^d the stresses in the 
bolts. 

73. Body with a Fixed Axis. Consider a rigid body capable of 
turning about a fixed axis If the body cannot move along the 
axis (like a screw in a nut), it will be in contact with its supports 
or hearings along portions of surfaces of revolution. If friction 
at the bearings is neglected, the reactions there will be normal to 
the surface of contact; their lines of action will therefore either 
cut the fixed axis or be parallel to it. In either case the reactions 
have no moment about the axis. Suppose, now, that the body is 
in equihbrium under certain impressed forces and the reactions. 
If we take moments about the fixed axis the reactions will not 
enter in the equation; hence we obtain the general 

Law of the Lever. If a rigid body, free to turn abotU a fixed 
axis tn fnctionless hearings, is in equilibrium, the sum of the mo- 
menis of the impressed forces about this axis is zero. 



Let us take the fixed axis as the z-axis of a system of rectangular 
coordinates. If we assume that the reactions at the bearings have 
the resultants [Xi, Yi, Zi], [X^, Yi, Zi] actmg at the points 0 and 
A of the z-axis (Fig 73a), the equations of equihbrium are: 


(i) P* = Fx' + .X^i + = 0, 

(il) Fy = Fy' +Yi+Y2 = 0, 

(m) Ft = Ft' -{■ Zi Z 3 = 0 , 

(iv) Ms == Ms' “ 0^2 = 0, 

(v) My = My' + 0 X 2 = 0, 

(vi) Mt -»Mt' = 0 
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STS 

Hero (lonotCB the sum of the z-coinpoiieutB of the iaipiessed 
forcoB, Mg the Huai of the nionwmtH of thoHo forcPH about the 
aj-oxis. When the impnsHHoii fonxis are known, we «un compute 
Xi and Fa from (v) and (iv), and then Xi and Fi from (i) and (ii). 
But aa (iii) iw the only <‘(iuation containing Z\,Z2, thow' components 
can not bo computed wpanitdy; in other wonin, Ihv components 0 / 
the reactions on the axis of rotation are staticalln indeterminate. 

Example 1. hlg. TM> reprcHcntH a weiKht of ir -> KK) lb. being 
raiHcd by inc^aiiH of a force of /* lb. a|)i)lic(l iionnal to tlu* crank of a 



wiinllaHS. If tin* bcannus art* ainooth ami cannot (*\t*rt an\ 1 (‘action 
parallel to the axis ol tin* wimlliihs, the c(iuationh ol c(iuilil)mini are* 


0) 

Ex 

A', t ,Yi - /'hill a - 400 0, 

(n) 

Ey 

I'l 1 Va — I* COS tit 0, 

(in) 

Em 

«, 

(IV) 

Mg 

- ti E cos (If - ft >'a - 0, 

(V) 

My 

- 5 .Y, - too a ~ t) /* hin « -- 0, 

(vi) 

Mm 

- § 400 -IE 0 


From (vi), 1* - lOt) ll> Tli(*n from (v), (iv), ( 1 ), ( 11 ) we liiul 111 turn 
-V, -• HOj + IllOsm «, r, rjOcos.,, 

A'l - S()(.') — s) - ‘2(Ksin «, I’l — Ut) coh « 

WoHCCthat varicH b(*twc<*n i;2t) and Kj l)et\v(*(*n l 12t) for every 
icvolution of the crank For a givt'ii z, K\ has it.s least value. 

A'l =» 380 — 80 3 when « -- 90®; 
and has its least value 

A', = 80 2 - 120 when - 270®. 

Hence Xi will pass through iiegalive values wlu'n 2 > 4.75 ft., and 
will pass through negative values when a < 1.6 ft. If 1 5 < a < 
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4.75, Xi and X 2 will always remain positive; in tlis case the bearings 
for the windlass may be open at the top. 

Example 2. Static Balance of a Shaft. A number of eccentric 
weights Wi are mounted on a shaft free to turn in frictionless bearings 
(Fig. 73c), This shaft is said to be in static balance when it is in equi- 
librium, as regards rotation in any position. The condition for equi- 



librium is that the sum of the moments of the weights about the f*™ 
of the shaft shall be zero no matter how the shaft is turned. If 
is a normal vector from the axis to the center of gravity of the body 
Wf, e a unit vector along the axis, and j a unit vector directed down- 
wards along the plumb-line, the sum of the moments of the weights 
about the axis is (§ 66, 1) 

If the shaft is vertical, jxe = 0 and this moment-sum is always zero. 
This of course is obvious since the forces of gravity are all parallel to 
the axis. 

If the shaft is not vertical, jxe is a horizontal vector, the moment-sum 
will then vanish for all positions of the shaft only when 2) ^*P* *= 

A shaftj whose axis is not vertical, is in static balance when, and only 
when, the vectors TT^p* form a closed polygon. 

If the vectors lY,p, do not form a closed polygon, the shaft can be 
balanced by adding a weight TF whose center of gravity has the vector 
eccentricity p determined by 

= 0 . 

Tne use of two or more vectors to close the polygon gives a method of 
balancing by adding two or more weights. 

Numerical Example. A shaft has weights of 4 lb. and 6 lb. whose 
eccentricities are 3i and 2 j respectively (i and j are perpendicular 
unit vectors). To balance these with a single weight W we must have 

TFp -f 12i -b 12i = 0. 

Thus, if we take TF = 3 lb., p - — 4(i + j) ; then p * 4 -s/2 and p 
is 135° from both i and j. 
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PROBLEMS 

1. A rectangular iron door weighing W lb. is hel<l open at an angl^ 
a to the horizontal by a force of P lb. applied perpendicular to the 
door at one eorner (Kig. 73d). If the y-axi.'i lieH in the plane of the door 
ae shown and the z-axis is drawn in the din'ction of P, show that 

P <- i W eoH a and that 
the rea(!tion components 
have the values 

r. - y, - j irsina, 

=» HV cos a, 

- 0 . 

2 A shaft carries two 
weights of 10 and 6 lb. 
whose* ei'uters of gravity 
A, li are 5 and (> in. ro- 
spee<iv(‘lv fiom the axis 
Fig. 73d O U AO It ^ «()", what 

w(‘ight will balance those 

at a point C 10 in. from Ot Find the aiigh* A Of 

74. Equivalent Systems. We shall now prove the converse 
of Theorem 1 of § f>K 

Thkorbm 1. // for two fiyalems of forces, S arul acting on a 

rigid body 

F = F' and Ma = M^', 
the sjfstems arc equmilnit 

Proof. Let — *S' denote the sysli'in formed fn»n S by reversing 
the direction of caeh of ils forces while ki'eping I heir points of 
application unohaiiged. Then the system {»S', — *S'J — 0 More- 
over the force-sum and mom(>nt,-aiim of l.he syHf.em {— N, N'} arc 
— P -f F' = 0, — -H Myi' * 0; hence fnim § 72 (paragraph 
2), {— jS, S'} Hs 0. Wo may now reduce aS k) aS" by lulding to S 
the system {— ASf, aS") — 0, obtaining {aS', — aS', aS"}, and then re- 
ducing {S, — aS’} to zero. The systems aS and aS' are therefore 
equivalent. 

Theorem 1 of § 68 and the one just proved are combined in the 
following 

EQurvALBifCE! Thbobbm. jx. necessary and suffieieni condition 
for the equiwUence of two systems of forces acting on a rigid body 
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5 76 

is that thdr forcs-sums and Ttuyfn&nJtrswns dbout ctmy yivsn point 
are equal, each to each. 

In particular 

Two couples ading on a rigid body are ecpjdvodent when, and omy 
when, their (vector) moments are equal. 

For the force-sums of the couples are necessarily equiJ, both 
being zero. 

Example. The couples TJ, V and S, T in Kg. 70d axe equivalent. 

76. Resultant of Parallel Forces. In § 29 we saw that a system 
of parallel forces F i, Fg, . . . had a resultant when, and only when, 
the force-sum was not zero. We propose, now, to locate the line 
of action of this resultant. 

If e is a unit vector parallel to the forces Ej we may write F, = 
F,e, where the scalars F, are positive or negative according as 
F, ^ the same direction as e or the opposite. The force-sum of 
the system is 

If F, acts at the point Pi and r, = APi, the moment-sum about A 
is 

= XrAF,e) = (2Fa-)>«. 

Now from (§ 12, 2) we have 

(1) r* = 

where r* is the position vector AP* of the centroid P* of the 
points P, with the associated numbers F, Hence we may write 

= (2^,) r*.<e = r*x(2F,) e = r-NF 

This result states that is equal to the moment about A of the 
Sngle force F acting through P*. In other words, the force F 
at P* has the same force-sum and moment-sum about A as the 
given system of parallel forces. Hence by the Equivalence Theo- 
rem of § 74 we have the 

Thbobbm. The resuHtant of a system of paraJM forces F,e 
acting at the points Pi and having a force-sum F 9 ^ Q is a force F 
egua2 to this sum and acting at the centroid of the points P^ associ- 
ated tvitii the numbers Fi. 


2^.6 

2 ".’ 
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Note tluit the position of I** (kipcndH only on the points P/ 
and tiie luunbera b\ and not on the direction of the vector e. 
Hence the rosultiuit of the parallel forces P/e actinji; at the points 
P, passes through /'* no matter what <liroci,ion e may have. 
On account of this prop<*,ri>y, P* is called the emter of all such 
systems of parallel force's. 

We sec also from (I) that P* is not changed when the magnitudes 
of all th(j forces am change<l m the sanu^ ratio, that is, when all 
the numbers F, an* mult.ipli('d by the same constant. 

If the coordinaU'S of P, am (jr„ y„ z,), we s(H' from (1) that P* 
has the coordinates 


X* 


S'’’® .. 


Examjde. L<‘i uh find the roHultiint of th(‘ follownij^ .system of 
forces acting at the poiiitH of tho ///-piano written Ix'low 
Korcos* e, - fi e, -- 1 e, 2 e, 

Points. (1,1), (;i,()), (-2,^1), (-1,2), 



The resultant ib a force R - — *1 e acting through the point 


3-15+8-2 , ^ 

as* . 1.5, 


y 


,* •Lt.9.±jL±i ^ _2.75 

—4 


of the xy-plaue (Fig. 75). Tins result is iiul(‘]K‘ndent of the direction 
of e. 
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76. Center of Gravity. The forces of gravity on a set of par- 
ticles on the earth may be regarded as a system of parallel forces, 
at least if the particles are not widely separated. Hence, from 
§ 75, the resultant gravity of the particles Pi, Ps, . . . of weights 
W 1 , Wi, . , . acts through the point P* given by 



The position vectors r,- = OP, and r* = OP* may be referred to 
any origin 0. The point P* is called the center of gravtiy of the 
set of particles- 

Any body may be conceived to be divided into a lai^e number of 
small parts or elements, each of which may be approximately treated 
as a particle. If TF is the weight of the body, AW the weight of 
any element, and r the position vector of any point of this element, 
the center of gravity of this set of elements has the position vector 

2^ AW 
W 


If we increase the number of elements indefinitely in any way so 
that their volumes all approach zero as a limit, the expression 
above approaches a limit r*, which, in the notation of the Integral 


Calculus, is denoted by 
(1) r* 



This expression for r* (OP*) locates the center of gravity P* of 
the body The resultant gravity of the body acts through its 
center of gravity no matter what position it has relative to the earth. 

If the boily is homogeneous its weight w per unit volume wiU 
be everywhere the same If V denotes the volume of the body, 
we have in this case W = wV, AW = w ^V, and r* is the limiting 
value of 

AW AV 


that is 
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'I'lie element AV is Hupposed to bo inrmitcsiinal in all dimensiona 
so that the vector r (.o oih' of its jioints approaclwM a dciimto limit 
as AV —♦■0. Thus with mctaiiKular coi)rdinates AK =* Ac Ay 
and the integral in (2) is computed as a triple integral. 

If wo put 

r* = a:*i + j/*j + a*k, r == ai + j/j + zk, 


in (2), wo obtain three scalar oiiuations for the coordinates of the 
center of gravity: 


( 3 ) 




Vz* 



dV, 


where dV => dx dy dz. VVe shall show in l.he next article that in 
certain cases these triple inti'grals may be (*valuat(‘d as single 
integrals. 

// a honioyvnvom body has a platu' of symmetry or a line, of spn- 
metry, its center of yravity mill he on this plane or line 

Proof. If th<‘ body has a plane of symmetry, choose it as the 
xy-plaiu' 'rinni to each <>h*inent dV at (x, y, z) we have a corre- 
sponding element at (x, y, —z); such a pair contributes « dK + 


(-z)dy - 0 to 



I loiice 



dV - 0 and z* =• 0. 


If the body has an axis of syniinetry, choosi' it as the z-axia 
Then to (‘aeh eleiiienl dl' at (i, y, z) wo hav(‘ a corresponding 
element at (— x, —y, z) Such a pair cuntnbiit(>s xdV' + (— x) 

dV = 0 to J* xdV llenc.e 


/ 


Vx* - I xdV - 0 and X* = 0. 


Similarly y* = Q 'riius P* lies on the z-axis 
77. Center of Gravity: CoiUinuation. If a body of weight W 
can bo divided into a number of parts of weight Wi, Wt, . . . 
whose centers of gravity arc known, the center of gravity of the 
whole is readily found. Thus if r,* locates the center of gravity 
of the i th part, wo have from (§ 70, 1) 

Wi*=JxdW = JrdWi + J’r dlFa + • • • = rdF„ 
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where J r dW, is an int^ral over the t th part only. But since 

= JxdWi 

from (§ 76, 1), the above equation becomes 
(1) Wi* = JFa* 

When the body is homogeneous the weights are proportional to 
the volumes and (1) may be written 

(1) ' Vt* = 2)7** 

Suppiose now that a homogeneous body is divided into a number 
of elements A 7 that are infinitesimal in but one diTWftiigimi 
For example the elements A 7 may be thin slices of the body made 
by a series of parallel, planes. Then if r is the position vector to 
the center of gravity of A7, we have from (1)' 

7r*= 2;rA7; 

and, on passing to the limit A7 0, we obtain 

(2) 7r* = frdV. 

This result has the same form as (§76,2); now, however, d7 
need only be infinitesimal in one dimension* and f denotes the 
position vector to the center of gravity of the element dV. 

From (2) we obtam the scalar equations 

(3) Vx* = JxdV, Vy* = fydV, 7s* = fedV, 

where y, z) is the center of gravity of d7 
The condition for the static balance of a shaft with eccentric 
weights is simply that the center of gravity of all the weights lie 
on the shaft-axis; for then the resultant weight has no turning 
moment about the axis in any position. It is easily shown that 
the equation 2^‘P» = 0 of § 73, Example 2 imposes this re- 
quirement. 

Of couree dV may be infioitesiinal in two or three dimenriom; in the 
latter case r » r. 
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Example 1. Locate the center of gravity of a homogeneous right 
0 circular cone of height h. 

— ^jT f — Let the cone be generated by 

/ \ revolving the triangle of Fig. 77a 

/ \ . about the s-aids. Since the center 

/ \ " li of gravity hes in the axis of the 

/ \ V , f symmetry) we 

/ jjggjj Qjjy gjjj distance from 

/ * 1 \ ^ the vertex. If we take a thin 

slice parallel to the base as the 
element of volume, 


Fig. 77a. 


dV = Try* dx. 


^y^dx ^ 


for, by similar triangles, 

^ ? 
a ~ h 

Since x = a;, we have from (3) 


a 

y -j^x. 


J r* o* r* 

^ xy^ dx = T^J^x^dx >=i Ta%*. 


Therefore 


i wa^h* 


Example 2. Locate the center of gravity of / 
a homogeneous hemisphere of radius a. r 

Let the hemisphere be generated by revolv- ^ / 
ing the semicircle of Pig. 776 about the a;-axis. ^ 

Since the center of gravity lies on the a;-axis 
(a line of symmetry) we need only find its 
distance from 0. If we take a thin slice parallel 
to the base as the element of volume, dV = iry^ ^ 
dx, and 

(a* — x^) dx — I xo®. 

Since 5 = a:, we have from (3) 


Fig 776 


Therefore 
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Example 3. Loc&te the center of gravity of one-half of a honao- 
geneous right circular cylinder of radius a and height h. 

In Kg. 77c, the half-cylinder is shown in plan and elevation; its 
volume is y “ J Ta*h. Since the center of gravity lies on the x- 
axis (a line of symmetry) we need only find its distance from 0. If 
we take a thin slice parallel to the plane a; = 0 as the element of vol- 
ume, dV - 2 ydx • A and 

y** =» 2 hj“xy dx -2 hj^x Vc» — dx = i ha*. 

Therefore 


^ f ha* _ 4 a 
* i ira*h 3 T 




Example 4. Locate the center of gravity of a steel disk of radius o 
in which a hole of radius h has been dnlled at a distance d from the 
center (Kg. 77d). 

The center of gravity lies on the line of symmetry — the a:-axis in 
Kg. 77d. To find its distance from 0 we regard the solid disk of 
radius a as made up of the given disk with the hole (part 1) and a 
disk of radius b (part 2) From (1)' we have 

Vx* = ViXt* -t- VfXi* 

where V and x* refer to the solid disk of radius o, yi and aji* to the 
disk with a hole. Since 

y = ra% Yi = x(o* - b*)h, Vt = rb% 

»* *» 0, * 1 * (unknown), x»* = d, 
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we have 

0 = — b*)hxi* + d, 

“ “o‘ - 6**^* 

Thus ifa = 6, 6=2, d=3 in., 

*>* “ “ 36^-4 X 3 = -I in. 

The negative sign shows that the center of gravity lies to the left of 0. 

78. Centroids. We have seen in the preceding articles that 
when a body is homogeneous, its center of gravity depends only 
on its geometncal boundaries Since the term center of gravity 
can be appropriately applied only to bodies which have grcanty, 
that is, to actual physical bodies, the point P* defined by 

(1) Fr* = JrdV 

is often called the centroid of the geometrical sohd over which the 
volume integral is taken Thus the centroid of a geometncal 
solid coincides with the center of gravity of a homogeneous body 
having the same boundaries. 

We define the centroid of a portion of a geometncal surface 
or curve by equations analogous to (1). Thus if A is the area 
of a surface and dA the element of area, its centroid has the po- 
sition vector 

(2) Ax* = Jt dA. 

Similarly if s is the length of a curve and ds is the element of arc, 
its centroid has the position vector 



The centroids thus defined comcide very nearly with the centers 
of gravity of homogeneous physical bodies in the form of thin 
sheUs or wires Just as in § 77, we may show that if dri is in- 
finitesimfd in but one dimension, r must be replaced by r, the po- 
sition vector of the centroid of dA. Moreover if a sohd, a surface, 
or an arc has a plane or line of symmetry, its centroid will lie on 
this plane or line. 
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Example 1. Locate the centroid of a triangle. 
We choose as element of 
area a thin strip parallel to 
the base (Fig. 78a) ; then 

dA — Idy and t - OP, where 
P is the mid-point of the strip. 

Now, from similar triangles, 


Z 


yh 


OP 


where M is the mid-point of 
the base; hence 


dA ^\ydy, A =^f^y dy = ibk; 

Ax* = fidA ^OM J^y* dy =*ihhOM, 


IIJoM = f OM. 



Thus the centroid of a triangle is the point of intersection of its 
medians. It coincides, also, with the centroid of its vertices when 
associated with equal numbers (§ 12, Example 3), 

Example 2. Locate the centroid of the arc of a semicircle of radius a. 
The centroid lies on the line of symmetry, which in Fig. 78& has 
been chosen as the a:-axis. To find x* we have from (3) 






^xdB = a cos B ode = sin « j , 2 a*; 



and since s =» ira, 


X* 


2 2 
— =-a. 

ira w 


Example 3. Locate the centroid of the sur- 
face of a hemisphere of radius o. 

Let the hemisphere be generated by revolv- 
ing the semicircle of Fig. 786 about the x-axis. 
Choose as element of area the zone bounded by 
two planes perpendicular to the o^axis, then 


dA 

A 


2 vy da «= 2 ira sin e-a dB, x ^ x ^ a cos 6; 


2 irflt* ^ sin 6 dB —2 ira* cos d 


2 ira2; 
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Aai* =» Jx dA ^ 2 sin B cos Ode = to’ sin* fl |^ = to’, 
®* “ = 4 o. 


PROBLEMS 


1. Find the centroid of the segment bounded by the parabola y* 
h*x/a, the »-azis and the line x ^ a. 

2. Find the centroid of the portion of the ellipse »*/o* + y*/6* = 1 
lying m the first quadrant. 

S. A trapezoid of height h has its parallel sides of length hi and bt. 
Show that the distance of its centroid from h is 


y* 


ih- 


hi -f* 2 hj 
hi + 6 * 


[Divide the trapezoid into two triangles. Then 
Ay* = A 1 ^ 1 * + A^i*.] 

4. Find the centroid of a quadrilateral with vertices at (0, 0), 
(12, 0), (9, 10), (0, 8). 

6. Find the centroid of a regular square pyramid of height h. 


79. Square-threaded Screw. If the shaded rectangle in Fig. 
79o revolves uniformly about the axis z in its plane and at the same 

time moves parallel to z at 
a constant rate, it will gen- 
erate the thread of a square- 
threaded screw. The distance 
p p that the rectangle advances 
while making a complete rev- 
Fiq 79o olution is called the pUch of 

the screw. The distance r of 
the center of the rectangle from the axis is the mean radius of 
the screw; and this center describes a helix of pUch-angk a 
given by 

tan a. = . 

Fig. 796 represents a jack-screw for raising or lowering heavy 
weights Let us find the force P that must be applied to the lever 
at a distance Z from the axis to just start the weight W upward 
(In the figure the screw is right-handed and the force P acts vei^ 



23rr 
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ticaJly downward on the plane of the paper.) The nut will react 
on the screw along the under surfaces of the thread. Let us assume 
that the reactions may be replaced by a continuous distribution of 
forces along the helix of mean radius r. Then if R ds denotes the 
reaction on an element of arc ds of this helix and is the angle 
of friction between nut and screw, R will be normal to the radius 



r of the element ds and inclined at an angle a + ^ to the axis of 
the screw To find the relation between W and P we need only 
two of the six equations of equihbrium, namely: 

Fi == J* R cos (a + 0) ds — TT = 0, 

M» = PI — J'rR sin (a + <t>) ds = 0, 


the integrals extendmg over that part of the mean helix in contact 
with the nut From these equations we have 


W = cos (a + 



PI = rsm (a + 



R ds; 


and on eliminating the integrals we find 
(1) PI = Wr tan (a + 4>). 

The turning moment PI needed to lift W decreases with a and 
with 0. 
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In order to prevent the screw from running down under the load 
W, the moment 

(2) PI = Wr tan (a — 4>) 

must be applied; for, since the direction of impending motion is 
reversed, R ds is now inclined at an angle a — ^to the axis. The 
moment PI is positive as long as a > ^. But if a < ^ the moment 
is negative; that is, the screw is self-locking and requires a negative 

moment about its axis to loosen it. 
Referrmg to the figure, P must then 
act vertically upward on the plane 
of the paper. 

It is assumed in the above treat- 
ment that the load W will revolve 
with the screw. If, however, the 
load is stationary, the frictional 
moment developed at the head of 
the screw must be taken into ac- 
count m the equation M, = 0. The 
method of computing this fnctional 
moment is considered in the next 
article. 

3 Q^ Pivot Friction. Fig. 80o rep- 
resents a section of a pivot in a step 
bearing. Let p denote the intensity 
of normal pressure (per unit of area) 
of the bearing on the pivot at any 
Pjq 80 o point. Then the axial component of 

the pressure on the element dA of the 
bearing surface is p sm dA. If the pivot is subject to the down- 
ward load W, equilibrium requires that 




y*p sin ^ dA — W = 0. 


If a moment M about the s-axis is apphed to the shaft so that 
revolution is impendmg, the friction on the element dA is hon- 
zontal and of magnitude ppdA. The moment of this friction 
about the z-axis is Xfjep dA; hence for equilibrium 


J* npx dA ■— M = 0. 
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By synunetry p vdU be constant along any horizontal circle on 
the pivot. Hence we may choo% a thin horizontal zone as ele- 
ment of area : dA ~ 2 me ds. The first equation then gives 

( 1 ) 2^ J'^pxdx = W 

since sin ^ds <= dz', and the second becomes 

(2) 2 ir/i r pa:® ds = M, 

where we have assumed that fi is constant over the bearing sur- 
face.* 

As to the normal pressure p, the simplest assumption is that 
(a) p is constant over the bearing surface. 

Under this assumption we have from (1) 

(lo) 2irp a:da: = ir(a* — 6®) p = W, p = ; 

hence p is equal to the load divided by the horizontal projection 
of the bearing surface. On substituting this value of p in (2) 
we find 

( 2 “) 

Assumption (a) may be roughly correct for a 
new pivot. It is improbable, however, that p will 
remain constant after the bearing has been worn 
down after use. For when the pressure is constant, 
the wear wiU be greatest where the velocity of rub- 
bing is greatest, that is, farthest from the axis, and 
this unequal wear will tend to increase p toward the center Thus 
for well-wom pivots it is customary to abandon assumption (o) 
and assume instead that the pressure distribution is such that the 
wear in the direction of the axis is constant To formulate this 
mathematically, we suppose that the normal wear {PR in Fig 80&) 

* We shall see later that these equations may also be applied when the pivot 
is revolving uniformly. Then n denotes the so-called coefficient of kmetic 
friction. As the value of this coefficient depends to some extent on the ve- 
locity at the surface element in question, and the velocity vanes as the dis- 
tance from the axis of the pivot, n is not strictly constant. The n m (2) 
should therefore be regarded as a mean value. 



Fio. 801) 
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varies directly as the pressure p and the distance x from the axis,* 
hence the aoM wear QB = PR/sia <i>, must vary as pa:/sin 
The assumption of constant axial wear is therefore expressed by 

C PnTi (j) 

Q,) 4—r == constant, or p * — 

On substituting this value of p in (1) we obtain the equation 
(16) 2 tC J^sin *^dx = W 

which may be used to compute C. And from (2) we find 
2 viiJC J* a: sin 0 ds = 2 v/iC J^xdx = M 

whence 

(26) M = ir/iC(a® — 6®). 

We now apply these results to pivots of various forms, 
lining assumptions (a) and (&) m turn. 

Example 1. Flai Pivot. Consider first a hMow pivot (Fig 80c). 
When p is constant we have from (2a) 



Fig 80 c Fig. SOd 


For uniform axial wear we have from (16), with ^ - 90", 
then from (26) 

(4) ilf => TM • 2 ~ (^— 6) (** ~ ” Ho + 6) mW. 

The above results also apply to the collar bearing of Fig. SOd. 


§ 80 PIVOT IRICTION 169 

For a solid flat pivot we need only put 6 — 0 in the above results; 
thus 

Af * } aiiW or | a^W 
in the respective cases. 

Example 2 Conical Pivot, The angle ^ = a (Fig. 80e) and ds *= 
dx/sin a. 

When p is constant we have from (2a) 

(S) M = ^ f “ _ 2 a* - fiW 

^ a® — b^Jb sin a 3 a* — 6*sin a “ 


For uniform axial wear we have from (16) and (26) 



Fia BOe Fig 80/ 


Example 3. Spherical Pivot, The radius of the pivot is r. 
Fig. 80/ we have 

a = r sin a, 6=0; a; = r sin d, ds = r de. 
When p is constant we have from (2a) 


r* sin® . 


r® sin® $*r de = txWr 


a — Sin a cos Of 
Sin® a 


From 


For uniform axial wear we have from (16), with sin <p » cos 0, 
2 ttC e-r cos $ de = vtC (a + sin a cos a) = W, 
and hence from (26), 


flrrfa + sin a cos oe) 


r® sin® a = ^Tfr 


sin® a 

a + Sin a COS a * 
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PROBLEMS 

1. A solid 6 in. vertical shaft and its load weigh 15,000 lb. If its 
lower end is supported by a flat step bearing for which ft = 0.02, find 
the frictional moment when (a) the pressure is constant, (6) the axial 
wear is constant. 

2 Solve the above problem when the shaft is hollow and 3 in. in 
inside diameter. 

3. A propeller shaft, 4 in. in diameter, has two collar bearings of 
8-in. outside diameter. Find the frictional moment if the thrust on 
the shaft is 50,000 lb. and ft = 0.03, when (a) the pressure is constant, 
(5) the axial wear is constant. 

4. A solid 4-in. vertical shaft and its load weigh 10,000 lb. If ^ 
0.01, compute the frictional moment, under the assumption of con- 
stant axial wear, when the end forms: 

(1) a flat pivot, 

(2) a truncated conical pivot with a » 2, 6 = i in., a = 30°; 

(3) a hemispherical pivot. 

81 . Friction Clutches. In the design of friction clutches, such 
as are used in connecting the motor of an automobile with the 
transmission, the normal pressure p is assumed to be constant. 
In the case of disk clutches, formula (§ 80, 3) gives the maximum 
torque that can be transmitted, where W denotes the axial spring 
pressure on the clutch. In multiple-disk clutches a number n of 
annular disks engage There will then be n — 1 friction suifaccs 
and the nght member of (§ 80, 3) must be multiphed by ri — 1. 
In practice o — 6 is small compared with a and the mean torque 
radius may be taken as J (o -|- 6) instead 
of I (a* — ¥)f{a^ — 6*).* The maximum 
torque transmitted by n disks is thus 
practically equal to 

(1) Af = (n - 1) rpW 

where r is the mean disk radius, W the 
spnng pressure 

In the case of cone clutches, formula 
(§ 80, 6) is not correct since only circum- 
ferential friction was considered in deny- 
ing it. If p is the normal pressure intensity between the cones, 
the friction opposing disclutchmg is ftp per unit area (Fig. 81); 

* In fact the difference of these quantities is J (a — + h). 



Fig. 81. 
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and for equilibrium 



sin a + jup cos a) dA = W, 


vA 


W 

sin a + /t cos a. 


The friction opposing rotational slipping is pp^; hence, if the 
mean torque radius is again taken as r = |(a + &), we have 


( 2 ) 


M. = T'lupA 


r/iW 

sin a + M cos a ’ 


PROBIEMS 

1. Find the requisite spring pressure on a cone clutch of 7-in. 
mean radius and angle a = 12^° in order to transmit a torque of 
2000 Ih.-in. n = 0.2. If p — 12 Ib./in.* is the allowable normal pres- 
sure, find the width of the friction surface. 

2. Find the number of annular metal disks, of mean radius 5 in., 
required in a lubricated multiple-disk clutch in order to transmit a 
torque of 2000 Ib.-in. with a spring pressure of 2S0 lb. on the disks. 

n = 0.06. 

82. Summary, Chapter V. The momerd of a force F about a 

point A is defined as the vector AP><F, where P is any point on the 
action-line of F. The moment of F about any axis through A 

is equal to the component of AP^ on this axis. 

A system of forces acting on a rigid body can always be reduced 
to a force acting through a given point A, and a couple; the force 
is a vector equal to force-sum F of the system, and the moment of 
the couple is equal to the moment-sum of the system about A 
A system of forces acting on a rigid body can be reduced to (1) 
a single force, (2) a single couple, (3) to zero when, and only when, 
the following conditions are fulfilled: 

(1) F 7 >« 0, F*M^ = 0- Smgle Force; 

(2) F = 0, 7 ^ 0: Couple; 

(3) F = 0, = 0: Zero 

In case (2) the moment-sum is the same for any choice of the point 
A] the vector is then called the momerd of the couple 
The conditions (3) are necessary and sufficient for the equilib- 
rium of the rigid body. The vector equations (3) are equivalent 
to the six scalar equations: 

F* = 0, Fy = 0, F, = 0; Ilf* = 0, My = 0, JIf, — 0. 



172 


STATICS IN THREE DIMENSIONS 


§82 


If the forces acting on a rigid body are in equilibrium, their pro- 
jections on any plane may also be treated as a system of forces m 
equilibrium. 

If a rigid body, free to turn about a fixed axis in frictionless 
bearings, is in equilibrium, the moment-sum of the impressed 
forces about this axis is zero (Law of the Lever). 

A necessary and suflScient condition for the equivalence of two 
systems of forces acting on a rigid body is that their force-sums 
be equal and that their moment-sums about any given point 
be equal. In particular, aU couples having the same vector 
moment are equivalent. 

A syTstem of parallel forces Fie acting at the points P, and having 
a force-sum F 0 has a resultant, equal to F, which acts through 
the centroid of the points Pi associated with the numbers The 
position vector r* of this centroid is given by 

r* 

The resultant gravity of a body of weight W and volume V 
always acts through its center of gravity P*, given by 

Wt* = ftdW or by Vx* = frdV 

if the body is homogeneous. If dV is not infinitesimal in all its 
dimensions, r must be taken as the vector to the center of gravity 
of dV. If th^body consists of a number of parts of weight Wi 
whose centers of gravity are given by r,*, then 

Wt* = 
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83. Derivative of a Vector. Let vi(t) denote a vector which 
varies with the scalar variable t in some definite manner. For 
the sake of definiteness, let us regard t as the time measured 
from a certain instant chosen as zero. To obtain a clear idea of 
the manner in which u varies with the time, let its initial point 
be held fast. This, of course, is no restriction as u may always 

be shifted parallel to itself. Then, 
as the time increases, the end point 
of u traces a certain curve T in 
space. 

At the instants t and t' = t 
let 

OP « u(0, OP' - u(0- 

The vectorial change in u during 
the interval A^ is 

Au-u(0 -u(0 =OP'-OP=i^'. 

The average vectorial change per 
unit of time is therefore Au/At; 

this is a vector (PA' in Fig. 83) 
having the same direction as Au 

and 1/A^ times as long. If PA' approaches a limiting vector PA 
as At approaches zero, we call this limiting vector the derivative 
of u with respect to t, and denote it by dn/dt. The equation de- 
fining this derivative is therefore 

At-*0 
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( 1 ) 


As At approaches zero, P' describes the arc P'P of the curve 

r, ^and the limiting direction of the chord PP'^, and hence of the 

vector PA is the direction of tangency at P. The limiting vector 
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PA = dtt/d< is therefore tangent to r at P; it points in the in- 
stantaneous direction in which P moves as t increases. In view 
of the interpretation of Au/ Ai given above, we may say that du/tft 
represents the instantaneous rate at which the emtpoint of u changes 
its position, rdative to its initial point. 

l^uation (1) defines da/dt when t is any scalar variable. Since 
Au/At has the same direction as Au when At is positive, the op- 
posite when At is negative, da/dt is a vector tangent to P in the 
direction of increasing t. We restate this important result as 
follows: 

If the vector u(0 = OP vanes with t so that P describes the curve 
r when 0 is hetd fast, the derivative da/dt, for any value of t, is a 
vector tangent to T at P in the direction of increasing t. 

Example 1. If u = OP is a variable vector of constant direction, 
P will move on a straight line when 0 is held fast; hence da/dt, 
being tangent to this line, will be parallel to u. 

Example 2. If u = OP is a variable vector of constant length, P 
will desenbe a curve r on the surface of a sphere when 0 is held fast; 
hence da/di, being tangent to r at P, will be perpendicular to the 
radius OP of the sphere. In brief; If |ul ts constant, da/dt is per- 
pendicular to u. 

If u is a constant vector, that is, constant in both length and 
direction, 

Au-O, ^=0, and |-0. 

The derivative of a constant vector is zero. 

When u is a function of a scalar variable s, and s in turn a func- 
tion of t, a change of At m i will produce a change As m s and there- 
fore a change Au in u. On passing to the limit At — > 0 m the 
identity 

Au _ Au As 
At ~ As M 

we obtain the familiar rule for differentiating a function of a 
function: 


du du ds 
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Just as in the Calculus we define the second derivaHve of a yec- 
tor as the derivative of its derivative, and write 

<Pu ^ d /da\ ^ 
dt^ dt\dt) 

84. Derivatives of Sums and Products. Let u(0 and v(^) be two 
vectors that are functions of a scalar t. When t increases by an 
amount At, let Au, Av, and A(u v) denote the vectorial changes 
in u, V, and u + v. Then 

u + V + A(u + v) = u + Au + v + Av, 

A(u + v) = Au + Av, 

A(u + v) ^ 

At At At ’ 


and passing to the hmit At —* 0, 


( 1 ) 


d . , V du , dv 


Consequently, the derivative of the sum of two vectors is equal to 
the sum of their derivatives. This result may be generalized to 
the sum of any number of vectors. 

Consider next the product /(t)u(t) of a scalar and a vector func- 
tion of t. When t increases by an amount At, let A/, Au, and 
A(/u) denote the increments of /, u, and /u respectively. Then 

/u + A(/u) = (/ + A/)(u -f Au) 

= /u -H /Au -f A/u -f A/Au, 


since the multiplication of vectors by scalars is distributive 
(§6, 7, 8). Hence 


A(/u) = /Au -1- A/u -1- A/ Au, 
At •' At ^ At ^ At 


Passing to the limit At —* 0, and noting that A/ 


( 2 ) 




du 

dt 


+ 



0, we have 


a rule formally the same as that given in the Calculus for the 
derivative of a product. 
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Important special cases of (2) arise when either / or u is con- 
stant: 

d , . du d . df^ 

^(cu)-c^, ^Cfc)-^c. 


(3) 


If the components of the general space vector 
a = + tt»j + itik 


are functions of t, 


(Zu _ ^ . 

dt ~ dt^'^ dt * dt 


The componenis of the denvative of a vector are therefore the deriva- 
tives of its components. 

Passing now to the products u-v and uxv, where u and v aie 
vector functions of t, we may prove in the same manner as above 
that 


d 


dv , du 




dv , du 


The proofs depend essentially on the distributive laws (§ 15, 2, 3) 
and (§ 17, 2, 3). Note that in (5) the order of the factors must be 
preserved. 

Since u® = u*u, we have from (4) 


d 4 n da. 


In particular if u is a variable vector of constant length, 

(6) u® = constant, u- ^ = 0, and ^ J. u. 

(tt at 

If |u| is constant, du/dZ is perpendicular to u (cf, § 83, Example 2). 

If e IS a positive unit vector along the axis s, the component of 
u on s is e-u (§ 14, 3) Hence, from (4), 

d , .da da 

^(oomp,u).e.3f=oomp,^. 

The d^vative of the component of a vector on an axis is equal to 
the component of its denvative on this <ms. 

86. Unit Tangent Vector. Let r = OP be the position vec- 
tor of a point P moving along a curve; and let s denote the arc 
AP measured from a fixed point A of the curve, reckoned posi- 
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tive in one direction along the curve, negative in the other. From 
the definition of the derivative, we have 

* r ^ V 

“T* “ ilTy^ =S hTn 

ds Aa-^0 As p/-»parc PP' 

As P' approaches P, the ratio of the chord PP' to the arc PP' 
approaches uiuty. The magnitude of Ar/As therefore increases 
toward 1 as a limit. Moreover Ar/ As has the same direction as 
Ar if As is positive, the opposite if As is negative. The limiting 
vector dr/ds is thus a unit vector * T tangent to the curve at P 
and pointing in the direction of increasing arcs: 



Fig 85a Fig 856. 

An important special case arises when r is a unit vector revolv- 
ing in a plane. If we imagine this vector, R — OP, always drawn 
from the same initial point 0, its end-point will describe a circle 
of unit radius (Fig. 856), and s = 6, where 6 denotes the angle 
AOP expressed in radians. Hence 

dR dR ^ ^ 

dd ^ ds ^ ' 

where P is a unit vector perpendicular to R in the direction of 
increasing angles If k is a unit vector normal to the plane, 

We shall use amAll capitals in heavy t 3 i)e to denote unit vectors, except 
m the case of i, j, k, e. 
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associated with the positive sense of B according to the rule of the 
right-hand screw, P == b<R. Thus 


( 2 ) 


d6 


= P or 


dR 

de 




In Fig. 86b, k points upward from the paper. 

The deriwMve of a unit vector, revolving in a ‘plane, wUh respect 
to ihe angle ffutt it makes 'with a fixed direction, is another umt 
vector perpendicular to (he first in the direction of increasing angles. 
Since P is a unit vector revolving at the same rate as R, 

( 3 ) 

for — R is a unit vector perpendicular to P in the direction of 
increasing angles. 


Example 1. If $ is measured counterclockwise from the x-axis^ 

R = i cos 5 + j sin P = i cos (d + i ir) + j sin (^ + i gr) 

In view of (2) the corresponding components of dSi/dB and P must be 
equal; we thus deduce the formulas 

^ cos a = cos (a + J tt) = — sin ^sin ^ » sin (^ + J w) = cos a. 


Example 2. If P{x^ y) is a variable point on a plane curve, 
. , • dr dx. dy. 


Hence 


dx 


(4), (5) i*T = cos (x, t) = ^ , j-T = sin (x, x) = . 


d$ 


If (r, d) are the polar coordinates of P, we write r = rR where R 
is a unit vector; then 


T 


(6), (7) a-T 


dr ds. dr ds. do dr da 

dr da 

cos (r, x) - ^ , p.T = sin (r, x) - r 


Example 3. If r,, rj are the distances of a point P on an ellipse from 
the foci, fi + r. “ const. On differentiating this equation with 
respect to s we have, in view of (6), 

dr I dt» 
ds ds 


(Hi + R,)-T - 0. 
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As Ki + Ra is perpendicular to t, the normal to the ellipse at P has 
the direction of Ri + Ri. The normal therefore bisects the angle 
between the focal radii. 

PROBLEMS 

1. If r and x are the distances of a point on a parabola from the 
focus and directrix, r — x =0. Show that (r ~ i)'T =• 0 and in- 
terpret the equation. [Of. Example 3.] 

8. An equiangular spiral cuts all vectors from its pole 0 at the same 
angle a. If r, $ are the polar coordinates of a variable point on the 
spiral, show that 

(a) da/dr = sec « and s* — si «■ (r» — ri) sec a. 

(b) = cot a and = (e* - ei) cot a. 

[Apply (6) and (7).] 

3. If fix, 2/) > 0 is the Cartesian equation of a plane curve, show 
that the normal is parallel to 

^i + [Apply (4) and (5).] 

4. If f(r, d) = 0 IS the polar equation of a plane curve, show that 
the normal is parallel to 

|r+J^p. [Apply (6) and (7).] 

6. The ellipse ri + rt - c and hyperbola ri — r* = c' have the 
same foci. Show that they intersect at right angles. 

6. If Oi,Oi are the poles and OiOx the initial line of a system of 
bipolar coordinates, show that the two families of circles 
ri/rx => constant, — fli - constant 
cut at right angles. 

86. Curvature. If T is the unit tangent vector to the space 
curve r at P (Fig. 86a), |t| = 1 and dT/ds is perpendicular to T 
(§84). A directed line through P in the direction of dT/ds is 
^erefore a normal of the curve;* it is called the principal normal 
of r at P. If R IS a unit vector in the direction of the pnncipal 
normal, we may write 

(1) _ = jcN where k — 

The positive number k is called the curvature of r at P. 

* Any line through P perpendicular to T is called a normal of the curve at 
P. Thus there are infinitely many normals at P; they all he in the normal 
plane at P. 
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Consider, for example, a circle of radius r (F^. 866). If s de- 
notes the arc AP, taken positive in the counterclockwise direction, 


T 


P and 


^ ^ _ dPdd 

ds ds do ds 





for dP/dO - — R (§ 85, 3) and 0 - s/r, dO/ds = 1/r. Thus — R 
gives the direction of the principal normal at P and 1/r is the 
curvature. Therefore the curvaiure of a circle is everywhere equal 
to the reciprocal of its radius. 

Let us return now to our general curve F whose curvature 
at P is K. This is also the curvature of a circle of radius 1 /k; for 
this reason 1/k is called the radius of curvature of F at P. If we 
denote the radius of curvature by p, p = 1/k. 

The center of curvaiure of F at P is a point C on the principal 
normal at a distance p from P in the direction of R; hence 

(2) PC = pR and OC = OP + = r -H pR 

A directed line through P in the direction of the unit vector B = 
TxR IS called the Hnormal of F at P. The binormal is thus per- 
pendicular to both tangent and pnncipal normal at P. At every 
point of a curve the three unit vectors T, R, B form a right-handed 
set giving the positive directions along the tangent, principal 
normal, and binormal respectively. Therefore 

(3) TxR = B, RxB = T, BxT = R. 

By way of summary, we restate these important definitions: 

At any point P of a curve the derivative of the unit tangent vector 
with respect to the arc (dT/ds) gives the directum of the 'principal 
normal; and the numerical value k of this derivative is called the 
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curvature at P. The redprocal of the curvature, p = 1/k, is coMed 

the radius of curvature. The point C gwen by PC = pH( is ffie 
center of curvature. 


To compute the radius of curvature of a curve r, let us suppose 
that r is given as a function of a scalar variable t — the time, for ex- 
ample. Then 

— _ *1^ _ ^ 
dt ~ dsdt ~ ^ dt ’ 

d*r /dTds\d8 d*s ^ds\* d*s 

dt^ ~ V<fs dt/dt ^ dt* ~ J ’ 

dt d*r /dsV l/dsV 


If we equate the numerical values of the vectors forming the members 
of this equation and observe that 


we obtain 
( 4 ) 


\d8/dt\ => |dr/dt|, 


dt 


p 


dt'^dt* 


or p 



t 


where the dots denote differentiation with respect to t. 

For example, if the rectangular coordinates x, y along a plane curve 
are given as functions of t, 

t - xi +yi, I = xi + yj, r - ai + yj, 
lr|» = a* -H y*, ft ^ (xy - yx)k, 

^ (x* +y*)i 
" \xy - yx\ 

If the Cartesian equation of the curve is = /(x), we write x = t, 
y = /(<); then i = 1, X = 0, and 

(1 + y'‘)i 
\y"\ 

where the primes denote derivatives with respect to x. 

When the polar equation, r » f{e) of the curve is known, we let 6 
play the part of t in (4) Denoting derivatives with respect to e 
by primes, we have from (§ 85, 2, 3), 

r = rn, r' = r'a + rp, r" = (r" - r)R -1- 2 r'p; and 
(r* + r'»)i 

^ “ |r* 4- 2 r'* — rr"\ ' 
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87. Plane Curves. Since the vector dT/ds is always directed 
toward the concave side of a plane curve, the same is true of N. 
The unit vector B = TxN along the binonnal is perpendicular to 
the plane of the curve; but on passing a point of inflection B 
reverses its direction. However, along any arc of the curve with- 
out points of inflection, B will have a constant direction ; and since 

dN dT 

N = BxT, = Bx^ = Bx/cN = - icT. 

’ ds ds 

The equations 

(2) $ = and ^ = -/cT 


are fundamental in the differential geometry of plane curves. 

Let denote the angle that T makes with a fixed direction in 
its plane. Then, from the Theorem of § 85, dT/dij/ = dbU", the 
sign being chosen so that the vector points in the direction of 
increasing Consequently 


^ 

ds ~ dv^ds ~ ds 


and K 


dj/ 

ds 


If ij/ increases with s, d^/ds is positive and 


(3) 


dJ/ ds ^ 

Ts’ ^ = 


Example I, As a point P describes a piano curve r, the center of 

curvature C describes its evolute r' (Fig. 87a). If r ^ OP, r' «= OC, 
and s, 8^ denote the arcs PoP and CqC along the curves, 

r' = r + pN (§ 86, 2), 

ds ds' ds ds ^ ds ds 


or 



dp 

ds ^ 


dp 

ds^ 


* In the differential geometry of plane curves it is bettor to take B as a 
constant vector perpendicular to the plane and then define N = Bxt. The 
curvature k is defined by (1) and may be positive or negative. Equation (2) 
holds as before The positive direction of ^ is chosen so that a right-hand 
screw, given a positive rotation in the plane, will advance in the direction of 
B. Then N is always 90® in advance of T, and 
dr ^ 

ds^ * " ds* 

With these defimtions N need not point toward the center of curvature 
In mechanics, however, it is better to adopt the definitions given in the text; 
then K is positive and N always points toward the center of curvature. 
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Since both t' and ir are unit vectors, 


j ds' 

T'=ir and 


ds 


The first equation shows that a tangent to the evolute is normal to 
r. If we integrate the second from Co to C, 

s' = arc CoC •= p — po; 


hence an arc of the evolute is equal to the difference of the radii of 
curvature which correspond to its end-points. These properties show 
that r may be traced by the end of taut string unwound from the 
evolute, the string being always tangent to r' and its free portion 
equal to p. From this point of view, r is called the involves of r'. 



\ 

\ 



Example 2. The involute of a circle is generated by a point P 
of a taut string unwound from a circle (Fig. 876). If P was originally 
at A on the circle, CP = arc CA * ad, where a is the radius of the 
circle; hence 

r = OP = OC + CP = OR ~ adP, 
dr drds dn ^dp 

de ~ dsde ~ °de " 

or T^=a9R (§86,2,3). 

Since both t and r are unit vectors, 

, ds 

(i, ii) T = R and ^ = ae. 

Equation (i) shows that the tangent to the involute at P is parallel to 
the radius OC of the circle. Hence the angle ^ ^ and from (3), 

p = ds/dd. Equation (li) now shows that p = ad — CP] therefore C 
is the center of curvature of the involute at P. Moreover on inte- 
grating (li) we find that the arc AP — s = ^ 
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PROBLEMS 


1. Show that the tangent to the equiangular spiral of § 85, Problem 
2, at the point P(r, 6) makes an angle of ^ 6 + a with the initial 

line and 


^ ~ dtf ~ sin a 


(§ 85, 7). 


Hence prove that the center of curvature is the point where the per- 
pendicular to OP at 0 cuts the normal at P. 

2 If r is the position vector along a piano curve r, r' >= r + cw 
is the position vector along a parallel curve T' at a normal distance c 
from r. Prove that 



(1 — Ck) T and hence 



t' 



Ck. 


Show also that p' = p — c 
and sf = s — when both s 
and s' ore measured from a 
common normal. 

3 A cydoid is traced by 
a point P on a circle of radius 
b that rolls without slipping 
along a straight lino (Pig. 87c). 
Then 


r = OP = Oi + IC + CP —b6i+b] + 5r 
where s is a unit vector. Prove that 


T =65^(1 +P), 


2 6 sin I e^, 


and that t is perpendicular to IP. 

Since the angle = (i, t) = i show that 

p =*46 sin M — 2 P7, s = arc OP = 4 6 (1 — cos 1 d). 


88. Integral of a Vector, 
of the variable t such that 

( 1 ) 


If u(^) and TJ(0 are vector functions 



then U is called an integral of u with respect to t and Is written 
(2) U =* ^ u dt. 

In other words, both (1) and (2) state the same fact: the deriva- 
tive of IT with respect to t is u. The process of finding a function 
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which has a ^ven derivative is called integration. In (2) the 
function u — the integrand — is integrated to produce U. 

If TJ is any function which satisfies (1), then U + c, where c is 
an arbitrary constant vector, will also satisfy (1). Hence the 
integral U is indefinite to the extent of an additive vector constant 
— the constant of integration. For this reason the function U 
denoted by (2) is called an indefinite integral. 

Just as in the Calculus we may show that 


J* (n + xr)dt = J*\idt + frit, 
J*cadt = eJ*VLdt, J*cucU = cj* u dt. 


If u is expressed in terms of its components (§ 11, 1), we have 



= Uxdt-\- 1 J*Uy dt + kJ*Utdt. 


The integration of vector functions is thus reduced to the in- 
tegration of scalar functions. 

89. Definite Integral. The definite integral J* u(t) dt of the 

vector function u(t) is defined as a limit of a sum just as m the 
ordmary Calculus If u(t) is expressed in terms of its components, 
we have 

pb pb pb 

udt = i I Ugdt + j I Uydt + k I ic^dt 

a J a U a U a 

Thus vector definite integrals may be reduced to scalar definite 
integrals. Owing to this fact many of the properties of scalar 
definite integrals may be extended at once to the vector case; for 
example 

pa 

udt = — I udt 

a Jb 

Moreover if U(0 is an indefinite integral of u(^) we have the funda- 
mental result 

nh 

( 1 ) 


u(0 dt = JS(Jb) - U(o). 


If the upper limit in (1) is the variable of integration. 


J* u(0 dt = U(0 — U(a) 
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and hence from (§ 88, 1) 

( 2 ) ^fmdt 


dU(t) 

dt 


» n(t). 


90. Summary, Chapter VI. The derivative dn/di of a vector 
u with respect to a scalar variable t is defined as the limit of An/ At 

as At approaches zero. If u = OP and P describes the curve P 
when 0 is held fast, dn/dt is a vector tangent to P at P in the 
direction of increasing t. In particular, if the magnitude of u 
is constant, dn/dt is perpendicular to u. 

The denvative of a constant vector is zero. The derivative of 
the sum u + v and the products /u, u*v, uxv are found by rules 
of the same form as those given in the Calculus for differentiating 
a sum and a product; in the case of uxv, however, the order of the 
factors must be preserved. Moreover the rule for differentiating 
a function of a function is like that in the Calculus. 

If r is the position vector at a vaiiable point P of a curve. 


— 

ds 


= T, 



where T and N are unit vectors along the positive tangent and 
principal normal at P. The unit vector B = TxN defines the 
positive direction along the binormaJ. The positive number k 
is the curvature at P; its reciprocal 1 /k = p, the radius of curva- 
ture. If T for a plane curve makes an angle ^ with a fixed di- 
rection in the plane, 


K 


dp 

ids 


If R and P are unit vectors in a plane inclined d and 6 + lir 
radians to a fixed direction, 

dR ^ dP 

de de~ ^ 


The indefinite integral of n(t) is any function U(0 such that 
dU/dt = u. The definite mtegral J* u(<) dt is defined as the 
limit of a sum just as m the scalar Calculus, it equals IT (&) — 11 ( 0 ). 
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FLEXIBLE CABLES 

91. Principle E: RigidifLcation. We have seen that the statics 
of particles and rigid bodies may be based on four principles (§ 24). 
To deal with the equilibrium of deformable bodies, however, we 
need a fifth principle: 

Principle E (Rigidification). In cyrder that a deformable 
body he in static equilibrium it is necessary and sufficient that any 
portion of %t^ when regarded as a rigid body, he in equilibrium under 
the external forces act%ng upon it. 

The portion of the deformable body referred to in this prm- 
ciple may be any part cut off ” by an ideal surface or any part 
in its interior bounded by an ideal closed surface. If the body is 
divided into two parts I and II by an ideal surface, the external 
forces acting on I consist of all the forces exerted on its particles 
by matter not included within its boundaries They include, in 
particular, the forces of cohesion exerted by the particles of II 
on those of I in the immediate neighborhood of the ideal surface 
of separation. The latter forces are the surface stresses exerted 
by II on I. 

In view of the Theorem of § 72 we may state at once the following 
criterion for the equilibrium of a deformable body. 

Theorem E. A deformable body is in equilibrium when, and 
only when, the force-suin and moment-sum of the external forces 
acting on any portion of it vaiiish. 

92. Flexible Cables. We shall treat a chain or a cable as if its 
matter were concentrated along a geometrical curve If a cable is 
divided into two parts by an ideal section, the cable is said to be 
flexible when the action of either part on the other may be repre- 
sented by a single force — not a force and a couple. When the 
cable is “ cut ” at any point P, the force F shall denote the action 
of the part to the right on that to the left; the reaction of the part 
to the left on that to the right is then — F. The numerical value 
F of these forces is called the tension of the cable at P. 

Consider, now, a cable acted on by a distributed force Q per 
unit of length. In general Q will vary from point to point. Let 
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US meSiSure tli6 atc s along the c&ble from a> fixed point A nnd reckon 
s positive to the right. A small element PP' of the cable, of 
length As, is then acted on by the forces — F at P, F' at P', and 
the resultant of the ^tributed load QAs 
acting at some pomt P between P and P' 
(Fig. 92). In order that this element shall 
'f' be in equilibrium the force-sum and mo- 
ment-sum of those forces must vanish 
(Theorem E) ; hence 

F' — F-f-QAs = 0, r'xF' — r>^ + fxQAs = 0 

where r are the position vectors of 
P, P', P relative to any origin 0. Now 
F' — F and r'xF' — rF are the increments 
of F and r>«F respectively in passing from 
P to P'. The above equations may there- 
fore be written 



Fig. 92 . 


As 


+ Q = 0, 


and on passing to the limit As 

( 1 ), ( 2 ) ®+ 0 - 0 . 


A(rF) 

As 

-^0, 

d(r..F) 

ds 


-H fxQ = 0; 


-|- rxQ = 0. 


On expanding the derivative in (2) and reducing by means of 
(1) we obtain 

where T is the unit tangent vector at P. In other words, the 
tensile stress at any point of the cable is tangeMial to the cable. This 
result, which is almost intuitive, is thus seen to be a consequence 
of the moment equation (2). 

Since equations (1), (2) ensure that every element of the cable 
is in eqmhbnum it is obvious that the same is true of any finite 
portion of the cable. In fact if we integrate (1) and (2) between 
the points Pi and Ps of the cable we get 

Fa — Fi -f f Q ds = 0, raFa — riFi + f rxQ ds = 0; 

«/fil Usi 

that is, the force-sum and moment-sum of the external forces 
acting on PiPa both vanish. We conclude, therefore, from Theo- 
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rem E, that equations (1), (2) give necessary and sufficient con- 
ditions for the equihbrium of the cable. 

93. Scalar Equations of Equilibrium. Since the moment 
equation (§ 92, 2) imphes that F has the direction of T, we may 
write the equations of equilibnum in the form 


(1), (2) 


* + Q-0, F-^T, 


where F is the tension. If we substitute (2) in (1) and remember 
that dT/ds = jcN (§ 86, 1) we obtain 

(3) -h kFn 4- Q = 0. 

This equation of equihbrium is equivalent to the three scalar 
equations obtained by taking components along T, N, B: 

(4) = 

(5) kF + Q-N = 0, 

(6) Q-B = 0. 

Example 1. If the distributed load on the cable has a constant 
direction, as in the case of a cable subject only to the action of gravity, 
the cable will lie in a plane. For if Q = Qe, where e is a constant unit 
vector, we have from (1) 


®’‘dF =0’ 


hence 


exF = c, 


a constant vector On multiplying ^ 

this equation F • we obtain F • c = 0 N 

Since F is tangential to the cable, 

T is always normal to the constant 
vector c /m 

Example 2. Uniform Chain on a / ^ 

Smooth Cylinder Consider a uni- Fia 93a. 

form chain in contact with a smooth 

horizontal cylinder along a normal section (Fig 93a). If the 2 /-axis is 
taken vertically upward and w and 22 denote the weight and normal 
pressure on the chain, each per unit of length, then 

Q = -22n — laj. 

Hence 

Q-t = — (§85, 6), Q*n = — 22 — wyTX, 
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From (4) 

’T- ^ w-T I hence F — wy + constant. 
as as 

If F ^ Fo when y ^ ya this gives 

(i) F - Fo ^ w(y - yo); 

the difference in the tensions at two points is thus proportional to 
their difference in level. 

From (5) 

(ii) R kF -w j-N. 

These equations also apply to a chain hanging freely between two 
points if we put iZ = 0. 


PROBLEMS 

1. A uniform chain, with its ends hanging freely, makes a turn and 
a half about a smooth horizontal circular cylinder of radius r (Fig 
936). Show that its ends A, B must be on the same 
level and that the tension at any point is wy^ where 
y is the vertical distance above A. Prove that the 
lengths I of free chain must exceed the diameter of the 
cylinder m order that chain and cylinder shall be in 
j I contact at E 

X — I A Ir 2 a uniform cable hangs between two supports. 

If po is the radius of curvature at its lowest point, show 
that Fo = wpii. If we choose the origin a distance 
2/0 = po below the lowest point show that the tension at any point is 
F « wy. 


fQ 


■»A 

Fiq. 93& 


94. String Stretched over a Smooth Surface. Consider a light 
flexible string stretched over a smooth surface between the points 
A and B. If we neglect its weight, the distributed load Q is the 
normal reaction R of the surface per unit of length (Fig. 93a) 
Then since R-T = 0 and R*B = 0 (§ 93, 6), R must be parallel 
to N. In other words, the principal normal of the strmg is alwa 3 rs 
normal to the surface. A curve of the surface having this property 
is called a geodesic. It may be shown that the shortest distance 
along a surface between two of its points is along a geodesic; 
thus the geodesics on a plane are straight hues; on a sphere, great 
circles. 
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On a convex surface Q *= -Bs. Hfflice from (§ 93, 4, 5) 

f=0, 

F 

hence F = constant, 22 = — • 

P 

A flexMe weightless string streU^ied over a smooth surface lies 
(dong a geodesic of the surface^ its tension is constant and reactum 
of the surface per unit 
length of string vanes 
irwersely as its radius 
of curvature. 

95. Rope or Belt 
Friction. We shall now 
find the relation be- 
tween the tensions of a 
rope or belt on the two 
sides of a rough cylin- 
der (of arbitrary normal 
section) over which it 
passes (Fig. 95a). If 
we neglect the weight 
of the rope, the distributed load Q is the reaction R of the cylinder 
per unit length of rope. In the figure the greater tension Ft is 
to the left. Taking T in this direction, 

Q-T = —22 sin 5, Q*R = — 22 cos 6; 
hence from (§ 93, 4, 5) 

Jjp 

-^ = B saa. d, kF = B cos 6 
ds 


\ 



Puttmg K = cbp/ds (§ 87, 3), we have on dividmg the first of these 
equations by the second 


rs-rr = tan B. 
F d4> 


When the rope is on the point of slipping tan 6 = n, the coefficient 
of friction between rope and cylinder (§ 32) ; then 


dF 

F 


= 
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If Fi and Ft denote the tensions on the right and left sides of the 
rope and a = tlie angle of wrap expressed in radians, 

we have on integrating the last equation between A and B 

In^ = liih — 4'i) = 

whence 

(1) Fi = Ft 

For a given value of Fi this gives the greatest value of F* consistent 
with no slippage. 

If the rope is r^arded as a band-brake on a wheel of radius r 
to which a clockwise turning moment is applied, the brake drum 
will not slip until the turning moment exceeds the frictional 
moment (Fi — Fi)r. 

On a circular cylinder the angle of wrap is equal to the angle 
AOB subtended at the center 0. 

Unless a table of values of c* is at hand, (1) is better adapted for 
computation after taking the common logarithm of both members 
Thus if the rope or belt makes n turns about a cylinder, a = 2vn 
radians, and 

(2) log Fi = log Fi -f- 2 iTfin log e = log Fi •+• 2 7288 im. 

Example 1. If a rope makes two complete turns about a cylindrical 
post and it - i, the linuting ratio of the tensions is given by (2) 
with pn - h 

log^ - 2.7288 X i - 1.3644, - 23 14. 

In other words, a pull of 1 pound at one end of the rope will balance 
as much as 23 pounds at the other before the rope begins to slip 
Example 2. In the band-brake shown in Fig. 966, find the least 
force P that will keep the brake-drum from slipping under the action 
of counterclockwise turning moment M. 

The tension Fi must be greater than Pi in order that frictional 
moment (P* — Pi)r may resist M. When slipping is impending 

(Fi - Fx)r = FxKei- - 1) = M, F, = ^ 

Since the bell-crank is in equilibnum, we have on taking moments 
about 0, 

Pa — Fib = 0, whence P = - — =• — • 

' oe<“ — 1 r 

* Lax denotes the natural logarithm of x (base e), log x the common loga- 
rithm (base 10). 
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Let us take, for example, b = a/10. If - 0.3, and the brake-band 
wraps over 3/4 of the drum (oe = 3 t/2), ef^ » is about 4. The 
formula above then gives P = 0.033 M /r. 





Example 3. Let us solve the same problem as m Example 2 for 
the differential band-brake of Pig. 96c. When shpping is impending, 
Fi has the value given in Example 2. From the equilibrium of the 
bell-crank we have, on taking moments about 0, 

Pa -h Pjc — Fib =0 or Po + Fi{eei^ — b) =0. 

On substituting the value of Pi in the last equation we find 

P _ 6 - ce<” M 
~ o(e^“ - 1) r 


In practice b must be greater than ce'" in order to avoid rupturing 
some part of the brake. 

In order to compare this brake with the former one, assume the 
same values as before, thus b = o/lO, c#" = 4; also take c = a/60. 
The formula above then gives P = 0.011 M/r. 


PROBLEMS 

A load of 5000 lb is supported by a rope 





d 

: 

r 


making 2} turns about the drum of a windlass. 

If in = 0.3, what force applied to the free end W i? 
of the rope will just hold the load? Fio 95d. 

2. In Fig. 95d what force F will just hold the 

load W = 1000 lb. if = i and the fixed cylindrical drums are of 
equal radii? 

3. A boat exerts a pull of 2000 lb. on its hawser, which is wound 
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about a mooiing-post on the dock. If ju = 0.3 find the number of 
turns of the rope m order that the boat may be held by a force of 50 
lb. at the free end of the hawser 

4. If the turning moment M in Example 2 is clockwise, show that 



_ h e>^ M 
~ — 1 r ‘ 

With the numerical data of Example 2 show 
that P = 0.133 Mir 

6. In the band-brake of Fig 95e, show that 
the force 

M b -h e&^ M b&^ -1- c 

^ ~ r o(e^ - 1) r o(e^ — 1) 


will just brake a counterclockwise or clockwise 
moment M. Compute P when M/r = 300 lb., 
6 = c = a/10, a = 3v/2 and n = 0.3. 

96. Parabolic Cable. We proceed to show 
that a cable whose load has a uniform hori- 
zontal distribution will hang in a parabola 
with a vertical axis. The cables of a suspen- 
sion bridge are approximately loaded m this manner; for the road- 
way they support is a uniform horizontal load which greatly 
preponderates over the weight of the cables and hangers (Fig. 
96a). Although we might use the general equations of § 93 to 
deal with this case, it is simpler to go back to the first principles of 
statics. 






Let us consider a suspension bridge cable with supports on the 
same level; the span is a, the sag/, the load w' per horizontal foot. 
Take the origin at the lowest point A of the cable and consider the 
equilibrium of the part AP (Fig. 966). This part is subjected to 
the horizontal tension H at A, the tension F at P, and the vertical 
load w'x whose resultant bisects the horizontal distance x between 
A and P . Since these three forces are in equilibrium they must 
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form a closod tnaogle and their lines of action must be concurrent 
(§ 53). Hence 

(1), (2) F sin » w% FooBrlf = H, 

so that 

tan 4' = . Also tan ^ 

•H ® 

since the forces meet in a point. Equating these values of tan ^ 
gives the equation 

( 3 ) 


which represents a parabola with vertex at A and axis vertical. 
Since y = f when x — i a, 


( 4 ) 


, _ loV 
^ ~ 8H 


or 


„ lij'o® 
^ “ 8/ • 


By squaring and adding (1) and (2) and then making use of (4) 
we obtain 


( 5 ) 


+ H* 



which gives the tension at any point P. At the pomts of support 
(» = ^ o) the tension has its greatest value, namely 



To find the length Z of the cable having a given span a and sag 
/, let n = f/a denote the sag ratio. Then since 

g = sec^ = Vl + tanV = \/ 1 = y/n- 

Instead of finding the exact value of this integral it is more con- 
venient for purposes of computation to expand the integrand by 
the binomial theorem and integrate the resulting series term by 
term We thus find 

iZ = J[*‘'(l + 32«*|“-512n*^+. • • )<&, 

(7) Z = a(l+|n*- jn*+- • • ). 
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Por the Hma.l1 values of n that usually occur in practice this series 
converges so rapidly that the first two or three terms will give a 
sufficiently close approximation for the value of 1. Thus when 
n = 1/8 the use of three terms gives Ifa = 1.0401, which is cor- 
rect to withm 0.0001. 

If a uniform wire is stretched nearly horizontal, w* is nearly 
equal to its weight w per imit of length. The wire will therefore 
hang very nearly in a parabola and the above results are approxi- 
mately correct with w* = w. The tension at the supports is 
H + «?/, from (§ 93, i) and, as / is small, differs but shghtly from 
H] thus the tension in the wire is nearly constant. 


Example 1. A telegraph wire weighing 0.05 lb. /ft. has a span of 200 
ft. If its tension is 250 lb., find its sag and its length. 

With w' = 0.05, a « 200, = 250, we find / = 1 ft. from (4), 

then from (7) 

Z=a+|^-200 +g^ = 200.013 ft. 

The tension varies by only wf = 0.05 lb. throughout the wire. 
Example 2, The parabolic cable BC (Fig. 96c) has the sag / ~ MN 

measured vertically below the 
0 — mid-point M of the chord BC, 

' ^ // ' i If ^ IS the horizontal distance from 

j ? Bio C, prove that 

/T .... , 


y ~ cx^ 


— 1 If the parabola is referred 

-^2 **1 horizontal and vortical axes 

Fiq, g0c_ through its vertex, its equation 

will bo given by 

(3) y = cx* where c = w'l2H. 

The points B, C, N of the curve have the cooidinates 

^(®, y), <?(* + A, 2/ + h), N{x ->r \ h,y + ik - f) 
where h and k are given; hence 
(i) y = ca:», 

(li) F 4- i = c(a: + A)* = ca:* 4- 2 exh 4- cA*, 

(m) y + 4 A — / = c(® 4- i A)* = 4- c®A + i cA*. 

Adding (i) and (ii), dividing by 2, and subtracting (iii) from the result- 
ing equation, we obtain 

(ivl / = i cA» = 
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as given in (8). If / and h are given, this equation serves to compute 
H. 

Given h, k and /, we may compute e from (iv), then x and y from 
(i) and (ii). Then from (7) we can find the length of the arcs AB 
and AC; their difference gives the length of the cable BC. 

Example 3. A standard steel tape weighing 0.0066 Ib./ft. reads 
correctly at 66® F. under a tension of 16 lb. What correction must 
be made for sag when the tape is used under these conditions for an 
apparent horizontal measurement of 100 ft. ? 

If 1 is the distance read on the tape, a the true distance, and / the 
sag, we have from (7) and (4) 


hence 


I 


, 8jf> . U)a» 
® +3 a' ^ ~8H’ 


, 8 1 
* “ ® “3 64F* “ M very nearly. 


Putting w = 0 0066 , 1 = 100, H = 16 we find 

1 - o = X 100 = 0.0071 /<. 

as the correction to be deducted. 

Example 4. Each cable of a suspension bridge of 500-ft. span sup- 
ports a uniform load of w' = 1000 Ib./ft. With a concentrated load 
of W = 20,000 lb. at the center, the sag f = 40 ft. Compute the ten- 
sion at the supports and locate the vertex A of the parabohc arc 
PC (Fig. 96d) 



At the supports let F [H, 7]. If we treat the entire cable as a 
free body, we have 

(i) 2 V — w'a — W = 0, whence V = i (P7 -1- w'a). 

Next treat the part BP as & free body, introducing the forces [H, V] 
at B and [—A, — »] at P. The moment equation about P gives 
Hf + i w'a‘i a — V‘i a = 0; 
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hence in view of (i) 

(u) H^^{W + \w'a). 

Moreover from horizontal and vertical balance 

h ~ H =^0, V — V — i w'a = 0; 
hence the stress at P has the components 

h = H, V = i W. 

The last result is also obvious from the equilibrium at the point P. 

Now imagine the part CP of the cable prolonged to its vertex A 
and let (x, y) be the coordinates of P referred to A. Then from (1) 

(m) V ^v/x, ® = ^/ 

Also from (3) y => w'x*/2H', hence with the values of x and H above, 

W^f 

“ v/a(2 W + w'a ) ' 

If we substitute a »» 500, w' =■ 1000, W - 20,000, / = 40 in the 
equations above, we find 

H = 1,625,000, V = 260,000 lb , a: = 10, y = 0.059 ft. 

The tension at the supports is 

F = VH» + 7* = 1,646,000 lb. 

PROBLEMS 

1 . Each cable of a suspension bridge has a span of 600 ft., a sag of 
50 ft. and supports a load of 1000 lb per foot. Find the length of the 
cables and their tension at the lowest and highest points. 

2. Find the sag of a parabolic cable 510 ft. long which bridges a 
span of 500 ft. 

8. If the sag-ratio n of a parabolic cable is small, say loss than 1 /8, 
prove that a small change dl in its length (due, for example, to a 
change in temperature) will produce the following changes iii /, H, and 
the tension F at the supports: 

^ dl TT TT 

dH^-Jdf, dF^^dH. 

4 . If the coefficient of expansion of the cable in Problem 1 is 
0.000007 per degree Fahrenheit, compute the increase in sag due to a 
temperature rise of 50® F. What change will this make in the tension 
at the supports? 

6 . If the element ds of a cable is under, a tension P, it will stretch 
an amount de = F da/ AE, where A is the section-area of the cable 
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(in.’) and E its modulus of dasticity (Ib. per sq. in.) If F denotes the 
tension of a suspension bridge cable at any point due to the load of the 
roadway alone, prove that this load will increase its length under its 
own weight by an amount 


< 






6. If the load in Problem 1 is entirely due to the roadway, compute 
the length of the cable when unloaded, given that A ^ 24: in.* and 
E « 30,000,000 Ib./in.* 

7. If a wire of length Z is stretched nearly straight between two 
points A, B at different levels, prove that its sag under the middle 
point M of the chord ABi& approximately P, where P, the ten- 
sion, is regarded as constant. [This may be deduced from (8); or 
consider the part NB ol the wire as a free body (Fig. 96c) and take 
moments about BJ\ 

8. If the line of action of a weight of W lb., applied at the point 
P of a cable supporting a uniform load of w' Ib./ft., divides the span a 
into the parts ai, o^, show that 


H +iw'a\ 

where / is the sag at P. Find also the vertical component of the ten- 
sion at each support. 

9. A cable BPC of span a supports uniform loads of w' Ib./ft. 
over BP, 2w' Ib./ft. over PC. If the horizontal projections of BP 
and PC are 2 a/3 and a/3, show that the greatest sag / occurs at 
a horizontal distance 5a/9 
from B and is given by 

w'a^ 

^ ^162 H ' 

97. The Catenary. If 
a uniform chain or flex- 
ible cable hangs freely 
between two pomts, the 
curve it assumes under 
the influence of gravity 
is called a catenary. To 
find its equation con- 
sider the equilibrium of the part AP of length s, extending from the 
lowest point A to any other point P (Fig. 97a). Draw the y-axis 
vertically upward through A ; the position of the horizontal a>-axis 
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is left open for the present. The part AP is subjected to the hori- 
zontal tension H at A, the tension F at P, and the vertical load 
ws whose resultant passes through the point where the lines of 
action of H and F meet. From the force triangle 

(1), (2) F sin = W8, F cos — H, 

so that tan = ws/H, or 

H 

(3), (4) s = c tan ^ where c = — • 


The constant c represents the length of cable whose weight is 
it is called the paramder of the catenary. From (3), the irdrinsic 
equaiion of the catenary, we may obtain the codrdmates x, y of 
P as functions of ^ by the following method.* From (§ 85, 4, 5) 

g=cos^, ^=sin^; also ^ = csec*^ 


from (3); hence 


^ 

64^ ds d4> 


cos^ • c sec*^ = c sec^. 


dy _ 

dp dsdp 


— sin^'csec*^ = ct&npsecp. 


On integrating these equations we find 

a; = c In (sec p + tan p) + A, 
y = caecp + B, 

where A and B are constants of integration. Since a: = 0 when 
^ = 0, .4 « 0; and if we choose the x-axis so that y = c when 
= 0, B = 0 also. The parametric equations of the catenary 
with this choice of axes are therefore 

(5), (6) X = c In (sec p + tan p), y = c sec p. 

We now eliminate p between (5) and (6) to obtain the Cartesian 
equation. From (5) 

I 

sec p H" tan p = e®, 

and on taking reciprocals of both members 

_ g 

sec ^ — tan = e 

* This method applies whenever the intrinsiG equation of a curve has the 
forms 
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On adding and subtracting these equations we obtain 

sec^ = J (c* + « ') = cosh=, 

0 

tan ^ = i (e^ — e = sinh- ; 

c 

hence from (6) and (3) 

(7), (8) y = c cosh-, s = csinh-. 

c c 

Here (7) is the Cartesian equation of the catenary, while (8) 
gives its length from the vertex A{(i, c) to the point P(a:, y). The 
ic-axis, a horizontal line at a distance c below the vertex, is called 
the dtredrix of the catenary. 

From (7) and (8), or from 

(6), (3) y = c aeoilf, a = c tan ^ 

we obtain the relation 

(9) j/» = s* + c®. 

Again, if we put sec ^ = y/c, tan ^ = sfc in. (5) we get 

(10) a; = cln^-±-^. 

c 

The radius of curvature p = ds/dt}/ (§ 87, 3); hence on differen- 
tiating (3) we find 

(11) p = csec®^?' = yaeGiff. 

In particular, at the vertex A,\// = 0 and p = c, the 'parameter 
of the catenary %s equal to the radius of curvature at the vertex. Hence 
the fiatter the catenary, the larger its parameter 
In Fig. 976, PT and PN are tangent and normal to the catenary 
at P and QL is drawn perpendicular to PT. Then from (6), 
(3) and (11), 

QL — y Gos^ = c, PL = c t&nip = a, PN = y secyf/ = p. 

Equation (9) is the Pythagorean Theorem applied to the right 
triangle PQL. Moreover the radius of curvature is represented 
by the segment of the normal mcluded between the curve and its 
directrix. Those geometrical relations are true only when the 
same unit of length is used on both coordinate axes. 
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Consider now the tension F in the cable at P. From (1) and 
(2) we see that its vertical component V = ws and that its hori- 
zontal component H is constant. The parameter c is defined in 


y 



(4) so that H = wc. Finally, from (2) and (6), 

V 

F = 7/ sec ^ = wc- = wy, 
c 

the tension therefore vanes as the height above the directrix. In 
brief: 

(12) H = wc, V = ws, F — wy 

If we choose the parameter c as the unit of length on both 
axes, the new coordinates are X = x/c, Y = y/c, and equation (7) 
of the catenary becomes Y = cosh X. This means that all 
catenaries are geometrically similar. 

Example 1. A uniform cable 80 ft. long and weighing 1 lb /ft. 
hangs between two supports on the same level. If its central sag is 
10 ft., find the horizontal span a and the tension F at the supports. 
At the right support s «= 40, y =■ c + 10, hence from (9) 

(c + 10)* = 1600 + c», whence c = 75 ft., j/ = 85 ft. 

Now from (10) 

i o = 751n ^ - -^^^ = 761n| =• 75 (In 6 - In 3) 

■= 75 X 0 51083 = 38.31 ft. 

The span is therefore 76.62 ft. 
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Since lo 1 we have from (12) 

H = 751b., V = 401b., F « 851b. 

at the supports. This force makes with the horizontal an nTiglA of 
V 40 

^ - tan-i|p = tan-^^ - tan-^ 0.5333 - 28“ 4'. 

Example 2. A uniform cable of length 1 » 40 ft. and weighing 2 
lb. /ft. hangs between supports on the Hamn lerel. If a load of W 
= 1000 lb., attached at its middle point P, produces the sag / » 10 
ft., find the tension F at the supports (Pig. 97c). 

Equilibrium at P requires that the vertical components V of the 
(equal) tensions of two parts of the cable at P shall just balance W; 
that is, 2 V — W =0. Let A be the vertex of the catenary P(7, e 
its parameter, s the arc AP and y the ordinate of P. Then from (12), 
V = W8, and hence ws = iW. 

Since F = w{y +/) at the supports, F may be computed when y 
is known; we therefore seek the value of y. From (9) 

y» = s* + c» and (y = (s + i f)* + c»; 
hence on subtracting to eliminate c we get 

2y/ +/> = sf + ii* or S' =^ + ^- 5* 

Therefore 

F = w{y +f) = + +“(l7 + 2)* 

Substituting Z = 40, / = 10, it? = 2, W = 1000 in this formula we 


obtain 



Pig. 97c Fig. 97d 


Example 3. A chain AB, 20 ft long and weighing 2 Ib./ft., hangs 
from a :^ed point B and has a horizontal force of 30 Ib. applied at its 
lower end A (Fig. 97cZ). Find the position of A relative to B when 
the chain is in equilibrium and compute the tension at 5. 
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The equilibrium of the cable requires that at B the force 
F = [S', ws] = [30, 40]; hence F = 50 lb. 

From (12) 

ff=30=2c, F=60=2y, hence c = 15, y = 26 ft. 
Now / = j/ - c = 10 ft.; 

and from (10) 

h = 151n— = 16 In 3 = 16.48 ft. 

Example 4. A uniform chain, hanging between the points B, C, 
supports the loads W, W at the points P, P'. Prove that the arcs 
BP, PP', P'C are portions of catenaries having the same parameter. 
(Draw the figure.) 

Denote the parameters of these arcs by ci, Ca, Cs respectively. 
At P the load W and the tensions in the portions PB, PP' of the 
cable are in equihbrium. Since the sum of the horizontal components 
of these forces equals zero, wci — wc% - 0 and ci = Ca Similarly from 
the equilibrium at P' we have Ca = Ca. 


98. Cable with Supports on the Same Level. Denote the 
length, span and sag of the cable by I, a and / respectively (Fig, 
976). When two of the quantities I, a, f are given, we can compute 
the third and the parameter c of the catenary from the results of 
§ 97. At the right support s = ^l, x = ^ a, y = c +f; hence if 
we write 


( 1 ) 


a 

u = ^ or c 
2 c 


a 

2 u 


the equations (7), (8), (9), (10) of § 97 give respectively 


( 2 ) 

( 3 ) 

( 4 ) 

( 5 ) 


^ _ cosh u — 1 


a 

I 

a 


u 

sinh u 
u 


(c + /)® = iP + c* or 2cf+f^iP, 

a = 2cln®-±/±ii. 


The tension at the supports is given by (§ 97, 12) : 
(6) F = ie?(c+/). 
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Problem I. Otvm I and a, to find f. 

Find by trial the (positive) root u of (3) with the help of a 
table of hyperbohc sines. Then compute / from (2); or first 
compute c from (1) and then /from (4). 


Example. Given I = 150 ft., o - 100 ft., u» =» 2 Ib./ft.; find the 
sag / and the tension at the supports. 

We first find a root of the equation (sinh u)/u ■= 1.5. From the 
tables we find that 

« - 1.62 gives (sinh «)/«- 1.4985, 

It = 1.63 gives (sinh u) /u = 1.5055 

Hence, by interpolation, 

V, = 1.62 + 45 X 0.01 = 1.622 approximately. 


Now from (2) 


50 


cosh 1 622 — 1 
1622 


50.26 ft. 


Or we may compute c from (1) and / from (4) . 

50 

/ = Vi + C> - c =» V65^ - 30 83 = 50.26 ft. 
The tension at the supports is 

F = 2 (30.83 + 50.26) = 162.2 lb. 


Problem II. Gkven a and /, to find 1. 

Find by trial the root u of (2) with the help of a table of h 3 rper- 
bolic cosines. Then compute I from (3 ) ; or first compute c from 
(1) and then I from (4). 

Problem III. Given I and /, to find a. 

Compute c from (4) and then a from (5). (See § 97, Example 1 ) 


PROBLEMS 

1. A chain BCD, weighing 1 Ib./ft., is fixed at B, passes over a 
smooth pin C and then hangs vertically. If the parts BC, CD are 
40 ft. and 30 ft. long respectively and C is 20 ft. below the horizontal 
through B, show that C is at the vertex of the catenary BC. Also 
find H, V and F at B. 

2. If both parts of the chain in Problem 1 are 40 ft long, find H, 
V and F at B. {C is no longer at the vertex of the catenary.] 

3. A cable 100 ft. long and weighing 2 lb /ft hangs between two 
points on the same level. If the sag is 10 ft., find H, V and F at the 
supports. 
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A. Knd the length of a we having a horizontal span of 100 ft. 
and a sag of 25 ft. 

6. Find the sag of a cable 1200 ft. long over a horizontal span of 
1000 ft. 

6. A wire of length I hangs between two points on the same level. 
If is its inclination to the horizontal at the supports, show that 
the sag is / = tan i 4/. 

7. Show that a wire of length I and sag / has a horizontal span of 

/P A, 1+2/ 

« “ - 2 /‘ 

8. A uniform chain of length I hangs symmetrically over two smooth 
pins on the same level and at a distance a apart. Show that the pa- 
rameter c of the catenary formed by the central portion must satisfy 
the equation 

a 

l = 2 ce^‘ 

Thus Mu— a /2 c, u must be a root of the equation e“/M => I /a. 
Prove that this equation has no roots, one root or two roots according 
asl<ae,l = ae,l>ae 

99. Cable with Supports on Different Levels. Consider now a 
uniform cable supported at two points B, C on different levels. 

When the relative positions of 
B and C, and the length I of 
the cable, are known, the 
catenary is completely de- 
termined Our problem, then, 
IS to compute its parameter c 
and to locate its vertex A. 

As before we choose the di- 
rectnx (as yet undetermined) 
* and the vertical lino through 
the vertex A as coordinate 
axes (Fig 99). Let the left 
and right points of support be 

B(x, y), C{x + h,y-{- k), 

where h and k are given; and let s = arc AB. We aball then 
compute c,x and y; then y locates the directrix, x and c the 
vertex. 



Fia. 99. 
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From (§ 97, 7, 8) we have 

k=(y-\-k)— y = c cosh " ^ — c cosh—, 

c c’ 

^ = G + s) — s = c sinh — ^ — c sinh— : 

c e * 

on making use of the formulas 

coshtt — coshv = 2 sinh ^ ^ 

2 2 

sinh u — sinh v = 2 coah ^ ^ mnh ^ ~ * 

2 2 

these become 

(1) k = 2csinh^^±^sinh;^-, 

2 c 2c^ 

(2) I = 2c cosh- ^~^ ^ sinh^. 

2 c 2 c 

From (1) and (2) we have 

(3) , (4) V'P^ = 2cainhA, ^=tanh?i^. 

Z C L Z C 

Equation (3) may be written 

/c\ “ Vi® — fc® , h 

(6), (6) j— Where 

Since c > 0 and A > 0 (B is to the left of C), ^ > 0. Now (5) 
has always a single positive root when VP — /tz/A > If; this 
condition is always fulfilled since I > BC, that is, P > + JcK 

Let u denote the positive root of (5) After finding u by trial, 

* The identities connecting the trigonometric functions may be changed 

into their hyperbolic analogues by replacing 

sin Uj cos Uf tan u by i sinh tt, cosh u, ^ tanh u 

where ^ = V— 1 Thus, since i* = —1, 

sin® u + cos® u = I gives cosh* u — sinh® u = 1; 

-h y . u — V 
cos u — cos V — —2 sin — g — sin — g — 

gives the first of the formulas above 

t This root is the abscissa of the right-hand point of intersection of the 
curves 

VZ®-Jb* 

y — smh Uj y = — u 

plotted with u as abscissa and y as ordinate. 
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with the help of table of hyperbolic sines (see § 98, Example) we 
may compute c = V2 u from (6), 

Knowing c, we may now compute x from (4) : 

(7) ®+^=ctanh = 

and then y from (§ 97, 7). 

We may also compute y without first finding x. Since 

y + (y + k) ~ c cosh-4- c cosh ^--— , 
c c 

we have, on maldng use of the formula 

cosh u + cosh V — 2 cosh — cosh — 2 ~ > 

, k ,2 X h vA 

3,-f^=ccosh-^cosh^. 

On dividing the members of this equation by those of (2) we obtain 
^ ^ ^ 2 ~ 2 tanh w 

where u is the root of (6) found above Note that the left mem- 
bers of (7) and (8) give the coordinates of the mid-point M of 
the segment BC, these equations, therefore, locate the ongin 0 
with reference to M. 

The tensions at B and C are wy and w(y -f k) respectively. 

PROBLEMS 

1. If Z « 104 ft , A = 64 ft., A; = 40 ft., and w = 2 Ib./ft , find 
the tensions at the supports. 

2. If Z = 130 ft., h = 40 ft., Jk = 60 ft., locate the lowest point of 
the cable with reference to ilf, the middle point of the chord joining 
the supports. 

100. Concentrated Load on Cable. We shall only consider the 
case of a uniform cable with supports on the same level and having 
a load W attached at its middle point (Fig 97c). 

Suppose that the length Z and span a are given; and let the load 
W = nw, where w is the weight of the cable per unit of length. 
We propose to compute the sag / and the tension P at the supports. 

• From the identity tanh"* v = ^ In • 
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Let A denote the vertex of the catenary CP, c its parameter^ 
s the arc AP , and (a;, y) the cobrdinates of P referred to the di- 
rectrix and the vertical through A. As in § 97, 'Bjvn.mplft 2, equi- 
librium at P requires that 

2ws — W = nw, whence s = ^ n. 

Now from (§ 97, 8) we have the two equations 

(1) > (2) in = csinh^, i (n H- 1) — c sinh 

c c 

to determine x and e. But since 

c sinh - ^ ^ = csinh-codi^-f c cosh-sinh^ 

c c 2 c c 2 c 

= incosh;^-}- ccosh-sinh^, 

2c c 2c’ 

(2) may be written 

(2)' (n -f 0 ~ wcosh^ = 2ccosh^sinh^. 

On multiplying (1) by 2 ainh (a/2 c), we get 

(1)' n sinh^ = 2 c sinh-sinh^. 

2 c c 2 c 

To ehmmate x from (1)' and (2)' we square the equations and 
subtract; we thus obtam 

(n + IY — 2 n(n + 1) cosh ^ -j- ra* = 4 c* sinh®^ , 


or on writing u = a/2 c, 

/o^ (n + lY + 2 n{n + 0 u sinh® u 

^ o* a® w 

This transcendental equation alwa}^ has just one positive root. 
For as u increases from 0 to oo , the left member steadily decreases 
from P/a* (>1) to — oo while the right member steadily increases 
from 1 to 00 . Therefore there is just one positive value of u, for 
which both members have the same value. Having found this 
positive root u by trial, we may compute c = a/2 u 
From (§ 97, 9) 

y = >/«* -f- (?, y +f = V'(s + i 0* + c*; 
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knowing s = i n and c, these equations serve to compute y and 
/. The tension at the supports is F = w(y + f), 

101. Summary, Chapter Vn. In order that a flexible cable 
may be in equilibrium it is necessary and sufficient that the force- 
sum and moment-sum of the external forces acting on any portion 
of it shall vanish. The moment equation requires that the tensile 
stress at any point of the cable shall be tangential to the cable. 
The force equation gives 


ds 


+ Q = 


0 , 


where Q is the distributed load per unit length of cable. 

A light string stretched over a smooth surface will trace a geo- 
desic of the surface; its tension is constant. 

The tensions Fi and Fi {F 2 > Ft) on the free sides of a rope or 
belt, wrapped over a rough circular cylinder through a radians, 
are related by the equation 

Fi = Ft&“ 


when slipping is impending. 

When the load has a uniform horizontal distribution (w' lb. 
per foot) the cable forms a parabola 


y “ 


toV 
2H '■ 


hence H = 


w'a^ 

8 / 


where a is the horizontal span, / the sag At the supports (on 
the same level), 7 = i w'a. 

When the load is due to the uniform weight of the cable (to lb. 
per foot) the cable forms a catenary 


y 


wC 

c cosh- ; and s = c sinh - 
c ’ c 


gives the length of arc measured from the vertex to a point whose 
abscissa is x; hence y® = s® + c®. When the supports are on the 
same level, any two of the quantities I, a, f (length, span, sag) 
suffice to determine the third and the parameter c. The tension 
at any point at a distance y above the directrix iaF = v}y. 
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102. Speed* To define the position P of a particle moving 
along a curve, choose a point A of the curve from which to 
measure distances (arcs of the curve) and take a definite direction 
along the curve as positive. Then if the arc s = AP is given as 
a function of the time. 


As 


P‘ 


Fig. 102a. 

Now let the particle pass the points 
t and t' = t + Ai; and let 


the motion of the par- 
ticle is determined, in 
the sense that its posi- 
tion is given at every 
instant. 

P and P' at the instants 


arc AP = 5 , arc AP' = s' = s + As. 


Then the quotient 


s' — s __ As 

A« 


represents the average rate at which the particle is describing its 
path during the interval Ai. 

If this quotient is the same for all intervals At, the particle is 
said to have a constant speed oi v — As/ At. The particle then 
describes v units of length during every unit of time. If the time 
is measured from the instant when the particle is at Po (s = So), 
we have 

S — So s — So 
s — So + vt (v constant). 

When As/ At varies for different time intervals At, it is 
called the average speed during the interval At; for a particle 
moving with a constant speed of As/ At would describe the arc 
As in the time At. Now imagine i' to be chosen nearer and nearer 

211 
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to t. Evidently the smaller the interval M between t and if, 
the more nearly will As/Af measure the rate at which the particle 
is describing space at the precise instant i. We therefore define 
the limit, iTig value of As/ At, as At approaches zero, as the speed 
at the instant t. Denoting the speed by v, we have in the notation 
of the Calculus: 


( 1 ) 


V 


As ds 
hm -TT = TT" 


The speed, thus defined, will be positive or negative according 
as 8 is increasing or decreasing at the instant considered; that is, 
according as the motion is in the positive or negative direction 
of 8. 

When the units of length and time are chosen, the unit of speed 
is determined. A particle moving uniformly with unit speed 
describes a unit of length in a unit of time. In the British sys- 
tem of units, common umts of speed are the foot per second 
(ft./sec.) and the mile per hour (mi./hr.). It is often conven- 
ient to remember that 

60 mi./hr. = 88 ft./sec. 


Example 1. The approximate space-time relation for a body falling 
&om rest is 

8 = 16«»; 

here s is measured in feet from the starting point, t is in seconds, and the 
-fs direction is downwards. To compute the speed when f = 3, we note 
that $ = 144 at this instant. At a later instant t = 3 + At, s » 144 + hs; 
hence 

144 -f As - 16 (3 + A<)* - 144 + 96 A« -f 16 A«*, 

As = 96 A< -f 16 AP, 


At 


= 96-1-16 At. 


The average speed is seen to be variable and dependent upon the length 
of the interval At; but as At — > 0, the average speed approaches the value 
96 as a limit. Thus the speed at the instant t = 3 is 96 ft./sGC. 

Example 2 A man 6 ft. high walks directly away from a light upon 
the ground towards a house 100 ft. distant. If the speed of the man is 
6 ft./sec., find how fast his shadow on the house is moving when he is 
30, 60, and 90 ft from the light. 

Let X denote the distance of the man from the light, and s the length 
of his shadow. The +x direction is towards the house, the H-s direction 
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upward. 


From Fig. 1026 we have 


« h 
l"’z’ 


^ Jh dx 
dt’^ ~ sfi'W 


. ^ u 

s = — : hence 

8600 
a? ’ 


since I = 100 ft., A = 6 ft,, dx/<U - 6 ft./sec. Putting x = 30, 60, 90 

successwdy, we obtain the 
corresponding speeds ids/dt-^ 
—4, —1, — I ft./8ec. The 
negative ragns ^ow that the 
shadow is decreasing. 

PROBLEMS 

j«. j 1. Solve Example 2, when 

Fio. 1026. ^ is 8 ft. above the 

ground. 

2. A kite is 200 ft. hi^, with 250 ft. of cord out. If the kite moves 
horizontally 4 mi./hr. directly away from the boy flying it, how fast is 
the cord being jiaid out? 

3. A car is drawn along a straight horizontal track by means of a rope 
wound in on a windlass at the rate of 3 ft./sec. If the rope passes over 
the windlass 6 ft. above its pomt of attachment to the car, at what rate is 
the car moving when its horizontal distance from the windlass is 12 ft.? 

4. If s = — 10 < + 16, find the speed. Describe the motion. 

6. A particle descnbes 

a semicircle 2 ft. m di- 
ameter in such a manner 
that its projection upon 
the diameter moves at 
the constant speed of 4 
ft. /sec. What is its speed 
when § ft. above the di- 
ameter? 




Fig 


— r- 

103. 


103. Space-Time 
Curve. Any space- 
time relation, s =f(t), 
may be plotted as a 
curve by taking t, s as rectangular coordinates. The curve 
plotted with t as abscissa and s as ordinate is called the space- 
time curve (Fig. 103). 
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The average speed As/M during the interval M =^1/~ t is 
represented by the slope of the secant joining the points {t, s), 
s') of this curve: 


M 




= tan 4>. 


As At approaches zero, the secant approaches the tangent to the 
curve at (t, s) as its limiting position, and its slope approaches 
the slope of this tangent. Hence the speed at the instant t is 
represented by the slope of the tangent to the space4iine curve at the 
point (t, s). In obtaining this slope from the graph, vortical and 
horizontal distances must be measured in the umts of length and 
time, respectively, employed in plotting the curve. 

When the speed is constant, s = So + (§ 102) ; the space-time 
curve is then a straight line of slope v, intercepting the distance so 
on the s-axis. 


PROBLEMS 

1. Plot the space-time curve when s = 16^ (§102, Example 1). Obtain 
graphically the average speed in the interval from t = 3 to t = 4, and also 

the speed at the instant t =3. 

2. Plot the space-timo curve 
when a = 600/® (§102, Example 
2). Obtain graphically the 
speeds when x — 30, 60, 90. 

104. Velocity. We have 
seen that the speed, v = ds/dt, 
measures the instantaneous 
rate at which a particle is 
movir^ along its path. As 
the speed gives no informa- 
tion about the instantaneous 
direction of the motion* we 
introduce a vector quantity, 
the vdocity, which gives the rate at which the particle is changing 
its position in both magnitude and direction. 

Let 0 be a definite point of some fixed system of reference; 

* la the case of rectihaear motioa, however, the sign of the speed gives the 
dixectioa of motion along the line. 
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for example, 0 may be thoi^lit of as the ori gin of a system of 
rectangular axes having an invariable position in space. Then 
the position P of the moving particle at the instant t is given when 

its position vector, r = OP, is known. At a later instant f = 
t + M, let the position vector be P* OP'. Then the vector 

I'-t PP' Ar 
t' -t At ~ M* 


represents the average rate at which the particle is oTianging its 
position during the interval At, in diredion as wM as in magni- 
tude. 

If Ax/ At is invariable in length and direction for all inter- 
vals At, the particle is said to have a constant velocity of v = 
Ax/ At. If r sr ro when t 0, we have, in this case. 


_ r - to r - ro 

— i^’ 

X = Xo + yt (v constant). 


The end of the vector r describes a straight line through the 
end of ro and parallel to v. The particle is displaced an amount 
V in every unit of time. 

When the vector Ax/At varies for different intervals, it is 
called the average veheUy for the interval At; for a particle 
moving with a constant velocity of Ai/At would undergo the 
displacement *Ar in the time At. The average velocity is repre- 
sented by a vector PV' of length PP' /At, laid off m the direc- 
tion PP'. As the interval At varies, PV will vary in length, in 


direction, or m both. But as At approaches zero, PV approaches 

a definite limi tin g vector PV, tangent to the path at P. This 
limiting vector is defined as the velocity of the particle at the in- 
stant t. Denoting it by v, we have 


( 1 ) 


, At dr 
V = hm — = TT- 

At ^ 0 


The vdocdy of a particle is equal to the time derivative of its position 
vector from a fixed origin. 

It remains to show the connection between the velocity v and 
the speed v of the particle. Choose an ongin of arcs «, and a 
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positive direction along the path. From (§ 83, 2) we have 


dr ^ 
ds dt 


= vT 


where T is a unit vector tangent to the path at P in the direction 
of +s (§ 85, 1); hence 

(2) V = iT and |v| = |t;|. 

T?ie vdoedy at Pis represented by a vector tangent to the path at P 
in the direction of instantaneous motion and of length numerically 
equal to the speed. The velocity vector is thus localized at the 
moving particle. 

105 . Acceleration. The velocity of a moving particle at dif- 
ferent instants can be graphically represented by drawing the 
corresponding velocity vectors tangent to the path (Fig. 105a). 



To bring into evidence the variation of the velocity, the velocity 
vectors may be drawn from the same initial point, thus, in Fig. 

1056, AU = PV, AV' =P'V'. As the particle moves along its 

path we imagine the velocity vector AU io revolve about A ; its 
end point U will then describe a certain curve, which is called 
the hodograph of the motion. Now the hodograph is related in 
the same way to the velocity vector as the path of the particle 
is to its position vector. And just as the velocity has been defined 
as the rate of change of the position vector, we now define the 
acceleration as the rate of change of the velocity vector. Thus 
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if the velocity at the instants t and i' = i + Ai is v = PV, 
the vectorial change in the velocity during the interval At is 

v' - V = PT' - ^ = AU' -Ih= UU' = Av. 

The vector Av/Ai represents the average rate at which the veloc- 
ity is changing during this interval. 

If Av/At is constant for all intervals At, the particle is said to 
have a constant aecehratim of a = Av/At. If v — Vo when i = 0, 
we have in this case 


« _ V- Vq V — Vq 
t-0 t ’ 

V = Vo -{- af (a constant). 


The hodograph is then a straight line through the end of Vo and 
parallel to a; and the velocity receives the increment a in every 
unit of time. 

When the vector Av/At varies for different intervals, it is 
called the average a^lerahon for the interval At. The accderor 
tion at the instant t is then defined as the limiting vector 


( 1 ) 


,. Av 

a = hm XT = 

At-^O At 


dt 


localized at the moving particle. The acceleration is equal to 
the time derivative of the vdodty. In the figures, the acceleration 
at P is equal to the velocity of U on the hodograph; its magnitude 
is numencally equal to the speed of U. 

Since v = dx/dt, we may also write (1) in the form 



The unit of acceleration is such that a particle having a con- 
stant unit acceleration experiences a vector change of one unit of 
velocity in each unit of time. Unless the body is moving in a 
straight line, a unit acceleration does not imply a unit change of 
speed in a unit of time. 

With the foot and second as units, the unit of acceleration is 
one foot-per-second per second. This is usually abbreviated as 
ft./sec.®. When we say that the acceleration of a particle is 
8 ft./sec.® at a certain instant, we mean that if, from this time on, 
the acceleration remained constant in magnitude and direction. 
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the vector ch&nse in velocity would aiinount to 8 ft./sec. in each 
second. 

Example 1. A train running 45 mi./hr. on a straight track is 
retarded uniformly to 30 mi./hr. m one minute. Fmd its acceleration 
during this interval. 

Let i denote a unit vector in the direction of motion. Then since 
the speed decreases uniformly from 66 ft./sec. to 44 ft./sec. in 60 sec. 

44i - 66i ^ _0.367ift./sec.* 


a =-rr 


Av 

At 


60 


Example 2 If a particle P moves in a circle of radius r with constant 
speed V, the hodograph is evidently a circle of radius v. The particle 

makes a complete circuit m the tiiriA 
T =■ 2iir/v. Smce the end-point U of 
the velocity vector describes the hodo- 
graph in the same time, the speed of V 
is 2jr»/r = v*/r. This is the magnitude 
of the acceleration. The acceleration 
vector a, drawn from P, has the same 
direction as the velocity of C7 in the 
hodograph; the acceleration is therefore 
directed towards the center of the path. 
The acceleration may also be found by direct computation. Since 

V ■■ «T, 

dv dT dT ds »» 



PatA 


Fig. lOSc. 


A =‘-S7 ~ V-77 


dt 


dt 


^ ds dt r * 


(§ 86 , 1 ). 


Example 3. When a wheel of radius h rolls along a straight track, 
a point P on its rim describes a cycloid (Fig. 87c) . The position vector 
of P is 

OP = r = 6ai 4- 6j -H 6 r (§ 87, Problem 3) 


We shall compute the velocity and acceleration of P when the wheel 
is rolling at a uniform rate, that is, when de/dt is constant. 


V 


_ 2,^' J_h — — 

~ dt ~ ^ dt^ ^ ^ dd dt ’ 


or, on writing de/dt a and putting ds/da = P (§ 86, 2) 

V = 6M(i 4- p) 

From Fig. 87c we see that the vector i 4- p is perpendicular to IP; 
and since v is tangential to the cycloid at P, /P is a normal to ttie 
curve. 
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Remembermg that a is constant, 

„ dr d?de 

^ °di = (8 86,3). 

Therefore the acceleration of P is always directed toward the center 
of the wheel. 


PROBLEMS 

1. If the speed of a particle on any path is constant, show that 
a = (»’/p)n. What is the hodograph? 

2. A flywheel 6 ft. in diameter is making 75 r.p.m. Find the 
acceleration of a point on its rim. 

3. An automobile runs on a one-mile drcular track at 60 mi./hr. 
Find its acceleration in mi./hr.* and ft./sec.* 


106. Rectangular Components of Velodly and Acceleration. 
If the rectangulair coordinates of a moving particle P are given 
as functions of the time: 

y=Mt), 

the Cartesian equations of the path are obtained by RliTnmfl.t.ing 
t. If this elimination is impossible, the path is still determined 
by these equations. 

Since the position vector of P is 

OP = r = ad 4- yj + 


we have for its velocity and acceleration 


~ dt~ dt^ 


a 


dt ~ dt*^ "^dt* 


The components of velocity and acceleration are therefore 


dx 

II 

dz . 


(Px 

d*j/ 

d*« 

- dp’ 



If P' is the projection of P on the x-axis (Pig. 11), OP' 
and the velocity and acceleration of P' are 


dx. 


d?x. 


ad 
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Since any axis may be chosen as the a>-axis we see that the velocity 
and acceleration of the projection of a particle on an axis are equal 
to the projections of its velocity and acceleration on that n vi's 
Since the coordinates of a point on the hodograph are equal to 
(Vg, Vg, Vg), its parametiic equations are 

» “ y = ft it), 2 = ft it), 

where the primes denote differentiation. Its Cartesian equations 
are obtained from these by eliminating t. 


Example. Let the equations of motion be 

X A coatd, y B ^nl. 


By eliminating t we obtain 


A* 


1 


as the Cartesian equation of the path; this is an ellipse of semi-axes, A, B. 
The velocity components are 

vg •» —nA sin nt, vg =nB cos n«. 

El im in at i ng t from these equations, and replacing Vj, vg by z,y we obtain 

^ + = 1 
n»A* ^ n*jS* 

as the equation of the hodograph. Tliis is an ellipse of semi-axes, nA , nB, 
and is therefore similar to the ellipse forming the orbit. 

The acceleration components are 

Og = — 71*A cos tU = —n*x, og = — n’B sin nt = ~n*y; 
whence 

a = —n* [x, y] =■ — n*r. 

The acceleration is therefore always directed towards the center of the 
ellipse, and its magnitude is proportional to the distance of the particle 
from the center. 


PROBLEMS 


Find the components and magnitude of the velocity and acceleration; 
and obtam the Cartesian equations of the path and hodograph. 


1. X = 80 <, 

2. X * A sin ni, 

3. X = sin f, 

4. X = cos t, 

6. X o sin f. 


j/ = 80 < - 16 i‘. 
y => Bern. nt. 
y -• cos 2 1. 
y = i sin 2 1. 
y = cos t, 2 


sin t 
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107. Tangential and ITonual Components of AccBiftr at ion . 
The acceleration of a particle moving along a curve -with the 
velocity v = eT may be ^tten 


or since 


a. =—:a — 

dt~ dt 
dt da cU~ 


, dT 



dv^ , 


(§86,1), 


Hence the acceleration vector always lies in the plfl-na of tangent 
and principal normal; and its components in the positive direc- 
tions of the tangent, principal normal, and bmormal, are 

(1), (2), (3) a, = |, 0,=^, aj = 0. 


These results are of the first importance and may be stated as 
follows: 

The acceleraiton of a particle has a tangential componeni equal 
to the instantaneous time rote of change of tts speed, and a normal 
componeni equal to the square of its speed divided by the radius of 
curvature of the path. 

If we regard v as a function of s, 


( 4 ) 


dv dv da dv 

dt~ ds dt* ~ ^ ds' 


From (1) we see that at is positive or negative according as t» is 
increasing or decreasing (algebraically) at the instant considered. 
If V changes at a uniform rate, at = Av/A2; that is, at equals the 
algebraic change in speed during any time mterval, divided by 
that interval. Thus if the speed changes uniformly from 7 ft./see. 
to 1 ft./sec in 3 sec., a< = (1 — 7)/3 = —2 ft./sec * 

Since a„ = kv^ and k ^ 0 (§ 86) we see that a» is positive or zero. 
Hence the normal projection of the acceleration, when not zero, 
has the same direction as N and therefore points toward the center 
of curvature of the path. 

In the case of motion along a straight line, p = oo and Os = 0. 
Hence 

„ do ^ , „ X 

where T is now a constant unit vector. 
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If a particle moves along its path with constant speed v, 
dv/di = 0, and o< = 0. Then 

a = N (v constant), 
p 

and the acceleration is always normal to the path. 


Example 1. An automobile running 45 mi. /hr. on a one-mile 
circular track is uniformly retarded by the brakes so that it comes 
to rest in 3 seconds. Find the tangential and normal components 
of its acceleration one second after the brakes are applied. How 
far does it travel in coming to rest? 

The speed changes uniformly from 45 mi./hr. or 66 ft. /sec. to zero 
in 3 seconds; hence 


Av 0 — 66 

“ ZF 3 


—22 ft./sec.* 


throughout the retardation. 

Since the speed decreases 22 ft. /sec. in each second, the speed t 
seconds after the brakes are applied is a = 66 — 22 ^ ft./sec. The 
radius of the track is 6280/2 v = 840 ft.; hence after one second 

442 

a» = - - ^ = 2.3 ft./sec.* 


To find the distance traveled in coming to rest we have 


s = J^vdt = f (66 - 22 t) (It = 66 1 - 11 


99 ft. 


Example 2. On applying four wheel brakes, an automobile tiavel- 
ing at 30 mi./hr. comes to rest in 50 ft. Assuming a unifonn change 
in speed, compute the tangential component of its acceleration 
From (4) we have at ds == v dv; and since 5 vanes Irom zero to 50 
ft. While V varies from 44 ft./sec to zero, 

r fo 442 

ds = dv 01 50 a; = — J 

hence at = —19.36 ft./sec ^ 


Example 3. When the velocity and acceleration az*e known, the 
tangential and normal components of the acceleration may be com- 
puted as follows. On multiplying 

V *= vT and a = fl/T + a«N 


member for member, first with the dot and then with the cross, we 
obtain 

v*a » vat and v^a » va^B 
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since t-h = 0, txh = b (§ 86). Hence 


at 


va 

V ^ 


yxa 

V 


If we equate this value of On to t>Vp we obtain 


p 



for the radius of curvature of the path. 

In plane motion we may write v = + Wyj, and a » ojl + 

The results above then give 


at 


+ VyCly 
;;; > ^ 





IVgOy - VyCtsi 


PROBLEMS 

1. A flywheel 6 ft in diameter and making 200 r.p.m. is brought 
uniformly to rest in 1 minute by a braking resistance. Compute 

(a) the angular acceleration in rad./sec.^; 

(b) the angular speed in rad. /sec. 30 sec. after the brake is applied; 

(c) at and On at this instant for a particle on the rim; 

(d) the number of revolutions made before stopping. 

2. The speed of a train changes uniformly from 16 mi./hr. to 30 
mi./hr. in 1 minute, compute at in ft /sec * How far does the train 

travel in this time? 

If the above change in speed occurs in i mile, 
compute at in ft./sec.*. What time elapses dur- 
ing the change? 

3. Using the results of Example 3, § 105, show 
that 

at = cos i 0, On = h(^ sin § 0, 

4. A projectile describes the parabola 

x=80f, 2^ = 160i - 16^*. 

Find at and On at the highest pomt of the path, and 
where the projectile strikes the ground (y » 0). 
Compute the total acceleration and p at these 
points. 

108. Rotation about a Fixed Axis. When 
a body revolves about a fixed axis, the amount 
of rotation is measured by the angle 6 between an axial plane o 
fixed in space and an axial plane p fixed in the body (Fig. 108). 
By choosing a positive direction on the axis (unit vector e) we fix 
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the positive sense of 6 by the rule of the right-hand screw. Then 
the angular vdodty and the angular acceleration of the body are 
defined as 

dd , dtt 

« = ^e md a=^. 

If we write 

(1), (2) « = ^ and a=-^, 

we have 

(3), (4) a = u6 and a = ae. 

Thus a and a are vectors parallel to the axis of rotation. 

When e and the scalars a and a are given, the vectors a and a 
are determined. For this reason it is customary to call the scalars 
a and a the angular velocity and acceleration. We shall follow 
this usage m dealing with rotation about & fixed axis. The notation 
wiU show whether the quantity in question is a scalar or vector. 

When oj changes uniformly with the time, a is constant and 
equal to Au/At. Thus if a decreases from 5 to 2 rad /sec. in 10 
sec , 

a = ^ ^ = —0.3 rad./sec.* 


If we regard w as a function of 0, 


da d0 da 

-rr or a = a-rT , 

d0 dt do 


When 0 is measured in radians and t in seconds the units of 
angular velocity and acceleration are the radian per second (rad / 
sec.) and the radian-per-second per second (rad /sec *). I’hcse 
umts should always be understood when others are not explicitly 
mentioned. In engineering practice the angle is often measured 
in revolutions and the time in minutes; the units of a and a are 
then the revolution per minute (rev./min or r p m.) and the 
revolution-per-minute per minute (rev./min.®) Since 2 tt radi- 
ans are comprised in a complete revolution, 

1 rev./min. = ^ rad. /sec., 1 rev./min.® = ^rad./sec.* 


Excmfle. A brakdng resistance is applied to a flywheel making 180 
r.pjn. If it makes 30 revolutions before coining to rest, find its angular 
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acoderation (assumed coBstaut) aud the time during which it was re- 
tarded. 

As a changes from 180 to 0 r.p.m., 8 changes from 0 to 30 revo- 
lutions. On integrating (5), written ctde-=adu, between these 
limits, we have 

0 ‘f^de - da or 30 « - 4 (0 - 180*); 
hence a ^ —640 rev./niin.® If we wish to express a in rad./sGC.*, 

2 IT 3 

« = —540^ “ ~ IF ** -0.942 rad./sec.*. 

If At denotes the braking interval, we have since « is constant 

Ao) — ISO 

a = ^ or —540 - hence At »= 4ruiu. 


109. Circular Motion. The particles of a body revolving 
about a fixed axis describe circles with centers on the axis. Con- 
sider a particle P revolving in a circle of 
radius r about the point 0 (Fig. 109o). 

Then if s = arc AP and = Z AOP are 
measured in the same sense, s = r6 when 
$ is expressed in radians. The speed of 
P is therefore 


( 1 ) 


ds do 
^ ~ cU~^ dt 



or V = ru. 


*-x 


Fig 109o. 


Thus if the body is revolving at the rate of 4 rad. /sec , a particle 
2 ft. from the axis will have a speed of 8 ft. /sec. 

The acceleration of P has the tangential and normal components 


dv 


^‘^di 




r 


(§107); 


hence, for circular motion, 

(2), (3) a, = ra, 0 ^ = rw*. 

In these important formulas the angle mvM be measured in radians. 
If r is given in ft , w in rad./sec., a in rad./sec at and a* will be 
in ft./sec.*. 

Example. A braking resistance uniformly retards a flywheel from 
120 to 60 r p m. while it makes 12 revolutions. Find v, at, a» for a 
particle 3 ft. from the axis when u = 90 r.p.m. 
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Since a is constant, we have on integrating otde « cixiw (§ 108, 5) 
over the braking interval 

a C de = r°<odco or 12 « - H60* - 120»); 

•/O •fl20 

hence « = —460 rev. /Bain.*. 

On changing units to radians and seconds, we have at the instant 
in question 

90 X 2 T ^ 460 X 2 T 

« — 0Q — 3 rad./sec., ^ 60 X 60 ~ ^ rad. /sec,*. 

Hence from (1), (2) and (3), 

t> = 3 X 3 JT = 28.27 ft./sec.; 

o, - - ^ = -2.356, 0* = 3 X (3 «•)» = 266.5 ft./sec.* 


The velocity of any patitcle of a body revolving about a fixed axis 



is equal to the vector product of the angular 
velocity and the position vector of the particle 
referred to an origin on the axis: 

(4) v = axr. 

For «xr is a vector normal to the plane OPQ 
in the direction of motion (Fig 1096) and 

|«xr| = wOP sin 9 — u-QP. 

From (4), the acceleration of P is 
dv 

a = -jT = axr + 


Fig *1091) 


or on replacing v by wxr, 

(5) a = a>4: + o>x(wxr). 


Since axr and uxv are tangent and normal to the path, the pro- 
jections of a on the tangent and normal are oxr and ax(uyr). 


PROBLEMS 


1 . When a 18 negative and lul increasing, what is the sign of a? 

2. A pendulum of length I and vibrating through an an^e 2g has its 

9/7 

angular velocity given by u* = (cos s — cos $), when it makes an 
an^e 6 with the vertical. Find its angular acceleration. 


S. A wheel running lightly on a shaft at 300 r.p.m. has its motion 
uniformly retarded by axle friction. If its angular velocity decreases to 
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240 r.p.ni. while it makes 900 lerolutionB, how many revolutions will 
it make before coming to rest? What time dapses vdiile the wheel is 
coming to rest? 

4. A flywheel is ma king 100 r.p.m. when a braking resistance is 
applied. If it is brou^t to rest in § minute, what is its anpilar acceletar- 
tion (assumed constant) m rad. /sec.*? How many revolutions does it 
make in this time? Find w after 16 revolutions. 

6. In Problem 2 find at and On for the bob of the pendulum when 
the string makes an angle e with the vertical. Find also the extreme 
values of at and On and the an^es at which they occur. 

6. In Problem 4 find at and a» for a point 2 ft. from the center of the 
wheel 18 sec. after the brake is applied. 

110. Relative Motion. Hitherto the motion of a particle P 
has been referred to a system of r^erence regarded as having a 
fixed position in space. Suppose now that the motion of P is 
referred to a body 6 which is itself moving with respect to the fixed 
S}rBtem. The motion of P referred to the fixed ssrstem is called 
its absolvie motion, but when referred to the moving system, its 
relative motion, or more precisely, its motion rdative to b. The 
latter motion is that which would be assigned to P by an observer 
at rest in h and unconscious of his own motion. Sunilarly, the 
velocity and acceleration of P are called absolute or relative ac- 
cording as they refer to its absolute or relative motion. 

At any instant the particle P coincides with a certain point Q 
fixed in the moving body 5; the velocity and acceleration of Q 
(due to the motion of b) are called the body velocity and the body 
accelerahon for P at that instant. We shall now prove the fol- 
lowing theorem known as 

The Composition op Velocities: If the motion of a -particle is 
referred to a moving body of reference, its absolute velocity is equal to 
the vector sum of the body velocity vj and the relative velocity v,: 

(1) V = Vj + V,. 

Proof. Let the particle P coincide with the point Q of the body 
5 at the instant t. At a later instant t + At, let P and Q have the 
positions P' and Q'. Now 

PP' = ^' + QT' = + QT'; 

here PP' and Q'P' are the absolute and relative displacements of 
P while QQ' is the displacement of Q in the interval At. If we 
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divide t.liifi equation by At and pass to the limit At — > 0, 


PP' , QQ’ 
lim-^=v, lim-^ 


Vft, lim 


. Q'P' 


At 




and we obtain equation (1). 

This equation is frequently used to compute tne relative ve- 
locity: V, = V — Vi. In many problems h has a motion of trans- 
lation, that is, at any instant aU of its pomts have the same ve- 
locity Vi. 

Example 1. The speed of a boat ia still water is 10 mi./hr. In what 
direction must it be steered in order to make a N. E. course, if a N. W. 
current of 2 im./hr. is flowing? With what speed will the boat go N. E.? 



Regard the land and the water as the “ fixed ” and moving bodies 
of reference respectively. The velocity Vi of the water relative to the 
land IS 2 mi /hr. N.W. The velocity v^ of the boat lelativo to the 
water, numerically equal to 10 mi /hr., must point in a direction 
N. of E. such that Vi + v,, the velocity of the boat relative to the 
land, points to the N.E. From the figure we have 

cos (46“ -I- 9) - 0 2; 45“ + 9 - 78 5“, 9 = 33.5“. 

The boat must be steered 33 5“ N. of E. The speed on this course is 
V = VlOO -”4 = V96 ■= 9.8 mi./hr. 

Example 2. A ship A is 75 miles due west of a ship B. A steams cast 
9 mi /hr., while B steams north 12 mi /hr. When will the ships be the 
least distance apart, and what is this least distance? 


§110 


RELATIVE MOTION 


229 


From Fig. 1106, it is clear that the velocity of A relative to B, — vj, 
is 

= Vm * 15 mL/hr. 

at an angle 

e = tan-i | S. of E. 

The course of A relative to J3 is therefore a straight line drawn in 
direction; and the least distance between the ships is given by the length 
of the perpendicular, BC, dropped from B upon this line: 

BC = 75 sin ^ « 76- I = 60 mi. 



Fia 1106 


Before the ships are nearest together, the portion 

AC = 75 cos ^ = 75 • I = 45 mi. 

of A's course relative to B must be traversed; and the time required is 
45/15 “ 3 hours. The actual displacements of A and B during this time 

are AA' and BB' = C-4', of length 27 mi. and 36 mi. respectively. 

Example 3. A motorcyclist, sent from the rear of an army column 
I nules long and marchmg u mi /hr , delivered a message to an ofiScer at its 
head and returned immediately to the rear. If the messenger rode at a 
uniform rate of v mi. /hr., what was the time and length of the journey, 
and how far was the messenger from his startmg point at the end? 

The speed of the messenger relative to the column is of magnitude 
V — non the forward trip, t; + w on the rearward trip. Hence the respec- 
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tiTe times of these trips, and the total time, are 


h 



U = 


I 

V + u 


T = 


2vl 

»» - tt* 


The total distance traveled by the messenger is vT; and his net distance 
forward is the same as the progress of the army in the time JT, namely, 
uT. To cheek the latter result we note that 


uT ^ 


2uvl 
t;» — w® 


vti — vti. 


PROBLEMS 

1, At what angle with the shore should a boat be directed in order to 
reach a pomt on the other bank directly opposite, if the speed of the boat 
relative to the water is 6 nii./hr., and that of the stream 2 miVhr. If 
the distance is 1 mile, how long will it take to make the crossing? 

2. When a steamer is going due east at 10 mi./lir., a vane at the mast- 
head points N. N. E. When the steamer stops the vane points N. W. 
Find the speed of the wind. 

8. A ship A is steaming due east at 16 mi. /hr. while a ship B is 
steaming 30® east of north at 10 mi /hr. Find the velocity of A 
relative to B. 

4. Two freight trains J mile and J mile long have speeds of 10 mi /hr. 
and 15 mi. /hr. respectively. How long will it take them to pass each 
other when traveling in the same direction? In opposite directions? 

6. A swimmer's speed is 50 yd./min. in still water and the cur- 
rent is 30 yd /min. How long will it take him to swim 100 yards 
to a point directly across stream and back? How long will it take 
him to swim 100 yards upstream and back? 

6. light travels with the speed c from a mirror A to a minor B, at a 

distance Z from A, and is reflected back to A. The apparatus to which 
A and B are rigidly attached is moving with the speed v through space. 
Show that the time of passage over the path ABA is 2cZ (c* — or 
21 (c!® — according as the apparatus is movmg parallel or perpendicular 

to the Ime AB. 

7. A steamer travels 60 miles up a river, and then back to its starting 
pomt m 16 hours. If the speed of the current is 2 mi./hr., find the speed 
of the steamer relative to the water. 

8. Two runners, A and B, are i mile apart on a circular one-mile track. 
If both start at the same time and run m the same direction, A overtakes 
B m 7J minutes; but if they run in opposite directions, A meets B in 2i 
minutes. Find the speeds of A and B. 

9. A steamer d males away from a port is approaching it with a speed of 
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u while aaother is leaving the port with a speed of v mi. /hr, jf 

their courses are straight and include an an^e ec, the least D be- 

tween the steamerS) and the time T of reaching this position, are given by 

D = — T = d(« + p cos g) 

M* +»* + 2ii»cos a 

Prove this: (o) by the method of ihcample 2; (6) by the method of the 
Calculus for fi ndin g extremes. What is the velocity of the first steamer 
relative to the second? 


111. Summary, Chapter Vm. The speed v of a moving par- 
ticle is defined as ds/dt. If the arc s is jotted as ordinate against 
the time t as absdssa we obtain the space-time curve of the motion; 
the slope of this curve at any point (t, s) gives the speed at the 
instant t. 

Let r be the position vector of a moving particle P referred to a 
fixed origin. The vehedy and acceleration of the particle are 
defined as the vectors 

& _ dv _ fPr 

^ dt’ ^ dt~dP* 

localized at P. 

On forming the first and second time derivatives of r = aa -f- 
yj -f- zk we obtain the rectangular components of v and a: 


r dx 

dy 

dz*] 

rd^ d 

'■y (Pzi 

Ldt’ 

db* 

dtj’ 

d 

dt*J 


Velocity and speed are connected by the relation v = UT. 
On differentiating this equation with respect to t, we obtain 

dv . ■, do 


are the components of the acceleration along the tangent and 
principal normal to the path. 

The angular velocity and acceleration of a body revolving about 
a fixed axis of unit vector e are defined as 


M — cdC where a 
a = ae where a 


di* 

da 

dt’^ 


B denotes the an gle of revolution taken positive in the sense de- 
termined by 6. It is oustomaiy to also call the scalars a and a 
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the angular velocity and acceleration. A particle P of the body 
at a distance r from the axis has the speed and acceleration com- 
ponents 

V = rw, at = rot, 

provided the angle B is measured in radians. If O is any point on 
the axis of rotation and r = OP, the velocity of P is 

V = 6)5<r. 

If the motion of a particle is referred to a moving body of 
reference, its absolute velocity is equal to the vector sum of the 
body velocity and the relative velocity. 
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112. Rectilinear Motion. In treating the motion of a particle 
P along a straight line, we choose an origin, O, of abscissas and 
a positive direction on the line. Then, if i denotes a positive 
unit vector along the line, the position vector of the particle is 


r — OP = ad, 

and its velocity and acceleration are given by 


( 1 ) 


dx 

dt 


dx . __ d^ _ d^ . 

df ^ ~ dt ~ 


As the direction and magnitude of v and a are completely speci- 
fied by the sign and numerical value of dx/dt, d^/d^, we shall, 
for the sake of brevity, call these scalars the velocity and accelera- 
tion respectively, and write 


(2), (3) 


dx dv (Px 

~ dt' ^ ~ dt ~ dt^' 


If we regard v as a function of x, 


(4) 


dv _ dv dx 
dt "" dx dt 


a 


dv 
^ dx 


In rectilinear motion x takes the place of the arc s; is really the 
speed and a the tangential component of the acceleration (the 
normal component being zero). Thus (4) is but a special case of 
(§ 107, 4). 

From (1) we see that v and a are positive when v and a are 
positively directed; this is the case when x and v, respectively, 
increase with the time. It should be noted that this increase 
refers to the algebraic values of x and v, and not to their numerical 
values. Thus: 


a > 0 whenf^ ^ 

[v < 0, 

a < 0 whenl^ ^ 

\v < 0, 
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|i;| increasing, 
|z;| decreasing; 
\v\ decreasing, 
|i;| increasing. 
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Thiis a positive acceleration does not necessarily mean that the 
motion is becommg more rapid; nor does a negative acceleration 
always mean that the motion is being retarded. 

When the position, x, of the particle is given as a function of 
the time, the velocity and acceleration at any instant may be 
computed from (2) and (3). 

When the velocity of the particle is given as a function of the 
position, the acceleration may be obtained from (4) as a fimction 
of the position. 


Example 1. If the rdation between the velocity and the position is 


= Aa* + R* + C, 

we have 

2v^ = 2Ax -\rB = 2 a(x +-^ 

The acceleration, 



is therefore directly proportional to the distance of the particle from the 

fixed point, x = — R/2 A. 

Example 2. Velocity and Acedera- 
lion of Piston in a Dvrect-acting 
Engine. In Pig 112o, OB and BA 
represent tho crank and connecting- 
rod of a (hrcct-acting engine. Then 
Pig. 112a. a: = OA represents tho displacement 

of the cross-head from the crank- 
shaft, and dx/dt, d^/dP give the velocity and acceleration of the piston. 
Let n = l/r denote the ratio of tho length of the connecting-rod to the 
length of the crank; then 



( 6 ) 

( 6 ) 

where <« 


OB'-HB'A — roos^H- v'/« — sm* ^ = r (cos 0 + Vji* — hui* ^), 


dx 

dt 


d<i> . 


— J’uj 


sin .i 4- 1 

2 (n* — sin* 0 )* I ’ 


is the angular velocity of the crank in radians per second. 


Furthermore, if « is constant, 

C7) a]* ^ = — r«*|cos 0 -t 


ra* cos 2 0 + sin< 0 1 
(n* — sin* 0)1 1 


^ In actual practice n usually lies between 3 and 8, so that sin* 0 is suffi- 
ciently small in comparison with n* to permit of its being neglected with- 
out seriously affecting the accuracy. When this is done we obtain frmn 
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(6) and (7) the approximate results: 

(8) » = -ra ^sin ^ » 


( 9 ) 


-r.^(ooe*+S^)- 


These, moreover, fulfill the relation a = dv/M, and are accurately true at 
the dead centers (where sin ^ = 0). At these points we have 


a 





The crank angle ^ for which a » 0 satisfies the equation obtained by 
putting the expression in braces on the ri^t-hand side of (7) equal to 
zero. When this equation is rationalized, the cosines expressed in terms 
of sin and the common factor — 1 removed, it reduces to 

(10) sin® ^ — n® sin® ^ — n® sin® ^ + n® « 0, 


a cubic in sin® which, when n > 1, has always a single root between 
0 and 1. Of course an approximate value of this an^e is readily obtained 
from (9). 


PROBLEMS 


1. When w® = A® + B, show that the acceleration is constant. 

2. When the radius OQ in Fig. 1 19a revolves about 0 at the constant 
rate of n rad./sec., the point P, the projection of Q on a diameter, 
oscillates to and fro along AB. Show that the velocity and accelera- 
tion of P are proportional to PQ and OP respectively. [Let t = 0 
when P and Q coincide with A; then x = OP = A cos rd.] 

3. If ^ = a:® ~ 2 a: + 3, show that the acceleration is inversely propor- 
tional to the cube of the distance of the particle from the pomt x = 1. 

4 . If a; = Ae?^ + Be*"®* (n constant), express the acceleration in terms 
of X. 

5. In Example 2 we have, by the cosine law, 

« r* -h X® — 2 rx cos 4>- 


By differentiating this equation with respect to t, prove that 


dt 


— X tan 


-00- CO. 


6. If, in Example 2, n * 5, find from (10) the crank angle for which 
a 0. Compare this with the approximate value derived from (9). 

7 . From (9), Example 2, find the values of <t> for which the acceleration 
is a Tnfl.'rimnm or a tniniTmiTn . Consider the three cases < 4, n « 4, 
n > 4. 
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8. la Itg. 1126, the body A, which caa slide over a vertical rod, is 
attached to a cord passing over a pulley at a distance d from the 
rod. When the end of the cord is drawn with the constant velocity F, 
show that A has an upward velocity and acceleration of F sec s and 
T (F*/d) tan* e respectively, where 0 is the angle between the 

cord and the rod. 

\ 113. Velocity-Time Curve. Any relation be- 

\ tween the velocity and the time may be repre- 
vJ ^ Y sented graphically by plotting t as abscissa and v 
V as ordinate. The curve so obtained is called a 

*T vdocity-time curve. 

[' Since a = dv/dt, the slope of the velocity-time 
Fig 1126 curve at any point (i, v) represents the accel- 
eration at the instant t. In computing this slope 
from the graph it should be remembered that vertical segments 
must be measured on the scale of velocity, horizontal segments 
on the scale of time. 

When the velocity is constant, the space traversed during an 
interval fe — is given by — <i). "V^en the velocity is vari- 
able and given as a function of the time, the space traversed 
in an interval U — ti may still be approximately computed by 
dividing h — ti into a number 
of smaller intervals A<, in each 
of which the velocity is as- 
sumed to have a constant 
value, namely, its actual value 
at the beginnmg of the sub- 
interval. Graphically, this 
amoimts to replacing the 
actual v4 curve by a series of 
horizontal lines whose left- 
hand ends are points of the 
curve. If there are n equal subintervals, At ~ {U — k)/n, and the 
space traversed with this discontinuous velocity is given by the sum 
of n terms of the type v At. This sum will differ from the actual 
space by an amount that can be made as small as we please 
by taking n sufficient large. With reference to the v4 curve, 
the separate terms oi^v At represent the areas of rectangles with 
equal bases, At, on the ^axis; and their sum forms the area 
under a flight of steps guided by the curve. As n, the number of 
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steps, becomes infinite, the area between them and the i-axis 
approaches the area imder the v4 curve as a limit. Thus 
the space passed over in the interval from to fe is represented 
by the area included between the jh{ curve, the t-asda, and the 
ordinates at and fe. The unit to be used in estimating this 
area is the rectangle formed by the units of the t and v scales. 
Thus if 1 in. = p sec. on the i-scale, 1 no. = 5 ft./sec. on the 
t^^cale, 1 sq. in. of area represents pq ft. passed over. 

The above result follows at once upon integrating the equation 
dx/dt = V with respect to t between the limits ti and tt, 



and interpreting this definite integral as an area. 

Thus far we have tacitly assumed that the velocity does not 
change sign in the interval considered. When the velocity 
changes sign, the area between the v4 curve and the ^^axis 
consists of two or more portions, and if the various portions are 
all reckoned as positive, their sum will still give the total space 
passed over. The integral in ( 1 ), however, gives the net change 
in position from ti to U, and not the space traversed. For example, 
if e = 10 — 2 f, <1 = 0 , ^ = 10 , 

/»io 

X 2 ~ = J (10 — 2t)dt = 0, 

and the particle has the same position at both instants ti, U. The 
v-t curve (Fig. 1136) shows that the total space passed over is 


« Cft.) 



Fig. 1136. Fra- 113e. 


represented by the sum of two equal triangles, and is 25 + 25 = 
50 feet. The motion consists of two opposite displacements of 
25 feet, each requiring 5 seconds. This is clearly shown by the 
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space-time curve (Fig. 113c), which, if a: = 0 when « = 0, has for its 

equation x = C (10 — 2t) dt = 10 i 

Jo 

The curve is a parabola with the line f » 5 as axis. 

114. Velodiy-Space Curve. If a relation between the velocity 

of a particle and its position 
is represented graphically by 
plotting X as abscissa and v 
as ordinate, the curve so ob- 
tained is called a velocity- 
space curve. 

By means of the formula 
(§ 112, 4) we may show that 
the acceleration at any point 
P(x, v) of the v-x curve is 
represented by the length of 
Fia. 114a the subnormal at P. For the 

slope at P is 

(1) ^ = tan MPN = ; hence MN - v~ = a. 

^ ' dx V ax 

Note that the subnormal is a directed segment measured from 

the foot of the ordinate at P to the point where the normal meets 

the x-axis, and is positive in the -fx direction. If 1 in. = p ft. 

on the »-scale, 1 in. = g ft./sec. on the rnscalc, we see from (1) 

that 1 inch of subnormal represents (f/p ft. /sec.®. 



PROBLEMS 


1. The v4 curve is a straight line joining f = 0, w - 160 and < = 10, « = 
— 160. If < is in sec., » in ft /see , what is the acceleration^ ( Calculate the 
space traversed m 3, 5, 8 and 10 seconds. 



2. The v4 curve is shown in Fig. 1146. Draw to scale the and 
x-t curves. 
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3. The if4 curve is the circular arc shown in Fig. 114c. Draw the a4 
curve on the same time scale, letting 10 in. = 1 ft./sec.». What is the 
total space traversed during the motion? 

4. The tKB curve is a circle of 5 in. radius about the origin. An 
vertical represents 4 ft. /sec., an moh horizontal, 2 ft. Draw the art curve. 
What is the acceleration when x = — 5 and 5? 

6. The v-x curve is a strai^t line cutting the o-axis at » = 10 ft./sec., 
the owuds at ® = 32 ft.; it extends from ® = 0 to ® - 64. The uTiita of 
the V and x scales are i and § in. respectivdy. What is the unit of the 
acceleration scale for measuring subnormals? Draw the okb curve. 

6. Construct curves showing the variation of piston speed and acceleta* 
tion with the crank an^e from the approximate equations (8) and (9) 
of § 112. Assume r = 1.5 ft., 1 = 6 ft., and take the angular vdocity of 
the crank as 60 r p.m. 

|To obtain the curve, first draw the curves for.sia # and sin 2 ^/2 n; 
proceed similarly for the a-4> curve.] 

7. Show how the ihb and (ke curves for the piston may be obtained 
from the and or^ curves respectively. 

116. Equation of Motion. Suppose that a particle, moving in 
a straight line, has, at the instant to, the position Xq and the 
velocity vo. In brief, the initial conditions are 

(1) t = to, X = Xo, V = Vo. 

Then, if the acceleration is a known function of t, x, and v, 

(2) a = fit, X, v) or ^ = f^t, x, ^ > 

the motion is, in general, fully determined. The problem of 
finding the velocity and position of the particle at any instant 
from the above equation of motion may be exceedingly difficult, 
if soluble at all. In fact, no general method of solution is known. 
Some simple cases, however, that arise when a is a function of 
but one of the variables, t, x, v, may be dealt with in an elementary 
and general manner. These we proceed to consider. 

1. When the acceleration is given as a function of the time, 

we may integrate at once with respect to t, obtaining 

(3) v = ^=ffit)dt + C = Fit) + C, 
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where F (t) is any indefinite integral of f (t), and C is the constant 
of integration. To determine C we put v = vo, t - to in (3). 
Integrating again, we have 

(4) X = J* F{t) dt + Ct + C, 


in which C", the new constant of integration, noay be found by 
substituting a: = ao, < = in (4). 

Equations (3) and (4) give the velocity and the position of 
the particle as functions of the time. If t is eliminated between 
these equations, we obtain a relation between the velocity of the 
particle and its position. 

2. When the acceleration is given as a function of the position, 
we have from (§ 112, 4) 



= /(»). 


Multiplying this equation by 2 and integrating with respect to 
X, we have 

(5) t)® = 2 Js(x) dx->rC = F{x) + C; 

C is determined from the condition that v = vo when x = Xo. 
This equation may be written 

f-±v?5rFc, 

where the double sign refers to the two directions in which the 
particle may pass through the position x. If the motion is 
unidirectional, the proper sign may be chosen at once; otherwise 
it is necessary to consider both cases. Equating the reciprocals 
of the members of the last equation, and integrating with respect 
to x, we have 

(6) t = ± f - ■ ^ h C'; 

J Vf(x) + C 

C' is determined from the condition that t = when x = Xq. 

Equations (5) and (6) express the velocity and the time as 
functions of the position. By eliminating x between these equa- 
tions we obtain a relation connecting the velocity and the time. 
3. When the acceleration is given as a function of the velocity, 
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we may utilize at once both (§ 112, 3) and (§ 112, 4) : 
If these equations are written 


^ ^ dx_ V 

do /(») ’ do /(») ’ 


both may be integrated with respect to o; thus 


The initial conditions (1) determine the constants C and C\ 
Equations (7) and (8) give the time and position as functions 
of the velocity. By eliminating v between these equations we 
obtain a relation connecting the position and the time. Or we 
may solve (7) for v in terms of t, put v = dx/dtj and integrate to 
obtain x as a function of t 


Example. Suppose that the particle moves in a medium that pro- 
duces a retardation durectly proportional to its velocity. Then if the 
direction of motion is taken as positive, a = — Aa?, where ft is a positive 
constant. Following the third method above, we have 


dt 

dt 


= — fty, 


1 


dv kv ’ 
< = — ^ In t; 4- C, 


dv , 


'’dx ~ 
dx 
dv 


1 . 

ft' 


X = 




If as =* 0, » “ Vo, when t « 0, 

C = I In To, C" = 

whence 

^ 1 1 Vo 1 / V 

< « 7 In a; = 7 (vo — v). 

k V ft 


By solving the first of these equations for v and substituting its value in 
the second, we obtain the relation between x and t: thus 

V = a; = (1 — e"**). 


As t becomes infinite, v approaches zero and x approaches the value 
Vo/ft. Hence if the equation a = — ftv held rigorously throughout the 
motion, the particle would never come to rest and never quite reach the 
limiting position Vo/ft. 
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PROBLEMS 

Find the relations between v and t, x and t, v and x, under the following 
conditions. 

1. a B 4; X =2, « •» — 6, when f =» 1. 

2. a = 2t; a; - 0, » “ 1, when t = 0. 

3. o = — 003 2 » = 0, o =■ 0, when t = 0. 

4. a ■* e~*; x =• 1, v = 0, when t = 0. 

8. a = — 2/x>; * = 1, V = 2, when i = 0; v > 0. 

6. o - 32 — 4 1 >; x = 0, » = 4, when < = 0. 

7. o = —few*; X = Xt, w = »», when i =■ 0. 

8. a = — 4 ®: » =■ 3, » = 0, when t = 0. 

116. TTnifonnly Accelerated Motion. Rectilinear motion is 
said to be uniformly accelerated when the acceleration is constant. 
The equation of motion is 

_ 

dt? ~ 

where a denotes the constant acceleration. Applying the first 
method of §115, we have, upon successive integration, 

i; = ;^=o< + C, 

x=\ai? + Ct + C’. 

If the instant when x = xo,v = vo, is chosen as the zero for reckon 
ing time, the initial conditions 

X — xo, V = Vo, when f = 0, 

require that C = vo, C' = Xo. Hence the relations giving the 
velocity and position of the particle as functions of the time are 

(1) V = Vo at, 

(2) ® = aio + t>oi + § aP. 

By eliminating t between these equations, we obtain the relation 
between the velocity and the position: 

(3) — t>o® = 2 o (aj — ®o). 

If we apply the second method of § 115 the equation of motion 
is written 
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hence 

«* = 2aa; + C'", V(? = 2aao + C", 

and the relation (3) follows at once. 

Equations (1), (2) and (3) form the complete solution of out 
problem. In appl 3 nng them, the acceleration, ^ known, must be 
given its proper sign. The remarks in § 112 rdative to the sign of 
a should be carefully observed in this connection. If the accd- 
eration is unknown, its value derived from the above equations 
wiU have the correct sign. 

With the increment notation 

M = t — 0, Ax = X — Xo, A» = » — So, A(p*) = »* — »(}*, 

and (1) and (3) become 

(1) A» = o At, 

(3) A(»®) = 2 a Ax. 

As for (2), we have 

i'o + (»o + crf)^ + 

X ~ Xo - ^ * = — ^ — t, 

(4) 

Since the time may be reckoned from any instant as zero, these 
equations apply to any interval, whether measured from t = 0 
or not. Thus (4) may be stated as follows: The distance trav- 
eled by a umformly accelerated body in any time is equal to the 
mean of the terminal velocities mvltiplied by the time interval. 

If the values of the velocity are known at two given positions, 
or at two given instants, the acceleration may be computed from 

(3) and from (1) respectively. For example, suppose that a train 
running at 30 miles an hour is uniformly retarded by the brakes 
BO that it comes to rest in 2 minutes. Since 30 mi./hr. = 44ft./sec., 

‘•-1”=^- -Is 

The distance traveled in this time may be computed from either 

(4) or (3): 

A® = 120 = 44 X 60 = 2640 ft.; 

^ = 4 X 44 X 15 = 2640 ft. 

2a _ n 

15 

The train thus comes to rest in a half mile. 
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All of the results above apply also to curvilinear motion in 
which the speed (v = ds/di) is changing uniformly. Then at * 
dv/di is constant and we need only replace x by s and a by Oj. 
Thus in § 107, Example 1, a car going 66 ft./sec. on a drcular 
track is uniformly brought to rest in 3 seconds; hence from (4) 
it will travel ^ 66 X 3 = 99 ft. in this time. 


The velocity-time curve, given by (1), is a straight Ime of slope a. The 
trapezoidal area bounded by this line, the t-axis, and the ordinates 
vi, i'a is f (vi -j- Vt)M; this gives the Stance traversed in the time 
At (§ 113), in agreement with (4). 

The space-time curve, given by (2), is a parabola with its axis vertical; 
V — dx/dt 0 at the vertex. The parabola will be concave upward or 
downward accordmg as d^/dP = a is positive or negative. 

The velocity-spacc curve, given by (3), is a parabola with its axis along 
the x-axis, «> = 0 at the vertex. Since the acceleration is represented by 
the subnormal of this parabola (§114), the length of the subnormal must 
be constant. This is a well-known property of the parabola. 

Example 1. A steamer making a landmg is uniformly retarded so that 
it passes over 1000 ft. and 600 ft. respectively in two consecutive mmutes. 
What is its retardation? What was its velocity at the be ginning of the 
first mmute? When will it lose its headway? 

Let di and d» denote the distances traversed in the two equal intervals 
of ti seconds. Then taking the direction of motion as positive and the 
zero instant at the beginning of the first interval, we have from (2) 

di = Voti + i oil*, 
di + dj = 2 vdi -|- 2 cdi*. 

^Ivmg these equations for vg and a gives 


3 di — dj dj — di 

Vo “ — — > a ~ 


2U 


h* 


From (V) we see that the velocity wiU vanish after -Vo/a seconds. 
Puttin^di = 1000, d* = 600, U = 60, we have 
Vo = 20 ft /sec., a = —h ft./sec *, 


and the steamer will lose its headway in 180 sec., or 3 min , after the 
initial instant. 

Example 2. If the greatest possible acceleration and retardation of a 
train are 2 ft./sec.* and 1 ft./sec.* respectively, and if its highest speed 
is 60 mi./hr., find the least time, from rest to rest, between two stations 
30 mi. apart. How much time is lost in starting and stopping the train? 

Let Qi, Ot and V denote the greatest acceleration, retardation and speed, 
respectively. Then 7/ai is the time spent in getting up speed, and V/a» 
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the time in coming to rest from full speed. The distances traveled in these 
stages are, from (3), F*/2oi and V^/2 at', hence, if d is the total distance 
the distance traveled at full speed is d — V*/2 oj — F*/2 ott. The total 
time of passage is therefore 

V ,V ,d- V^/2at - V>/2at V n . l\ . d 
V 2 U + W + F* 

In this expression d/F is the time necessary to traverse the whole distance 

at full speed. Hence the time lost in starting and stopping is ^ 

2 

Using the above data reduced to feet and seconds, we have 
^ » 66 + 30 X 60see. = 31 min., 6 sec. 

The time lost in starting and stopping is 66 sec. 



The plan, adopted in the above examples, of solving a problem 
in general terms and then substituting the numerical data in 
the formulas deduced, is usually advantageous when the desired 
quantities cannot be computed at once, for this method puts 
into evidence the structure of the final results and often facilitates 
the numerical calculation. Moreover the method allows of a 
valuable check in the correctness of the reasoning; the nature of 
this check will be explained later on. 


PROBLEMS 

1. A “puck,” used in hockey, is struck with a velocity of 40 ft. /sec. If 
it comes to rest in 1200 ft., what was its retardation (supposed uniform) 
caused by friction with the ice? How long was the puck in motion^ 

2. A train, starting from rest and uniformly accelerated, acquires a 
velocity of 30 mi /hr. in 5 minutes. What is its acceleration? What 
distance does it cover in this time^ 

3. A train, startmg from rest, travels a distance di with the acceleration 
Cl, then comes to rest in a further distance d» under the retardation cj. 
Given the total distanced =di+di, find (1) its greatest velocity; (2) the 
distance di; (3) the time of passage. Show that the time is the same as 
if the distance 2d had been traversed with the maximum velocity. 

Obtain the numerical results when Ci = i ft /sec *, a* = J ft /sec.*, 
d = 2 mi. 

4. If a uniformly accelerated body passes over the distances di, and d» 
in two consecutive intervals Ti and Ti, show that its acceleration is 

2 (djT, - diTs) 

TtTt(Tt + Tt) 
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6. Two particles begin moving m the same straight line at the 
time with initial velocities of 1 and 3 ft./soc., and accelerations of 2 and 
1 ft./sec.», respectively. If, at the outset, the first is 1.6 ft. ahead of the 
second, vrhen will they meet? 

6. A uniformly accelerated body moves 55 ft. in 2 sec., then 77 
ft. in the next 2 sec. Find its initial velocity and acceleration. How 
far will the body move in the next 4 sec.? 

117. TJoiformly Accelerated Rotation. The methods of § 116 
apply also to the case of uniformly accelerated rotation about a 
fixed axis Corresponding to 


II 

dv 

dt 

dH 

dt?* 

dv 

we now have (§ 108) 

dd 

dea 

dt 

II 

da 

a = a-y- 
dd 

When a is constant and 




II 

o 

W = Wo 

when 

t = 0, 


we may deduce the exact analogues of (1), (2), (3), (4) of § 116 
in which 0, «, a take the place of x,v, a- 


(1) 

CO = COo + 

or Aw = a A/, 

(2) 

0 = ^0 “H COo^ \ Otfij 


(3) 

CO® — coo® = 2 a{B — flo) 

or A(w*) = 2 a A0, 

(4) 




Example. A flywheel making 180 r.p.m. is uniformly retarded so 
that it comes to rest in 30 revolutions Find a and the time of re- 
tardation (§ 108, Example). 

With the revolution and minute as units, wo have from (3) and (4) . 

0 - 180> 

“ “ ~2~x 30 ^ rev./mm 
30 =» ^ Ai ■» J mm 

118. The Acceleration of Gravity. Experiment has shown that 
in any definite locality all bodies fall, in vacuo, vpith the same 
acceleration, g. The exact value of g varies, however, with the 
locality, increasing with the latitude, and decreasing slightly 
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with the height above sea-level. For most problems it is suffi- 
ciently accurate to take 

g = Z2 ft./see.® or 980 cm./sec.®. 

From the most recent investigations of the U. S. Coast and 
Geodetic Survey, the best general formula * for the value of g at 
sea-level and latitude ^ is 

(1) g = 978.039 (1 -h 0.005294 sin* 1^-^0.000007 sin* 2 cm./sec.*. 

To obtain g in ft./sec.* the first constant in (1) must be replaced 
by 32.08783. The form of this formula is based upon theory,! 
while the constants it contains have been derived from numerous 
determinations of p in different parts of the world. 

The variation of the sea-level values of in the United States, 
as computed from formula (1), is shown in the following table: 


Latitude 

g (om./seo *) 

(ft /sec*) 

26® (Key West). 

978 960 

32 1180 

30® (New Orleans) . 

979 329 

32 1302 

35® (Chattanooga). 

979 737 

32 1435 

40® (Philadelphia) . . 

980 171 

32 1578 

45® (Minneapolis) . ... 

980 621 

32 1735 

60® (N.W. Boundary, 49®) 

981 071 

32.1873 


The simplest correction for the effect of elevation is made upon 
the assumption that the locality is in the air above a sea-level 
earth. This “ free air ” correction is 

(2) -0.0003086 hta cm./sec.*, or -0.000003086 hf ft./sec.*, 

where hm denotes the height above sea-level in meters, hf in feet. 
The correction thus amounts to about — 0.003 ft./sec.* for each 
1000 feet. 

For extreme accuracy other corrections are applied to the 
values of g computed as above. The nature of these cannot be 
considered here; it must suffice to say that they take account of 
the topography circumjacent to the locality in question, its posi- 
tion relative to elevated land masses or sea depressions, and the 

* Special Publication No 40, Wm. Bowie, p. 134 (1917). 
t In this theory the earth is regarded as an elhpsoid of revolution which 
nearly coincides with the sea-level surface of the earth, and whose density at any 
point depends ohb^ upon the distance from the center. 
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density of the underlying strata- Even after all rational coirec- 
tions have been apphed there is still a shght discrepancy between 
the observed and computed values of g. These discrepancies, or 
anomalies, are plotted upon maps in the publications of the 
U. S. Coast and Geodetic Survey. 

Any locality in which the falling acceleration, in vacuo, is 
(3) go = 980.666 cm. /sec.® = 32.1740 ft. /sec.® 

is called a standard locality; and go is called the standard value of g. 
When this value was adopted as a standard of reference by the 
International Committee of Weights and Measures in 1901, it 
was regarded as the average value of g at sea-level, latitude 45 
degrees. But more recent measurements, as incorporated in 
formula (1), give the value for 45 degrees listed in the table above. 
Nevertheless the arbitrary value of go given in (3) will remain the 
standard until altered by international agreement. 

The equations of § 116, with a = d= g, apply to the free ver- 
tical motion of bodies, near the surface of the earth, under the 
influence of gravity, when the resistance of the air is neglected. 
Note that a = g or —g according as the positive direction is 
taken downward or upward. 

From (§ 116, 3) we see that a body fulling from rest through 
a height h acquires a velocity 

V = V2gh. 

This is sometimes called the velocity due to the height (or head) h. 

The form of equation (§ 116, 3) shows that a body thrown ver- 
tically upward passes a certain position with Uk* saino numerical 
velocity, whether ascending or descending. 


Example 1. A stouo was thrown vertically upwaul from the roof of a 
building 80 ft. high so that it cleared the building and hdl to the ground 
in 5 seconds. What was its uiitial velocity*^ When did it pass the point 
of projection? 

Taking the origin at the ground and the positive diiection upward, we 
have from (§ 116, 2) 

* = 80 + vrf - 16 <». 


Since x = 0 when t => 5, this gives 

16 X 25 - 80 
5 


64 ft./sec. 


Again, when x = 80, 

64t-16«'=0, <-0or4; 

hence the stone passed the point of projection 4 seconds after the throw. 
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Exa/rn/ple 2. Two particles fall from, rest from the same pointy the second 
begirming its motion after the first has fallen a distance 5. How far will 
they be apart after the first has fallen through a hei^t A? 

The fi rst particle falls through the distances 5 and A in the times V2 5/^ 
V2A/^ respectively. Hence when the first has fallen through the hei^t 
A^ the second has traversed the distance 


A' 



h - 2v^ + a, 


and is separated from the first by an amount 

A - A' = 2 VaF — 5. 


It is noteworthy that the amount of this sei)aration is entirely independent 
of the magnitude of the acceleration. 

As a numerical example, consider two particles of water, 0.001 inch from 
each other, passing over the brink of Yosemite Falls. At the base of the 
upper cataract, which is 1400 feet high, they will be separated by 

2 V1400 X 12 X .001 - .001 = 8.2 in. 


This effect of gravity m changing the solid sheet of a high waterfall into 
a fine spray near its base is well known. Actually, the above result would 
be considerably modified by the retarding effect of the air. 


Exam/ph 3. A ball, thrown vertically upward, passes a certain window 
of an office buildmg after U seconds, and repasses after U seconds. How 
high is the window, and what was the initial velocity of the ball? 

Let A be the height of the window above the point of projection Takmg 
this point as origin and the positive direction upward, we know that U 
and U are roots of the equation 

A -j’oi - \gt*, *- “ 


or «* - • 


■' + 7 


0 . 


The relations between the roots and coefficients of a quadratic equation 
require that 


hence 


... 2 

<1 + ^2 = > 

Q 


«. - ii. 

9 


Vo 


i S' (^1 + A = i 


PROBLEMS 

1. A stone, thrown vertically upward, returned to the groimd m 5 
seconds. How high did it go, and what was its initial velocity? 

2. A stone dropped from a balloon rising at the rate of 24 ft. /sec. hits 
the ground in 10.5 seconds. How high was the balloon when the stone 
was dropped? What was the striking velocity of the stone? 



the 0 = Trf + « with the tc-axis, it revolves with the constanr. 
angular velocity = n. While Q is revolving uniformly in a 
circle, its projection P on the ^c-axis oscillates to and fro between 

A and B. These oscilla- 
tions form a simple har- 
monic motion that satis- 
fies (1). In brief: 

The projecMon of uniform 
dradoT motion upon a df- 
amder is simple harmonic. 

The simple harmonic 
motion consists of re- 
peated osciUations about 
0 of constant amplitude h. 
The time T of a complete 
oscillation (to and fro) is 
this is the time in which Q 


At the end of any interval of T seconds both x and v resume the 
same values they had at the beginning of the interval. The period 
is the same throughout the motion and moreover is entirely inde- 
pendent of the initial conditions. The frequency, or number of 
complete oscillations per second, is 1/7. 

The angle d = nt + « between OA and OQ is called the phase 
of the motion at the instant t. Since 9 = e when < = 0, c is 
called the initial phase. If Q is at Qo when t = 0, e is the qnglA 
AOQa. 

Since from (3) 

V = — nOQ sin = — nPQ, 

we see that the velocity is proportional to the ordinate PQ 

Example 1. A particle in simple harmonic motion has an accelera- 
tion of -4 ft./sec. when at a distance of 1 ft. from the center. Find 
the period. If a; = 4 ft., o •= -6 ft./sec. when t = 0, find the amidi- 
tude of the motion and its initinJ phase. 

Since a = -n*x we have —4 = -a*; hence 

2 

n - 2 and 7 = = *• sec. 

n 



called the period of the motion; since 
makes a complete revolution, 

( 6 ) 7 = — . 

' n 



With ajo = 4, % = —6, n •= 2, equations (4) become 
4 = ft cos *, 3 = ft sin e; 

on solving these equations for ft (positive) and < we find 
ft = 5ft.; tan « = 0.75, 6 - 36® 52'. 

The an^e e lies in the first quadrant as its sine and cosine are both 
positive. 

Example 2. In Example 2, § 112, let us consider the motion of the 
piston when the connecting-rod is long in comparison with the crank, 
that is, for large values of n ■ l/r. It is dear from the figure that the 
motion of A will be nearly the same as that of S' when this ratio is 
large. Now when the crank OB revolves uniformly, the motion of 
B' (the projection of the crank-pin S) is a simple harmonic motion. 
We conclude therefore that the motion of A, and hence that of the 
piston, is nearly a simple harmonic motion when n is large and the 
angular vdodty a of the crank is constant. 

Thus conclusion also follows from (§ 112, 7). For when n is large 
the last term in braces is small and the accderation of A is approxi- 
mately 

a = — r«* cos 0 = — 6>* OB'; 

this is precisely the accderation of B' in a simple harmonic motion 
about 0. 


PROBLEMS 


1. In the mechanism shown in Fig. 1195, the part a is fixed; when the 
crank h revolves, the block c moves up and down in the slot of the shding 
bar d, which is given a reciprocating motion. Show that when the angu- 
lar vdocity 0 ) of the crank is constant, the motion of d is simple harmonic. 

2. If the crank 6 is 6 in. * 

long and makes 45r p.m., 
what is the ma,xnTmm ve- 
locity and acceleration of 
the didmg bar d? 

3. A particle in sim- 
ple harmonic motion 
makes 60 complete 
oscillations per minute. 

If the amplitude is i ft., 

find V and a when x Fio. 119b Fig. 119c 



=s i ft. 

4. A cam in the form of a cylindrical disk keyed to an excentnc shaft 
drives a “ lifting toe” on its upward stroke (Fig. 119c). The weight of the 
toe keeps it in contact with the cam on its downward stroke. If the 
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shaft revolves with constaat angular velocity «, show that the toe has 
ample haimonic motion. 

6. If the in Problem 4 has a throw e = 1 in. and makes 40 r.p.m. 
what is the velocity of the toe when 9 “ 46°? 

6. What is the vdoaty-epaoe curve in simple harmonic motion? What 
property must the subnormal of this curve possess? 

7. Prove that if a particle is given a constant acceleration Oo in addition 
to the ap ce lft ru-tirm it will oscillate in simple harmonic motion about 
the new central poation x =• Oo/n* with the same period as before. 

120. Summary, Chapter IX. In rectilinear motion we choose 
an origin on the line and write r = ai. The velocity and accelera- 
tion are then v = ri, a = oi where 

dx dv do 

i>=-37, o=-Tr: moreover a = v-j-. 
dt* dt ’ dx 


For brevity the scalars v and a are also called velocity and acceler- 
ation. 

The motion may be represented graphically in various ways. 
In the v4 curve (abscissa t) the slope at any point represents o; 
and the area between the curve, the f-axis and two ordinates 
gives the space passed over in this interval. In the v-x curve 
(abscissa x) the subnormal at any point represents a. 

When the acceleration is given as a function of t alone, of x 
alone, or of v alone, we may find the relations between v4, x-i, and 
v-x by integrating the differential equation 


«Pa: /dv 

di?~^’ \dt ~ 



The initial conditions determine the constants of mtegration. 

When a is constant and x = Xo, v = Vo when < = 0, we integrate 
dhi/dP = a twice; thus 

i; = »o + of 01 Ao = a 6t, 

® = Xo -f »(if + i of* or Ax = - A< ; 

and from vdv = a dx 

— Do® = 2 a(x — Xo) or A(i;*) = 2 a Ax. 

These equations apply to the free vertical motion of bodies under 
gravity near the surface of the earth. Then a => g (approxi- 
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mately 32 ft./sec.^) or — g according as the positive direction is 
downward or upward. 

If X and a are replaced by s and at in the preceding equations, 
they apply to curvilinear motion in which the speed is changing 
uniformly {at constant). Again, if rr, v, a are replaced by 6^ co, a, 
the equations apply to uniformly accelerated rotation about a 
fb:ed axis {ot constant). 

If a particle P moves in a straight Ime Ox with an acceleration 
always directed toward O and proportional to the distance OP, 
P is said to have a simple harmonic motion. The defining equation 
for simple harmonic motion is therefore 


d^x 

dt^ 


—n^x where n® 


is a positive constant. 


The integral of this differential equation is 

X — h cos (nt + €) 

where h and e are constants to be determined from the initial 
conditions. The motion consists of oscillations of amplitude h 
(the extreme displacement from O) and of period 2 rr I n (the time 
of an oscillation to and fro). The simple harmonic motion may 
be regarded as the projection of uniform circular motion on a 
diameter; the circle is of radius h about O and the angular speed 
is n rad. /sec. 



CHAPTER X 

KINEMATICS OF PLANE MOTION 


121. Plane Motion of a Rigid Body. A body is said to have 
TplaTie motion when the velocity vectors of all of its points remain 
parallel to a fixed plane a during the motion. Such motion is 
evidently determined by the motion of any cross-section of the 



Fig. 121a. 


body parallel to a. Hence, in- 
stead of dealing directly with 
the body, we may study the 
motion of such a cross-section. 

Consider, then, a plane figure 
h moving in a fixed plane a 
(Fig. 121a); and let Zi and I 
denote two directed lines, the 
first in the plane a, the second 


in the figure h and moving with it. If we denote th^ angle (Zi, Z) 
by dy the scalar angular velocity and acceleration of the figure are 
defined by 


( 1 ) 


~ dt’ dt 


respectively. The values of w and a are independent of the choice 
of Zi and Z. For if fci, k are another pair of reference lines (not 
shown in the figure), the angle <i> from fci to k is given by 

<l> = (fe, ki) = (ki, Zi) -f- (Zi, Z) 4- (Z, /b) = 0 constant, 

since (A:i, Zi) and (Z, k) do not vary with the time. The time 
derivatives of <i) and 6 are therefore identical. 

In the definitions (1) we suppose that the positive sense of d 
has been chosen. Let k be a unit vector perpendicular to the plane 
a and pointing in the direction of advance of a right-hand screw 
having a positive rotation. Then the vector angular velocity 
and acceleration are defined by 

(2) cii ~ ojk, a = ok. 

In Fig. 121a, k points up from the plane of the paper. 
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§ 121 


Example 1. At a certain instant the speed of a wheel of radius r, rolling 
over a straight track without slipping, is v ft./sec. Suppose that the 
wheel moves forward a distance x while a certain radius turns through 
an angle 9] then the condition for no dipping is that x •= r9, 9 being 
measured m radians. The angular vdocity of the wheel is therdore 




^ _ 1 & 
dt ~ r dt 


- rad./seo. 

T 


Example 2. In Fig. 1216, a and 5 represent two cylinders, of radii ra, rj, 
held in contact by the 
arm c joining their shafts. 

If a is held fast and the 
arm revolves with an an- 
gular velocity what is 
the angular velocity of 5 
if it rolls upon a without 
slipping? 

Let us choose Zi in a, Z 
in 6, as lines of reference. 

Then as 6 rolls from the 
position 1 to the position 
2, the arm turning through 
an angle 0, we see from 
the figure that Z turns Fig. 1216. 

through an angle 6=4 > +^- 

Since there is no shppmg the arcs rolled over on a and 6 must be equal; 
hence 

The angular velocity of 6 is therefore 

dd Iq + rifd<f> Ta 
“ di “ dt - r, 

For example, if the cylinders liave equal radii, wj = 2 u*, the angular 
velocity of the rolling cyhnder is then twice that of the aim, at first sight 
a rather paradoxical result. The reason is apparent w hen we reflect that 
in a complete revolution of the arm c, 6 makes one revolution by virtue 
of its attachment to the arm, and another in its motion relative to the arm. 



PROBLEMS 

1. Two parallel shafts are centered 3 ft. 9 in. apart. If the dming 
shaft 80 r.p.m , find the diameters of wheels to work by rolling 

contact so that the following shaft will make 100 r.p.m. 
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Solve t.Tiia pioblena in general terms. 

2. Six spur gears o, 6, c, d, e, f, mounted upon parallel shafts, engage 
as shown in Fig. 121c. If no, n^, . . . , nr denote the numbers of their 

teeth, find the angular ve- 
locity ratios "i/uat 

Uf/ua- 

If o, 6, . . . , j are any 
even number of spur gears 
arranged as above, show 
that Iav/woI (called the 
valve of the train) is equal 
to the product of the 
numbers of teeth m all 
the drivers divided by the product of the numbers of the teeth m all the 
foUowers. How must this result be interpreted if on some of the inter- 
mediate shafts there is but a smgle gear (instead of two) that serves both 
as driver and follower? What effect have such single gears on the value of 

<b//mb? 



Fro. 121c. 


122. Translation and Rotation. We have seen that the plane 
motion of a body is determined by the motion of a cross-section 
6 in a fixed plane o. If any line of b, such as I of Pig. 12lo, main- 
tains a constant direction, the motion is called a translation 
Then the angle 6 = (k, 1) is constant and w = 0 Moreover all 
points of 6 have the same velocity at any instant. For if P, Q are 
points of 6 and Oi an origin fixed in space, 

PQ = OiQ — OiP IS constant during the motion; 
hence on differentiating with respect to the time, 

0 = vq — vj> or vj> = vq, 

where vp denotes the velocity of P. In a translation all points 
of the moving figure describe congruent paths. According as 
these paths are straight or curved the translation is rectilinear 
or curvilinear. 

Rotation about a fixed axis is a case of plane motion, the plane 
a being perpendicular to the axis. Then the angular velocity and 
acceleration as defined in § 121 are the same as in § 108. If 0 
is a point on the axis, the velocity of any point P of the body is 
^ven by 


Vp = texOP 


(§109,4). 
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If at any instant the velociMes of the points of a rigid body are 

the same as in a translation or rotation about a fixed n-Tria, the body 

is said to have an instantaneous translaiion or an instantaneous 

rotation respectively. This does not mean that the real motion 

is a translation or a rotation. Indeed the acoderations of the body 

in the instantaneous motion 

may be entirely different from f 

those in the corresponding real 

motion. / 

123. Fundamental Kinematic ( 1 

Equations. Let 0 and P be -2^-1 

any two points of a rigid body / / 

moving parallel to fixed plane o. y 

To find the time rate at which ^ 

— » Fig. 123 

OP is changing we may imagine 

the point 0 held fast (§ 83) and the body revolving about an axis 
Oz normal to a with its angular velocity « Then since 

^OP = Velocity of P when 0 is fixed (§ 83), 


we have from (§ 109, 4) 


:OP = ttfxOP. 


This equation is valid whether or not 0 and P lie in the same plane 
of motion. 

If Oi is an origin fixed in space, 

oTp = Oio + OP. 

On differentiating this equation with respect to the time t and 
making use of (1) we find 


(2) vp = Vo + wxOP 

This gives the velocity distribution in the body. 

Now differentiate (2) with respect to i, again making use of 
(1); then 

(3) ap = ao + oxOP + wx(«xOP) 

This gives the acceleration distribution in the body. 

We proceed to interpret these equations. 
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124. Velocities in Plane Motion. In the equation 
(1) Vj? = Vo + «xOP 

the term »><OP gives the velocities due to an instantaneous rotation 
a about a normal axis through 0. The content of (1) is therefore 
stated in the 

Theobem I. If 0 is any point of a ngid body in plane motion 

with the angvdar vdocaty a, the velocities of its points may he com- 

pounded of an ifistantaneous tTandation vo and an instantaneous 

rotation a about an axis through 0 

Now let P and 0 be any two points in the same plane of motion. 
— ^ 

If vj) = Vo, then uxOP = 0, and since <0 is perpendicular to OP, 
(0 SB 0. Hence the motion is an instantaneous translation of 
velocity vo. 

If w 0, there is always a single point I in this plane, called the 
instardaneous center, whose velocity is zero. Assuming for the 
moment that I exists, let P in (1) comcide with 1} then since v/ 
= 0 , 

0 =® Vo “1~ w’O/. 


To obtain 01 multiply this equation by kx; then since k‘Ol = 0 
and k*« = a, we have from (§ 19, 2) 

0 = ki<vo — (oOI, or 


( 2 ) 



a 


We may now verify that v/ = 0 for the pomt thus determined; 
for from (1) 


V/ = Vo 4- 


a)x(kxvo) 

a 


Vo - Vo = 0 


(§ 19, 2). 


For a translation « = 0 and I does not exist. However for 
the sake of uniformity we shall say that I in this case is at mfinity 
in a direction perpendicular to vo. 

If we choose 0 at I, (1) becomes 

(3) Vj> = axIP. 

The velocities of the body are therefore the same as in an in- 
stantaneous rotation about an axis through I normal to the plane a. 
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In view of the above results we now state 
Theohem II, At every instant the motion of a rigid body in 
plane motion is either an insiantaneoTis translation or an instavr 
taneous rotation. 

Example. Rolling Wheel. In Fig. 124 the wheel, of radius r, 
is rolling to the left with the angular velocity a. The speed of its 
center is then ra (§ 121, Example 1) and 
VO — — roji. The velocity of any point P of 
the wheel is now given by (1). Thus vp is the 
sum of Vo and the velocity of P in a rotation 
« about 0 as a fixed point. For example 

YA = — rwi — rtai =2 vo, 

Vp = — Tcdi + rwj = r«(i — i), 

VC = -rwi + r«i = 0. 

C 

The last equation shows that the instantaneous PiQ 124 . 

center of the wheel is at its point of contact 

with the track. Of course we might have found 01 at once from (2)* 
W = -rj~5c. 

Ci> 

126. Instantaneous Center. If I is the instantaneous center 
in the plane of motion of the point P of the body, 

— > 

Vj> = U»IP’, 

hence 

(1) Vp J_ IP, vp = wIP. 

If Q is any other point of b, 

(2) vp‘VQ= IPiIQ 

The speeds of two points of b are proportional to their distances 
from the instantaneous center. 

From (1) we see that a line perpendicular to vp at P passes 
through I. Si milar ly a line perpendicular to vq at Q passes through 
1 We therefore have the following simple construction for I 
If a figure in plane motion has two points A, B mooing in different 
directions, its instantaneous center is at the point of intersection of 
the normals to these directions at A and B (F^. 125a). 


y 
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Example 1 . A ladder A B rests on a horizontal floor at A and against 
a vertical wall at B CKg. 1266). If it begins to slip down, va is hori- 
zontal and vs vertical; its instantaneous center I is then at the 
intersection of the normals to these velocities at A and B. The 
speeds of A and B are in the ratio I A'. IB, 


A 


B 


I 

Fig. 125 a. 




Example 2. Cmnednng-rod. Let AB represent the connecting-rod of 
a direct-acting engine, the end A moving with the cross-head in the 

strai^t line OiA, while the end B 
revolves with the crank OiB about 
Oi (Fig. 125c). Then v^ is along 
the line OiA and vs is perpendio- 
ular to the crank OiB, The in- 
stantaneous center of the conneot- 
mg-rod is therefore at the intersec- 
tion of the normals to these veloci- 
ties at A and B. 

The speeds of the cross-head and crank-pin are in the ratio 
VA VB - I A: IB = OiC.OiB = OiCiOiD. 

Thus if OiD represents the speed of the crank-pin, OiC represents the 
speed of the cross-head to the same scale. 



126. Centrodes. As a plane figure moves in its plane the 
instantaneous center describes a certain curve Ti in space, called 
the space centrode, and a 
curve r in the figure itself, 
called the body centrode. 

Otherwise expressed, the 
space and body centrodes 
are the loci of I in the 
fixed and moving planes Fro. 1260 

respectively. 

Now r^ard I as a point describing the curves Pi and F with 
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the velocities Vi and V respectively. Then Vi is the absolute 
velocity of I and V is the velodty of I relative to the moving 
figure. The velocity V/ of that point of the body with which 
I coincides for the instant is zero. Now, from § 110 , the absolute 
velocity of 7 is equal to the sum of its body velodty and its relative 
velocity; hence 

Vi = v/ + V = V. 


The instantaneous cenier thereifore describes both eentrodes with the 
same velocity. 

From this property we can show that the motion oj the plane 
figure is reproduced by rolling the body centrode (fixed in the figure) 
over the space centrode. First, since the velodty vector is always 
tangent to the path, Ti and r have a common tangent at 7, and 
are themselves tangent at this point. Moreover if the points 
Qt, Q of the eentrodes coindde when t = 0, and Si, s denote the 
arcs Qil and QI described by 7 in the time t, the relation V = Vi 
requires that 

■^ = and hence s = Si + C, 


where C is a constant of integration. But as s = Si = 0 when 
f = 0, <7 = 0 and s = Si; that is, 7 describes equal arcs of the 
eentrodes during any interval. The motion therefore entails a 
rolhng, without shpping, of r over Ti. 

Conversely, if a curve r on a figure in plane motion rolls with- 
out slipping over a fixed curve Fi, the point of contact 7 of the 
curves is the instantaneous center. For, with the same notation 
as above, the condition of pure rolling requires that 


= Si 


, , UO UOl 

and hence 37 = -37 


dt 


dsi. 

dt’ 


and since the curves have a common tangent at 7, V = Vi. But 
since Vi = v/ + V, v/ must be zero and 7 is the instantaneous 


center. 

When one plane curve rolls without slipping upon another, 
the normals to the paths of all points in the moving plane pass 
through 7, the point of contact. This is a general property of 
all roulettes — curves traced by points invariably connected to 
one curve rolling upon another. For example, when a circle 
rolls on a straight line, any point on its circumference describes 
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a cycloid; the nonoal to a cycloid at any point therefore passes 
through the corresponding point of contact of the circle and line. 

Example. The Trammel. A link AB is pivoted at A and B to two 
blocks that slide in straight grooves perpendicular to each other (Fig. 126&). 
The instantaneous center I of the hnk is at the intersection of the normais 
to the grooves at A and B. If the center lines of the grooves meet at 0, 
the distance 01 » AB, and is constant; hence the space centrode is a 
wcle with center at 0 and of radius AB. Again, since AIB is a right 
an^e in all positions of AB, the locus of I relative to the link is a circle 
on AB as diameter. This circle is the body centrode. The motion of the 

link may therefore be re- 
produced by rolling the 
smaller circle, with the link 
rigidly attached, within the 
larger circle. 

It is well known that any 
point P of the link describes 
an elhpse whose semiaxes 
are of length PA, PB re- 
spectively. Hence when a 
circle roUs withm a circle 
of twice its size, a point P 
on the diameter of the roll- 
mg circle describes an el- 
lipse. In particular, if P 
coincides with A or B, one 
semiaxis is zero, and the 
elhpse degenerates mto a 
Fig. 126 t. diameter of the large circle, 

desenbed twice. 

PROBLEMS 

1. If the grooves of the trammel are not at right angles, what are the 
two centrodes? 

a. A circular disk is suspended by two stnngs attached to points on its 
nm. When one string is cut, the initial motion of its center is vertically 
downwards. Find the instantaneous center. 

3. Four links a, b, c, d are jointed together to form a plfl-nn quadn- 
lateral, the link a b^ fixed, but the others capable of motion (see 
Fig. 136a). Fmd the instantaneous center of the coupler, c, and construct 
the two centrodes graphic^y when the proportions of the linkage are 
a.b’.c'.d — 4:4;5:3. (This linkage is called the/o«r-6ar chain^ 
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4* Determine the nature of the centrodes for the four-bar when 
a = c, 6 d, and the links 6, d are crossed, (This linkage is called the 
crossed paralldogram since the same Irnkg form a parallelogram whra b, d 
are not crossed.) 

5. A point of a plane figure moves on a fixed straight line, while a IjTip 
of the figure always passes through a fixed point. Find the instantaneous 
center in any position and plot the space 
centrode graphically, 

6. A body, having a plane face channelled 
by two straight grooves, moves over two 
blocks that fit the grooves and are pivoted 
on fixed pins (Fig. 126c). If the pin centers 
are A, H, and the center lines of the grooves 
meet at 0, show that the space centrode is a 
circle through A, B and any position of 0; 
and that the body centrode is a circle with 
center at 0 and double the size of the first. 

Note the relation of this problem to Problem 1 above. 

7. If a wheel of radius r, traveling on a straight track with a speed v, 
is skidding so that its lowest point is moving backward at a constant 
speed Uj prove that its body centrode is a circle of radius vr/(v + u) con- 
centric with the rim. What is the space centrode? [In Fig. 124, 
Vo - -rf, VC « td; hence find «] 

8. If two points A, S of a plane figure are moving in the same direction, 
not perpendicular to AB, show that all points of the figure have the same 
velocity. 

9. A ladder 13 feet long rests on a level floor and against a vertical 
wall. If the lower end of the ladder, distant 5 feet from the w^all, is 
slipping at the rate of 2 ft. /sec , hovr fast is its upper end falling? 

10 When the crank-pin B in Fig 125c is at D, show that the motion 
of the connecting-rod A 5 is an instantaneous tianslation. 

127. The Accelerations in Plane Motion. The acceleration 
of any point P of the moving body is given by (§ 123, 3) 

(1) ap = ao + axOP + «x(wxOP) 

Now axOP and «x(«xOP) are the tangential and normal projections 
of the acceleration in a rotation about a fixed axis through 0 
(§ 109, 5). The content of (1) is therefore stated in 

Theorem. If 0 is any poird of a rigid body in plane motiony 
the accelerations of its points may be compounded of the acceleration 
Oo of 0 and the acceleration due to a rotation oboid a fixed axis 
through 0 with the <a and a of the body 
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If 0 aud P are points in the same plane of motion, a-OP = 0 
and 

csx(o»xOP) = — w®OP; 


this is the usual expression for the normal acceleration towards 0. 
Then (1) becomes 


( 2 ) 


aj> = ao + ct*OP — «*0P. 


If ap = ao, 


oxOP — «*0P = 0 and hence 


6 ) 


0, a = 0; 


for the vectors in the last equation are perpendicular. There- 
fore two points in a plane of motion can have the same accelera- 
tion only when both the angular velocity and acceleration of the 
body are zero. In this case aU points of the body have the BaTna 
velocity and acceleration. 

When « and a are not both zero, there is alwa 3 rs a single point J 
in the plane, called the center of acceleration whose acceleration is 
zero. Assuming for the moment that J exists, let P in (2) co- 
incide with J; then since a/ = 0, 

0 = ao + otxO«7 — a?OJ. 

To find OJ multiply this equation in turn by Ox and w*: 

0 = OxSo ~ 0*0/ — U^CLxOJ, 

0 =» «*ao + «*axO/ ~ u*OJ. 

On adding these equations we find that 

(3) OJ = 

o>* + a* 


We may now verify from (2) that a/ = 0 for the point thus de- 
termined. 

If we choose 0 at J, (2) becomes 
(4) ap = ojp - c^JP. 


The ccceleroiions of the body are the same as if %t were revolving 
for the instant about a fixed axis through the center of acceleration 
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128. Center of Acceleration. K P is any point in the plane of 
motion of the center of acceleration J, its acceleration is 

ap =! otxJP — «*JP. 

From Fig. 128a we see that the magnitude and direction of ap 
are given by 

(1) |apl = Vw* + o?‘JP, tan (JP, ap) = ~ ^ * 

Hence |ap| is proportional to JP, and the an^e {JP, ap) is the 
same for all points of the moving figure. 

These results may be stated as follows: 

At any instant the accderations of dd 
points of a figure in plane motion are eguddy 
indined to the position vectors from the center 
of acceleration, and their magnitudes are 
proportioned to the lengths of these position 
vectors. 

In particular, all points on a circle about 
J as center have accelerations of equal 
magnitude; and all points on a straight 
line through J have parallel accelerations. 

If the lines of the acceleration vectors at two points A, B of 
the moving figure mtersect at the point X, we must have either 

JAX = Z JBX or Z JAX + Z JBX = 180° 

in view of the above theorem. Hence, from a well-known propo- 
sition in plane geometry, the circle through J, X, A will also 
pass through B. Otherwise expressed, the circle through any two 
points of a figure in plane motion and the point of intersection of 
their localized accelerations also passes through the center of acceler- 
ation. 

This pi'operty enables us to locate the center of acceleration 
when the acceleration directions of three points of the mo\Tng 
figure are known. For if the lines of the acceleration vectors at 
A and B, B and C, C and A, intersect at X, Y, Z respectively, 
J lies on each of the three circles ABX, BCY, CAZ (Fig. 1286). 

The center of acceleration may also be located if the directions 
of the accelerations and the ratio of their magnitudes are known 
for two points of the figure. One method of procedure is su^sted 
by Problem 5 below; another will be given in § 129. 


a*jp 
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Example 1. Rolling Wheel. Let the wheel in Pig. 128c be rolling 
to the left with the angular velocity u> and angular acceleration a. 
Then 

. j dvo 

VO = — ana ao = ■jt =* —an, 



and, from (§ 127, 3), its center of acceleration is given by 
ci>^( —ari) +kax(— ori) 

Ci>^ + 0£® 


OJ 


-•or 


("*i + “i)- 
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Hence OJ has the slope oe/w*. Moreover 


IJ ^10 +0J ^ rj + OJ 




■(— fld + oj*j) 


«* + «* 

and has the slope Hence IJ and OJ are perpendicular and 

J must lie on the circle having 01 as diameter. Thus / is at the 
point where this circle cuts the line OJ of slope 
When CO is constant (ce = 0), 0/ =0 and J ^0. 

When CO — 0 but os 0, OJ = — rj and J* = I. This is the case 
at the instant the Wheel starts or stops. 

Example 2. Let us find the acceleration slj of that point of the body 
which coincides for the instant with its instantaneous center of 
velocity 7. If 0i is an origin fixed in space, 

vp - «x7p « cox(o[p - OJ) (§ 124, 3), 

and on differentiating with respect to the time, 
ap =* ax/P + cox(vp — V) 

where V denotes the velocity of I along the centrodes (§ 126). When 
P coincides with I this equation reduces to 

a/ = Vxco. 

Hence aj is normal to V and is of magnitude Fco. 

Thus for the rolling wheel above 

V = — r«i, aj « ( — ro>i)x(c«)k) = rco^j. 


PROBLEMS 

1. Show that J s 7 in Fig. 125h at the instant the ladder begins to 
slip. 

2. A wheel 4 ft. in diameter starts from rest and rolls down an in- 
chned plane. If its axis has a uniform acceleration of 2 ft. /sec locate 
the center of acceleration J sec , 1 sec , and 2 sec after the beginmng of 
the motion 

3. Show that when w is constant (but not zero), the accelerations of 
all points of the moving figure are directed toward J; and that when 
a = 0, a 0, the accelerations of all points are normal to their pobition 
vectors from J. 

4. Prove that all points of the movmg figure lying on a circle through 
J have accelerations directed toward one and the same point of this 
circle. 

5. If the accelerations of two points A, fi of a figure in plane motion 
are given in magnitude and direction by the vectors AA', BB' whose 
lines intersect at the point Z, prove that J must lie on the circle A'B'X. 
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6. Show that when the crank in Kg. 126c is revolving with unifonn 
ftTigiiinr vdocity, the center of accderation of the connecting-rod AB 
lies on a circle throng A, B, and Oi. 

What can be said about the position of J when the crank is passing 
a dead centra? 

Locate J when the crank is midway between the dead centers. (See 
Problem 3 ) 


129. Velocity and Acceleration Images. If the vectors of the 
^tem 6a, OB, OC, . . . , issuing from a common point 0, yield 

i ■ > ' — ) ‘ — ^ 

the system 0A\ OB', OC ', . . . when multiplied by the same scalar 
k, the figures ABC , . . , A'B'C ' . . . formed by their end-points 
are similar. For since 

A^B' = 0B' -0A' = hOB - hOA ^kiOB -OA) = k-AB, 


we see that the corresponding sides of the two figures are parallel 
and proportional. In particular, if the points A,B,C lie on the 
straight line, the same will be true of A',B',C', and AB : BC 
= A' B': B'C'. 

Again, if the vectors of the new system are all turned through 
the same an^e, the figure formed by their end-points will ob- 
viously remain fiimi1fl.r to ABC . . . 

We may state these results as follows: 

Principle. If the vectors forming a system issuing from a 
common point are dll stretched or shortened in the same radio and 
then turned through the same angle, the figures formed by the corre- 
sponding end-points of the two systems are similar. 

Consider, now, the velocity vectors v^, Vp, . . of the points 
A, B, . of a body m plane motion. Denoting as usual the 
instantaneous center of velocity by I, we have from § 125 

va ± lA, |va| = 1w|*7A, 

and similarly for the other vectors. Hence if the vectors I A, IB, 
. . . are all multiplied by |w| and then turned through 90° in the 
sense of a, we shall obtain the system of velocity vectors iaaii ing 
from J (Fig. I29c). In view of the Principle above stated we have 
proved 

Theorem 1. If the vdodty vectors of the points A, B, C, . . . of 
a rigid body in plane motion are aU drawn from a common pole 
their snd^oints wiUform a figure similar to ABC .... 
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The figure a'6V formed by the end-points of Va, Vb, Vc, . . . 
when these vectors are drawn from a common point or pole is 
called a polar veloeiif/ image of ABC .... Note that since I 
zero velocity, the pole must correspond to the point I. 




Pig. 129ft. 


Now suppose that the velocity vectors v^, Vb, . . . are all drawn 
from the respective pomts A, B, and write 

lA +yA = I A', etc. 

We then have (Fig. 1296) 

tan 4 > = = <^, /A' = Jil sec<> = Vl 

" > ^ 

The vectors I A', IB', . . . may therefore be obtained from the 

vectors I A, IB, ... by stretching them all in the ratio of VT+~c? 
: 1 and then turning them through an angle 4> = tan~' u in the 
sense of w. The above Principle now gives 
Theoeem 2. If ihe velocity vectors of the points A, B, C, 
of a rigid body in plane motion are drawn localized at these poiriis, 
their end-points vnU form a figure simitar to ABC .... 

The figure A'B'C' . . . formed by the end-points of the lo- 
calized velocity vectors is called a velocity image of ABC .... 

We next turn our attention to the acceleration vectors sla, Eb, . . . 
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of the points B, ... of the body. Denoting the center of ac- 
celeration by J, we have from (§ 128, 1) 

|a^| = Vw* + o?-JA, A {JA, a^) = tan-^ (- a/a>®), 

and sitnilarly for the other vectors. Hence if the vectors JA, 

JB, ... are all multiplied by -f o? and then turned through 
the «tTigiA tan-i (- a/<J), we shall obtain the system of accelera- 
tion vectors issuing from J (Fig. 129c). Thus we have 



Theorem 3. 1/ (he accelerahon vectors of the points A, B, 

C, ... of a rigid body in plane motion are aU dravm from a common 
pole, their end^omts mil form a figure similar to ABC . . . 

The figure a"b''c'‘ . . . formed by the end-points of sla, a^, 
ac, . when these vectors are all drawn from a common pole is 
called the polar acceleration image of ABC .... Note that since 
J has zero acceleration, the pole must correspond to the 
point J. 

Lastly, suppose that acceleration vectors a^, a^, . . . are all 
drawn from the respective points A, B, .. .) and write 


JA-\-9la= JA", etc. 
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Then since the components of paralldl and peipendicular to 
JAaxe respectivdy - a^-JA and a-JA, we have (Pig. 129(i) 


tan ^ 


LA" 

JL 


LA" _ a‘J A a 

JA - LA (1 - ctP)-JA “ 


JA" = VjU + LA^^ Vil - 6j2)* + o?‘JA. 

These equations show that when the vectors of the S3^stem JA, 

JB . . are multiplied by >/(! — «)® + o? and then turned through 

the angle tan-^ the system JA", JB", ... is obtamed. 

Again applying the Principle, we 
have the 

Theobeiic 4. If the aocderahon vec- 
tors of the points A, B, C, ... of a 
rigid body in plane motion are dravm 
localized at these points, their endrpoints 
wiU form a figure similar to ABC 
The figure A"B"C" . . . formed by 
the end-points of the localized accel- 
eration vectors is called an accelera- 
tion image of ABC . . . 

Now let dbc be one of the images of ABC mentioned above. 
Then as abc is formed from ABC by a process of stretching and 
turning, it is clear that dbc must be similar to ABC in the same 
sense; that is, the sense of the circuits dbc and ABC must be the 
same. 

Theorem 3 supplies a simple method of locatmg the center of 
acceleration J when the accelerations of two points are known in 
direction and relative magnitude. For if we draw from an ar- 

bitrary point j the vectors ja, jb to represent the accelerations of 
the points A, B, the triangle abj will be the polar acceleration image 
of ABJ. J is therefore the vertex of a triangle on A B as base, 
drawn similar to abj in such a manner that the circuits ABJ, 
abj have the same sense. 

130. R6sum§. The essential results concerning the motion of 
a plane figure m its plane may be expressed as follows: If A, B 
are points of the figure, 

(1), (2) Vb =* v^ + Vba, Ub = + aa*. 
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where Vai and ^ba denote the velocity and acceleration that B 
would have if the figure were revolving about ul as a fixed point 
with its instantaneous angular velocity and acceleration: that 
is 

(3), (4) vba = to^AB, slba “ a^AB — u^AB. 

Thus if AB = rR and P = fc® (Fig. 130a) 

VBA = B.BA = 0‘3‘P — 

Since the speed of £ in its rotation about A is vba = car, the radial 
component of aab may also be expressed as —i^baI^ We shall 
call Yba and Aba the vdodty and accderalion of B relative to A* 



If « is not zero, there is a single point I of the figure, its insUm- 
taneous center, whose velocity is zero. If the normals to v^ at 
A and Vb at B are not coincident, they will intersect at I. Since 
V/ = 0, we have from (1) and (3) 

— > 

Yb = Ybi — auxlB, 

If cd and a are not hoth zero, there is a single point J of the figure, 
its cerrfer o/ acceleration, whose acceleration is zero. Since a/ = 0, 
we have from (2) and (4) 

— > — > 

Ab — Abj — oxJB — u^JB. 

If the vectors 

io = Ya, lb = Yb, ic = Vc, . . . 

• ^otly speaking, vba and as.4 are the velocity and acceleration of B 
idative to a figure hawng a translation of velocity v^i and acceleration ba 
(§ 184 ). 
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are drawn from a point i, the poison iahc. . . is siTnilaT to 
I ABC ... in the same sense. 

If the vectors 

ja' = a^, jb' = as, jc' = ac, . . . 

are drawn from a point j, the polygon ja'b^c' ... is flimilftr to 
JABC ... in the same sense. 

The polygons a6c. . . and a'&V. . . are both Bimil5i.r to 
ABC ... in the same sense; they are called the polar vdocity 
and acceleration images of ABC . . . respectively. 

Example. RoUing Wheel. Consider again a wheel of radius r 
rolling to the left with the angular velocity and acceleration a, a. 
Since vo = — «ri, ao = — «ri (§ 128, Example 1), for any point E 
on the rim 

= Vo + vjso = — wri + wrp, 
afi =* ao + a£o = — + arp — cd^tr. 

In particular, a/ « ao + ajo - — ari + otri + 




If we draw the vector lo = vo, the velocity image of the wheel is a 
circle with o as center and oi as radius. To obtain ye, construct Z aoe 

— Z AOE m the same sense; then oe = veo, le = ye. 

From an arbitrary point f draw the vectors fo' = ao, = a/, then 
a circle with o' as center and o'l' as radius is the acceleration image of 
the wheel If we construct Z a'o'e' « Z AOE in the same sense, then 

o'a' = a^o, — as* 

131. Construction of the Polar Velocity Image. Let A and B 
be any two points of a rigid body in plane motion. Then if the 
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vectors m and tb are drawn from a common pole i to represent the 
velocities of A and B (Fig. 131a), the vector 

o& = — ia “ Va — Va = ^ba 

represents the velocity of B relative to A, and is perpendicular to 
AB (§ 130, 3). Hence if v^ is given, Va may be determined graph* 




V, 


ically if its direction is known. For if we draw la = v^, a line 
through a perpendicular to AH will cut a line through % parallel 

to Va in the point 6; and ib = Va. 

The segment ab is the polar velocity image of AH; and if I 
marks the position of the instantaneous center of the body, the 
triangle iab is the polar velocity image of the triangle 7AH. 
The velocity of any other point C of the body may be found by 
constructing a triangle ahc similar to AHC in the same sense; 

then ic = Vc. Or we may reason as follows- Since Yca is per- 
pendicular to AC, c must lie on a line through a perpendicular to 
AC; similarly c must he on a line through H perpendicular to BC. 
Hence c is the point of intersection of the lines ac, be perpendicular 
to AC, BC respectively. 



Example 1. Dir&A-ading Engine, In Fig. 1316, OA and AH represent 
the craxik and connecting-rod of a direct-acting engine. Then if io, 
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drawn perpendicular to OA, represents the veLodly of &e crank-pin A, 

we may find the vdodly of the piston by drawing the line ib pw-T^lla] 

to BO, and the line db p^r^^^^dar to AB. The point b in which 

■ ^ 

these lines meet determines the vectors ab = vba and ib « vs. 

As the triangles idb and OAC have their sides mutually perpendicular 
they are similar, and 

id lb ab va vb vba 

OA"OC“AC 


Since va = o>i*OA, where o>i is the angTi^.r velocity ol the crank-pin in 
radians per second, the common value of the above ratios is cm. Hence 
t^A = corOAj Vb *= «i-OC, Vba = wi-AC. 


Example 2, The Four-bar Chain, The mechanism represented in 
Fig. 131c consists of four links connected by pin joints. The link AD 
is fixed. Since the links 
AB and DC revolve about 
fixed centers, ± AS, 

VC ± DC; moreover vc =* 

VB + vcBj where ycb ± 

BC, To construct a polar 
velocity image of the 
coupler BCf choose a pole 

i at pleasure, and draw ib 
to represent vj?. Then a 
line through b perpendic- 
ular to BC win cut a line ^ 

through i perpendicular to DC m the point c, and be - vcb^ zc » vcJ be 
is a polar velocity image of BC. 

If I is the point of intersection of AB and DC produced, the triangles 
the and IBC are similar as their sides are mutually perpendicular, hence 



lb be 

Tb^Tc^bc 


or 


Vb Vc 


V(,B 


IB IC - BC 


where « is the angular velocity of the coupler BC (§ 125, 1) 

If AE is drawn parallel to DC, meeting CB produced at D, the tnangles 
IBC and ABE are similar; hence 

Vb Vc __ vcB 

TB" AE" BE^ 

Now vs = «i • AB, where <wi denotes the angular velocity of AB, Thus 
o>i is the common value of the ratios just wntten, and 

Vb =“ tavAB, Vc * m-AE, vcb - <ai-BE, 
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132. Construction of Polar Acceleration Image. As before let 
A and B denote points of a rigid body in plane motion. Then 

if the vectors J'a' and j'b' are drawn from a common pole j' to 
represent the accelerations of A and B (Fig. 132a), the vector 

a'b' ~ jV — fa' = Ab - Aa = &SA. 

represents the acceleration of B relative to A. Now a'b' may be 
resolved into the sum of its radial and transverse projections: 


O’ 



a'n parallel to BA, and nb' perpendicular to BA. The lengths 
of these vectors are, accor ding to (§ 130), 

AB’ “ a-AB. 

When v^ and Aa are given, as may be determined graphically 
if the directions of Vs and as are known. First construct ah, the 
I»lar velocity image of AB, as explained in the preceding article; 
tten ab = vba. We can now construct a'n, the radial component 
of Aba. Draw a semicircle on AB as diameter, and strike an 
arc with A as center and ah as radius, cutting the semicircle at D; 
then if F is the foot of the perpendicular from D upon A B, we have 

AE-AB = = 06 * = ^ 3 ^, AF = = o'n. 
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Now draw j'a' = a^, and a'n in the direction of BA, laying oflF 
a'n = AE. Then a line through n perpendicular to BA will 

cut a line through j' parallel to as iu the point 6 '; and j' 6 ' = a^- 
The segment a'h' is the polar accderation image of AB; and 
if J marks the position of the center of 
acceleration of the body, the trian^e ya'b' 
is the polar acceleration image of the tri- 
angle JAB. The acceleration of any other 
point C of the rigid body may be found 
by constructing a triangle a'Vd aimilftr 

to ABC in the same sense; theny'c' = &c. 

The above construction for ^baIAB can only be applied when 
ab < AB. When ab > AB we may proceed as follows (Pig. 1326). 
Draw a perpendicular to AB at B, and strike an arc with A as 
center and ab as radius cutting this perpendicular at D; then a 
line perpendicular to AD at D will cut AB produced in a point 
E such that 

t^SA 



AB-AE AD^ = ai^ 


i^ba, AE - 


Thus far we have tacitly assumed that the lengths of the vel- 
ocity and acceleration vectors were equal to the magnitudes of 
the quantities represented. In practice, however, such a repre- 
sentation is rarely possible, owing to the diverse magnitudes of 
the distances, velocities, and accelerations involved. Let us 
suppose therefore that all lengths are measured with the same 
imit, but that the magnitude of a velocity is given by k times the 

length of its representative vector, e.g. V 4 = hia. Then since 
the magnitude of the radial component of aj 4 is 


^BA 

AB 


k^-ab^ 

AB 


k^-AE, 


AE may be used as the length of an acceleration vector pro\’ided 
that the magnitudes of dl accelerations are given by k^ times the 
lengths of their representative vectors. In brief, when the above 
construction is employed, 

Va = k'va requires that 

It will be observed that this condition is fulfilled in the examples 
that follow. 



280 


KINEMATICS OP PLANE MOTION 


§132 


Example 1. Klein’s Construction for the Ptston Acceleration. The 
constructioii just described ffisy be used to detemune the piston ac- 
celeration of a direct-acting engine. We shall suppose that the crank 
OA (Pig. 132c) is revolving uniformly with the angular velocity of m 
radians per second. Then the accel^ation of A is entirely radial, and 

from (§ 109), sla = eoi*AO. The construction is performed most simply 
by drawing all of the acceleration vectors reversed in direction. Thus, 

choosing 0 as pole, we may take OA to represent — aa. From 
§ 131, Eramplft 1, vba = wAC; hence if a circle is drawn with A as 
center and AC as radius, cutting the circle on AB as diameter in the 
points Dfi', we have 


.AO 
AB - AB 


an* 


AD* 

AB 


=» a»i*'AE, 


where E is the point in which the common chord Diy outs AB. Now the 
radial acceleration of B relative to A is directed from B towards A. 

Hence the negahve of this radial acceleration is given by cdi*AE, and 

may be represented by AE to the same scale that OA represents — a^i. 
To complete the construction we need only prolong the common chord 
DD' until it meets OB in a point F. Then since EF is perpendicular to 
AB, and OB is parallel to as, the transverse projection of —ass is given 

by (ai^EF, and — ob * Upon reversing these vectors we have 

finally: 


a^i =® ati^AO, 9,BA = wi® {FE + EA) = (oi^PA, 


an — a^i + bba ** wi® {FA + AO) = ui^FO. 


Thus AO and FO represent respectively the accelerations of the crank 
pin and piston to the scale of 1 : <aiK 
In Fig. 132c a length of 1 inch represents 1 foot in the actual engine 
(of 18 inch stroke). If the crank makes 160 r.p.m., 


Hence 




2tX ISO 
60 


5 TT rad. /sec.® 


as * 25^®‘FO = 247'FO ft./sec ® 


when FO is given the value in feet corresponding to the full size diagram* 
In the position shown in the figure, FO = 0.66 ft., and = 247 X 0.65 
*= 160ft./sec.® 

Example 2. The Four-bar Chain. Suppose that the crank AB of 
the four-bar chain ABCD (Fig 132d) is driven with the constant angular 
velocity of «i radians per second. The link DC will then oscillate between 
certain limiting positions for each revolution of the crank. 
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If AE is drawn parallel to DC, we know from § 131, Example 2, that 
Vb “ oai*AB vc = ui'AE, VcB “ uvEE, 



I,.! -A « I, .1 . -i-. iJ , - 

0 600 1000 ft^seor 

Fig. 132c. 



Since wi is constant, the acceleration of S is entirely radial, and ^ 
In order to obtain ac graphically by means of the construe^ 
tion given above we may use BE to represent Vcbi ^ represent 
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aj. We alinU perform the construotioii by drawing all of the acceler- 
ation vectors reversed in direction. Thus choosing A as pole, we take 

AB to represent ^ determine the radial projec- 

tion of acB. To this end draw a semicircle on BC as diameter, and 
strike an arc with B as center and BE as radius, cutting the semicircle 
at F. Then if Ftf is perpendicular to BC, we have 


BC 


Ctfl* 


.BE» 

BC 


eei* 


BF* j 


and BG may be used to represent the radial projection of — acn. The 
transverse projection of — slcb will therefore be represented by a vector 
issuing from 0 and perpendicular to BO. 

The direction of ac is not known, but its radial projection, of magnitude 
t^/DC, may be constructed as follows: Lay off AP = DC on the 
line AE parallel to DC, and draw a circle on AP as diameter. Strike an 
are with A as center and AE as radius, cutting this circle at H\ draw the 
perpendicular HK to AP. Then from (1), 


o*c , AE* 
DC~“" ~DC 


Ui 


AP 


wi^AK, 


and AK may be used to represent the radial projection of — ac. The 
transverse projection of — ac will therefore be represented by a vector 
issuing from K and perpendicular to AK. 

We thus see that when ac is represented by a vector issuing from A, 
its end-point must lie on both of ^e lines GL and KL, perpendicular to 

BO and AK respectively Hence — ac is represented by AL to the same 

scale (1 ‘ »i») that — a^ is represented by AB Upon reversing these 
vectors, we have 

as «= coi^BA, Sic = wi^LA* 

The figure also shows the acceleration vectors drawn in their proper 
directions from the pole/; 6'c' is the acceleration image of BC. 

JExam/ple 3- Watf?$ Parallel Motion. In the four-bar chain ABCD 
of Fig. 132e the arms AB and CD are parallel. Let it be required to find 
a point P in the center line of the coupler BC whose path is most nearly 
a straight line in the vicinity of its present position. 

The points B and C are both movmg normal to the parallel arms; 
the instantaneous center of BC is therefore at infinity in the direction 
of the arms (§ 124), The instantaneous motion of the coupler is thus a 
translation normal to the arms. In particular B and C are moving with 
the same speed v. 

Let us now construct the acceleration image of BC. From j as pole 
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draw the vectors jm and jn to r^resent the radial projeotbns of and 
ac respectively, taking their lengths in the ratio 


h' 


I 

I 


Fro. 132e. 

Let nib' represent the transverse projection of a^; then jV r^resents 
a» Now 

ac = SiB + aca> 

where aca is entirely transverse (normal to BC) since its radiAl com- 
ponent vanishes; for 

g*cB (pc - vbY ^ n 
BG “ BC 

Hence draw 6V perpendicular to BC and w' perpendicular to jn] their 

intersection cf determines the vector jc' which represents ac. 

To find the point P of BC whose acceleration has the same direction 
as its velocity (vertical), draw jp' perpendicular to jm\ then since 
IS the acceleration image of £C, 

PC p'c' " jn ^ AB 

Consequently P divides the coupler into segments inversely proportional 
to the lengths of the adjacent arms Since the velocity and acceleration 
ot P are both vertical, the motion of P will evidently persist m approxi- 
mately this direction longer than any other point of BC. In other 
words, P is the point of BC whose path is most nearly a straight line 
in the vicinity of the position considered. The entire path of P has the 
shape of a distorted S, it can readily be plotted by drawing the mecha- 
nism in a number of different positions. The range of approximate linear- 
ity may be increased by choosing the proportions of the linkage so that 
the coupler is perpendicular to the arms in its mean position. For 

6'c' is horizontal in this case, and the acceleration of P (jp') is less than 
that of any other pomt of BC. 
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This TnanTiftniam for obtaining approximate rectilmear from rotatory 
motion was first applied by James Watt, the inventor of the condensing 
steam engine. Watt also used the modification in which the arms are 
on the same side of the coupler. It can then be shown precisely as 
above that the point P will divide the coupler (prolonged beyond the 
longer arm) extemoUy in the inverse ratio of the arms. 


PROBLEM 


1. In the TchAich^ pardUd motion a four-bar chain ABCD is used 
in which the arms AB, DC are crossed and of equal length, and the 
tracing point P is taJcen at the middle point of the coupler BC (Fig. 132/) 


Talking 

AD 


B' 



4, A3 » DC ^ 6, BO = 2, 
with any convenient unit of length, construct 
the velocity and acceleration images of the 
coupler when it is horizontal, and when it is 
vertical, assuming that the angular velocity 
of AB is constant. Draw the vectors represent- 
ing the velodty and acceleration of P in both 
cases. Is P a suitable tracing point for an 
approximate straight line motion? 

With the above proportions of the mecha- 
nism, show that P is at the same distance 
above AD when the coupler is horizontal or 
vertical. 


133. Relative Time Rates. Let the motion of a vector u be 
referred to a rigid body of reference 6 which is itself in motion. 
At the instant t let u coincide vdth the vector w fixed in the body. 
At a later instant V = t + At, n. becomes u' and w becomes w'. 
Then, since u = w, 

tt' — u u' — w' I yfi' — -vi 
At ~ At At ' 


Now pass to the limit Af 0 in this equation; then 


, the rate at which u is changing relative to h* 
, the absolute rate at which w is changing. 


u' — u 

du 

- - 

At 

dt 

u' - w' 

du 

V- _ 

At 

dt 

w' — w 

dw 

ta 

dt 


* Note that dn/df is not a partial derivatlTe, but merely a temporary no 
taiion to denote a relative time-rate. 
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( 1 ) 


dll _ dll ■ dw 
dt~ dt'^ di’ 


( 2 ) 


If the body b has plane motion of angular velocity a, 
dw 


dt 


= umVT = CMl 


(§123,1); 


hence in this case (1) becomes 

( 8 ) 


du , du 

S-'^ + n- 


We shall prove later on 213) that (2) holds for the most gen- 
eral motion of the rigid body b. Consequently (3) is valid for 
any motion of the body of reference. 

134. Theorem of Coriolis. We shall now consider the motion 
of a particle P relative to a r^d body in plane motion with the 
angular velocity a and angular acceleration a. Let Oi and 0 be 

origins fixed in space and in the body respectivdy ; then if r « OP, 
0iP = 0i0 + 0P = 0i0 + r. 

On differentiating this equation with respect to the time we obtain 
the velocity of P: 

, dr , .dr 

Here dr/di, the time rate at which OP is changing relative to the 
body, is the relative velocity, v„ of P; hence 

(1) V = Vo + «xr + V,. 

On differentiatii^ agam with respect to the time we obtain tho 
acceleration of P: 

, , dr . dv, 

a = ao+axr + a,x- +— . 


dr ^ ^ _ 

^=«Kr + ^««xr + v„ 

dVf . dVf ^ I * 


But from § 133, 
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where a, = dVf/dt denotes the relative acceleration of P. There- 
fore 

(2) a = ao + «xr + + 2 + a,. 

The velocity and acceleration, of that point of the movii^ 
body with which P coincides for the instant are called the bodj/ 
velocity and body acceleration of P. Denoting these vectors by vj 
and a», we have 

Vi = Vo + (cxT (§ 123, 2), 

ai = ao + axr + eix(oi>xr) (§ 123, 3). 

These results also follow from (1) and (2) above on putting v, = 0, 
a, - 0. The equations for v and a may therefore be written 

(1) V = Vi + v„ 

(2) a = Si + 2 «xv, -f Of 

Equation (1) gives the theorem on the composition of velocities, 
already proved in § 110. Equation (2) shows that an analogous 
theorem for the composition of accelerations is not in general true; 
we have in fact the additional term 

(3) a* = 2 uxVf 

known as the complementary acceleration or the acceleration of 
Coriolis. We state (2) as the 

Theorem of Coriolis. If the motion of a particle is r^erred to 
a mooing body, its absolute occeleraMon is egwd to the vector sum 
of the body acceleration, the complementary acceleration, and the 
rdative accderation:^ 

a = ai + a« -1- Sf 

If a particle P moving in a plane a is referred to a body 6 in 
plane motion parallel to a, <a is perpendicular to the plane and 
therefore to v,. Then from (3) SLe is numerically equal to 2 uyv, 
and is turned 90® from v, in the sense of 6’s rotation. Clearly 
Sc — 0 in two cases only: 

(1) ca = 0; the instantaneoiLS motion of b is then a translation; 

(2) Vr = 0; the particle P is then jcnomentarily at rest relative 

to 6. 

* This is the general Theorem of Coriolis for a rigid body of reference having 
any motion whatever. We have only proved the theorem in the case when the 
body has plane motion. With a suitable interpretation of however, the 
above proof applies also to the general case. 
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Example 1. The motion of a particle P along a plane cuTTe may be 
referred to a ^yst«n of rectangular axes b revdvmg about a fixed origin 
0, 80 that the x-axis always passes through P (E^. 134a). We diaJl de- 
note the positive unit vectors along these moving axes b, p (instead 
ofi,j), and instead of X, we shall write OP >= r. The x-axis thus becomes 
the r-axis. 



Relative to the moving system of reference b, the particle simply travels 
along the r-axis. Hence from (§ 112, 1) we have 


Vr 




B. 


I The point of the moving system which momentarily comcides with 
|the particle is describing a circle of radius r with the angular velocity 
a = de/di, hence from (§ 109) 

Vft - Tup, &b= — «*rB-l-r-^p. 

Lastly, the complementarj' acceleration is 


ae = 2 «*v, = 2 (&>k) 



2 



The absolute velocity and acceleration of P are therefore 

dr 

v=v»-hVf- jjB-i- r«p, 


a - a* -I- a< -H a, = (-g - «*r) E -b (r^ + 2 « J) P. 
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We may verify these results by difierentiatiiig OP = ra. twice with 
respect to the time. Prom § 85 we have 


dR ^de * ^ 

“ d 9 di “ dl ~de dt 

dr 

V »^R+r«p, 


— cdS, and hence 


d!*r , dr , /dr dwX 
* + W" +r-^jp -raA*. 

Examjde 2. As a numerical illastration of the Law of Coriolis we 
Blia.It compute the accderation of the point P of the cylinder 2, which is 
constrained to roll over the cylinder 1 by means of the arm S coimecting 




Fig. 1345. 


fhrir axes (Pig. 1345). Assume that the arm is driven counterclockwise 
with the angular vdocity = 10 rad. /sec.; and that the radii of the 
<ylmders are ri = 7 in., r* = 5 in. In § 121, Example 2 we have shown 
that the angular vdodty of is 

— wi » ^ X 10 =24 rad./sec. 
r» o 

Hence the angular velocity of S relative to the arm is 
tor =3 14 rad./sec* 
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CShoose the rectangular axes Ox, Oy, fixed in F, in the position ^ovn. 
As usual, the positive unit vectors on the axes vdH be denoted by i, j. 

The point in the plane of the atm that coincides vith P bsa the ac- 
celeration 

at ■= = 100 (PO -hOQ) - 100 (- Si - 12 j) 

= — 500 i — 1200 j in./8ec.* 

The acceleration of P relative to the arm is 

Sr “ «r*PO = 14* ( — 5 i) = — 980 i in./seo.* 

The vdodty of P relative to the arm is 

Vr= riMr 5 X 14 j = 70jin./sec. 

The complementary accel^tion is 

Oe = 2«i>«Vr = 2 (10k)x(70 j) = — 1400 i in./sec.* 

The total acceleration of P is now given by 
(i) a =86+ a, -H a, - -(500 -I- 1400 -1-980) i -1200 i 


= -2880i - 1200jin,/sec.* 
= - 240i - lOOjftVsec.* 


Its magnitude is 

|a| = -^240* + 100* = 260 ft./sec.*, 

and it makes with the positive x-axis an angle of 

0 = tan-i J? = 180“ + 22“ 37' = 202“ 37'. 

24 

In the above calculation P was regarded as a point moving m the plane 
of the arm. We may approach the problem, however, from a different 
point of view by regardmg P as a point fixed in S, and computing its 
acceleration from the equation (§ 130, 2) written in the form 

(ii) ap — ao + apo- 

We first compute the acceleration of 0, which is revolving about Q with 
the constant angular velocity 

ao = = 100 (- 12 j) = - 1200 j in /sec * 

Relative to 0, P is moving in a circle of radius ri - 5 m. with the con- 
stant angular velocity of = 24 rad /sec. The acceleration of P rela- 
tive to 0 IS therefore 

apo *= ^ 02 ^ = 242 (- 5i) - - 2880 i m /sec * 

The acceleration of P computed from (u) thus agrees with our former 
value. 
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PROBLEMS 

1. A particle is moving with the velocity Vr and acceleration ar rela- 
tive to a disir which is revolving uniformly about its axis with the angular 
velocity of a rad./sec. The path of the particle is along a diameter of 
the didc. Draw vector diagrams showing vs, Vr, v, and as, ac, ar, a in 
the following cases: 

(а) * 4, Or = 2, « = 3 whenr (distancefrom axis) - 1; 

(б) tv =* 4, Or * 2, «( •= — 3 when r = 1 ; 

(c) tv = — 4, Or ™ 2, « ■= 3 when r = 1. 

2. A particle describes a circle of radius r with the constant angular 
velocity ur relative to a disk which is revolving uniformly about its 
axis with the angular velocity a. The center of the circle is on the axis 
of the disk. Draw vector diagrams as in Problem 1 for the following 
cases: 

(o) r •= 2, «r = 2, « = 3; 

(6) r”2, 6)r ™ — 2, « = 35 

(c) r = 2, Mr = 2, 01 * — 2. 

8. In Problem 2 show that the absolute acceleration of the particle 
is directed towards the center, and that its magnitude is r(M 4- Mr)^ 

4. A train is running from west to east in the latitude of the equator 
with the speed of 60 mi /hr. Find the magnitude of its absolute ac- 
celeration (neglecting the orbital motion of the earth). What percent- 
age of this is due to to a/f Take the radius of the earth as 4000 

miles. 

What is the absolute acceleration when the tram is running from east 
to west? 

135. lastantaneous Center in Relative Motion. We now con- 
sider two plane figures, a and 6, moving in a plane regarded as 
fixed; and for the sake of simplifying our statements, we shall 
imagine both a and h attached to infinite planes that share their 
motion. Let 0, P be any two points of a and O', P' the points 
of h with which they comcide at a certain instant Then if 
(Os and uj, are the angular velocities of a and b, the velocities of 
P and P' are, from (§ 123, 2), 

Vp = Vo + Wo^OP, Vp' = Vo' + «i>«OP. 

If these vdocities are equal, 

Vo - VO' + («« - = 0, or kxOP=-^2^^. 

coa — 
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When Ob this equation locates a pair of coincident points 
in a and h that have the same velocity at the instant consideied. 
The vdocity of each point relative to the f^ure that carries the 
other is therefore zero (§ 110). The point of a is called the in- 
stantaneous center of a relative to h, and is denoted by Simi- 
larly, the point of h which coincides with Icb is called the instan- 
taneous center of h relative to a, and is denoted by Ijn. On mul- 
tipl 3 dng the last equation by kx and replacing P by lot we obtain 

( 1 ) ma = ~ • 

— m 

When Ua = (»b the figures are either relatively at rest, or their 
relative motion is a pure translation. In the latter case their 
rdative instantaneous center is said to be at infinity. 

136. Einematic Chains. A chain is an assemblage of bodies 
coupled in such a manner that each body is capable of motion 
relative to its neighbors. A ktnematic chain is a chain in which 
the relative motion of any two of the bodies determines the rela- 
tive motion of aU of the others. Such motion is described as 
completely constrained. When one body of a kinematic chain is 
fibced in position and a certain motion is impressed upon a second, 
the motions of the remaining bodies are perfectly definite. 

The several bodies fonning a kinematic chain are called its 
links; and the portions of two connecting links that form the 
articulation between them are called a kinematic pair of elements. 
The various l inks of a kinematic chain will be denoted by small 
italic letters (a, h, etc.) or by numerals; and we shall speak of the 
pair of elements connecting the links a and h as the elements ah. 

In the study of kinematic chains it is convenient to classify pairs 
of kinematic elements according to the nature of their contact. 
Thus a pair of elements having surface contact is called a lower 
pair, and a pair having hne contact, a higher pair. For example 
shaft and bearing, or cylinder and piston, form a lower pair; while 
a pair of gear wheels or cams in drivTng contact form a higher pair. 

We shall only deal with kinematic chains constrained so that 
all the links move parallel to a fixed plane. The lower pairs may 
then be of two kinds: turning pairs or sliding pairs. In a turn- 
ing pair the contact is over surfaces of revolution, commonly 
cylinders; and the relative motion of the elements is one of pure 
rotation. In a sliding pair the contact is over plane or cylindrical 
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surfaces* so arranged that the only possible relative motion of 
the dements is a pure translation. Thus shaft and bearing form 
a turning pair; while piston and cylinder, or cross-head and guides, 
form a diding pair. 

The retofwe motion of any two links p, g of a kinematic chain 
is, by /^«>fiT>i finT 1 , perfectly definite, and will not be altered if any 
link of the is fixed. Hence the position of the instantaneous 
center (of p relative to g) is not altered by fixing any one link 
of the In particular it is permissible to regard g as fixed 

in locating !»• 

If the dements pg form a turning pair, lies on the conunon 
fl-YiB of their contact surfaces of revolution; for all points of this 
a-TiB have the sanift vdocity whether considered as points of p or as 
points of g. If the dements pg form a sliding pair, 1^, strictly 
speaking, does not exist. In this case, however, we shall say 
that Im is at infinity in a direction perpendicular to the relative 
translation of p and g. 

We «ha.11 now consider two important kinematic chains. 


Im 



Fig. 136a 

The Fcfter-har Chain. This chain, shown conventionally in Fig. 
136a, consists of foirr links a, h, c, d, connected by turning pairs 

* A oylmdncal suiface is generated by a straight line which moves parallel 
to itself and always mtetsects a fixed curve. A plane may thus be regarded 
as a cylrndncal surface for which the fixed curve is a strai^t Ime. When the 
contact surfaces of a sliding pan are other than planes, the relative motion 
of the elements is parallel to their generatmg hues. 

Note that if a block c shdes in a slot formed m a body d by the surfaces of 
two concentnc circular cylinders, the dements ed form a tummg pair, not 
a shdmg pair (see Fig. 137). 
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ab, be, cd, da. The ases of these pairs are ail parallel, so that the 
relative motion of the links is plane. The relative instantaneous 
center of two directly connected linlra is on the ajda of their turn- 
ing pair. To locate the relative instantaneous center of two 
links not directly connected, such as a and c, regard a as fixed; 
the points and of c then move normal to the center lines 
of b and d respectively and is at the intersection of these lines. 
Similarly 7^ is the point of intersection of the center-lines of 
a and c. 



The Slider-crank Chain. This chain (Fig. 1366) consists of four 
links a, b, c, d, connected by three turning pairs ah, be, cd, and a 
sliding pair da. The mstantaneous centers 7jo, Ibe, frf are situ- 
ated on the axes of the corresponding pairs, while 7*, is at infinity 
in the direction perpendicular to the relative motion of d and a. 
To locate 7a, regard a as fi-xed; then l„ is the point of intersection 
of the center-line of b with the line through 7ai perpendicular to 
the direction of d's motion (§ 125, Ex 2). To locate regard d 
as fixed, then c revolves about the permanent center lai, and a 
is constrained to slide in a fi.xed direction. We therefore know 
the directions in which Ibe and Iba are moving. The normals to 
these directions at Ibe and Iba meet in the point Its. 

In the figure the line la Iba gives the direction of relative trans- 
lation. This arrangement of the chain, which is usually adopted 
in practice, is not one of its essential characteristics. When the 
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line in which la moves relative to a does not pass through J^a, 
the fthftTTi is said to be crossed. 

The slider^crank chain may be regarded as a limiting case of 
the four-bar ftbaiTi in which two of the links, a and d, are infinitely 
long. Thus the slider-crank chain in the figure is equivalent to 
the foTir-bar nhain a*, b, c, d% in which a' and d' are connected at 
infinity. K we adopt this point of view, the constructions given 
above for the four-bar chain supply all of the instantaneoiis 
centers. 

137. The Criterion of Constraint. We shall now consider 
the conditions under which a chain, ^n whtch lower pairs only 
occur, is completely constrained. For the sake of simplicity we 
shall ftafliime that all of the pairs are turning pairs. Each joint 
of the fibain then corresponds to a point which represents its axis; 
and if there are j joints m the chain with distinct axes, they will 
be represented by j distinct points Pi, Pj, . . . , Pj. To fix the 
relative position of these points we may take one point Pi as the 
origin of a ssrstem of rectangular axes, and pass the ic-axis through 
a second point Pj. The relative position of the j points will then be 
determined by giving the abscissa of P» and both coordinates of 
the i — 2 remaining points. Thus 

(1) C = 1 + 2 C? - 2) = - 3 

conditions are required to fix the relative position of j points or of 
the j joints which they represent (cf. § 56). 

We shall now find the number of conditions imposed on these 
j joints by the rigidity of the links on which they lie. For this 
purpose the links of the chain are classified according to the number 
of joint elements that each contains. Thus suppose that there 
are nt links with 2 elements, ns with 3, and, in general, n* with k 
elements. Since the elements on any link are represented by 
distinct points, we see from the above that each link with k ele- 
ments imposes 2k — Z conditions on these elements to fix their 
relative positions. For example, a link with 2 elements imposes 
4 — 3 = 1 condition on them, namely, that the distance between 
them remain constant. Hence the nt links with k elements im- 
pose (2k — 3)nij conditions; and the total number of conditions 
imposed on the joints by all of the links forming the chain is 
given by 

(2) C = ;g(2fc - 3)n* ** 712 “h 3/18 "f" 5^4 4* 7715 4" • • • . 
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The difference C — C* indicates the number of additional con- 
ditions required to fix the relative positions of the joints and thus 
determine the form of the chain. 

If C — C" = 0, the form of the chain is prescribed and its linlca 
can not be set in relative motion. The chain is then said to be 
locked. 

If C — C' = 1, one extra condition will determine the form of 
tJie chain. Hence, if one link is fixed and a movable joint P 
is placed in a definite position, the extra condition will be imposed 
and the form of the chain determined. This is precisely the case 
of completely constrained motion. We have then a Mnemaitc 
chain. 

If C — C' ^ 2, two or more extra conditions are required to 
determine the form of the chain. If one link is fixed as before, 
and a movable joint placed in a definite position, the form of the 
chain is still imdetermined. In tlm case the chain is said to 
be loose or unconstrained and obviously can not be used as a 
mechanism. 

A kinematic chain must therefore satisfy the Criterion of Con- 
straint C' = C — 1, that is 

(3) 2^2* - 3)nt = 2j - 4. 

As a general rule, the criterion (3) also applies to kmematic chains 
containing sliding pairs. This is due to the fact that the straight 
line representing a sliding pair is determined by two conditions 
(for example its inclination to the ar-axis and its x-intercept) 
just as the point representing a turning pair. The criterion, 
however, does not apply to certam chains that contain sliding 
pairs — for example, when closed circuits of sliding pairs are 
present.* These exceptional cases occur rather infrequently and 
we shall not stop to consider them here.f 

If n denotes the total numljer of links m the chain, we have 

n = 

Moreover if just two links are coupled at each joint, the number 
of joint elements is twice the number of joints; 2j = ^knt. In 

* Thus a kmematic chain may be formed by three links coupled by shding 
pairs. In this case we have C = 3, C' = 3, and the cham is apparently 
locked- Actually, the chain is constrained 

t See Klem, A. W., Kinematics oj Machinery, p. 22 et seq. 
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this particular case (3) assume the siiuple form 
4j — Zn = 2j — 4, or 

(4) 3n = + 4 (all binary joints). 

Example 1. Let us apply the Criterion of Constraint to the chain of 
Pig. 144d. Here we have 10 joints, 4 links with 2 joint elements, and 4 
Hnlra vrith 3 joint elements. In our notation 
3 = 10, n* => 4, »» “ 4; 

hence 

(7 = 2x10-3=17, C' = 4+ 3x4 = 16 

Since C - C' = 1, the chain is constrained. 

Example 2. In the mechanism of Fig. 139i we have j = 10, ria => 5 
(links 5, 4, 6, 7, S), w* = 2 (links I, «), tu = 1 (link B)] hence 
(7 = 2x10-3 = 17, (7'=6+3x2 + 6xl=16, 

and the chain is constrained. 

Since this has only binary joints, the simpler criterion (4) may 
be applied: 3x8=2x10 + 4 This also applies in Example 1. 



Fig. 137. 


PROBLEMS 

1. Test the chains of Figs. 139/, 139fif 
and 139A for constraint. 

2. Sketch a constrained chain consisting 
of three links coupled by sliding pairs. 

3. Locate all of the relative instantaneous 
centers for the chain shown m Fig. 137. 

4. If a cham satisfies the criterion (3), 
show that the number of its links is neces** 
sanly even. 


5. Show that the criterion (4) may be applied to chains in which 


joints involving three or more links occur, provided that every joint at 


which % links are coupled is reckoned as i — 1 binary joints. 


138. Inversion. When one of the links of a kinematic chain is 
fixed (relative to the earth or other body of reference, as a boat or 
locomotive) the chain is called a mechamsm or a machine. The 
term mechanism is usually employed when the relative motions 
of the links are of principal importance, the term machine when 
the forces transmitted or the energy transformations are being 
considered. 

By fixing in turn each of the links of a kinematic chain we obtain 
as many mechanisms as there are links in the chain. The various 
mechanisms thus formed are called the irwersions of the chain; 
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they may or may not be distinct TT>ftnha.nfsms. The relatiye 
motions of any two linlra of a kinematic chain are the same in 
each of its inversions. Moreover, in any given configuration df a 
chain, the positions of the relative instantaneous centers of the 
various pairs of links are the same irrespective of the particular 
link which is fixed. 

Inuersions of Fova>bar Chain. Let us consider a four-bar 
chain in which the lengths of the liTika a, b, c, d are such that 

Za ^ < Za, and Zo "h Za Z® “H Ze. 

Here la denotes the length of the Hnlf a, that is, the distance be- 
tween the axes of the turning pairs o6, ad. In the figure t,, 2^ 
Ze, Za are proportional to 
1, 3, 4, 6 respectively. 

By fixing in turn each 
of the links we obtain the 
four inversions of this 
chain. In these mecha- 
nisms a link directly con- 
nected to the fixed link is 
called a crank if it is 
capable of complete rev- 
olutions, a lever, if it can 
only oscillate between cer- 
tain limiting positions. 

The link not directly con- 
nected to the fixed link is 
usually called the coupler. 

1. When b is fixed (Fig. 138a) the link a is capable of complete 
revolutions, but c can only oscillate between certam limiting 
positions c' and c". These positions are determmed by the 
points of intersection of circles of radii h — h *md l<t + la about 
lab 85 center with a circle of radius U about leb. Thus c is a lever 
and a is a crank; and the mechanism is therefore called a lever- 
crank mechanism. 

Note also that relative to the link d, a performs complete revolu- 
tions, while c merely swmgs in partial revolutions. The relative 
motions of the directly connected links are therefore as follows: 
a makes complete revolutions relative to 6 or d; 
c makes partial revolutions relative to & or d. 
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These rdatm motioDS remata the same in each of the inversions 
of the chain. 

2. When d is fixed we see from the relative motions listed above 
that a is again a crank, c a lever, and we obtain a second lever- 
crank mechanism. 

3. When a is fixed both b and d are capable of complete revolu- 
tions about their permanent centers; for the relative motions of 
b and a and of d and a must be the same as in case 1. The b'nTrp 
bfdssQ both cranks, and we have a double^ardt msdmt'mn. 

4. When c is fixed both b and d are limited to oscillations about 
their permanent centers and are therefore levers. The rthflin now 
becomes a doubhdeoer medumism. 

Irwersions of the Shder-crank Chain. By fi^nTig in turn each of 
the links a,b,c,doi the slider-crank chain (Fig. 1366), four different 
mechanisms are formed. 

1. When o is fixed the mechanism is that of the ordinary direct- 
acting engine; a represents the bed-plate and its rigid connections, 
such as cylinder and cross-head guides; 6, the crank and shaft; 




c, the connecting-rod; and d, the cross-head, piston-rod and piston. 
This inversion may be regarded as a mechamsm for transforming 
the reciprocating motion of the piston into the continuous rotaticm 
of the crank-shaft, or as a nwchine for transforming energy. 
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2. When 6 is fixed the resulting mechanism is exemplified by 
the crank and slotted lever (Fig. 1386), utilized in some quick return 
motions. The block d slides in a straight slot in the link o, which 
oscillates to and fro between the positions a' and a" for every 
revolution of the crank c. If c is driven with a uniform 
velocity o, the forward and backward oscillations of a are per- 
formed in the times 2(ir — 5)/« and 20 /a respectively, where 

0 = COS"^ 0>c/lb)- 

3. When c is fixed the mechanism is exemplified by the oscil- 
lating cylinder engine (Fig. 138c). The block d has suffered a 
change “ from solid to hollow and is now the cylinder of the 
engine mounted upon trunnions. The link a consists of the 
piston and piston-rod. 

4. The mechanism formed when d is fixed has found but slight 
application in practice. It has been employed however in a small 
steam pump, known as the pendulum pump. For a description 
of this pump the reader is referred to Durley, Kinematics of 
Machines^ § 40. 


PROBLEMS 

1 . When the sum of the longest and shortest links of a four-bar chain 
is less than the sum of the other two, prove that the chain becomes (1) 
a double-crank mechanism when the shortest link is fixed; (2) a lever- 
crank mechanism when either link adjoining the shortest is fixed; (3) 
a double-lever mechanism when the link opposite the shortest is fixed. 

2. When the sum of the longest and shortest links of a four-bar chain 
is greater than the sum of the other two, prove that all the inversions of 
the chain give double-lever mechanisms 

3. The kinematic chain shown in Fig 1196 is called a double slider- 
crank chain. Show that it may be regarded as a slider-crank chain in 
which the connecting-rod is infinitely long. Locate the six relative in- 
stantaneous centers of its hnks 

When the link d is fixed show that the resulting mechanism is essen- 
tially a trammel (§ 126, Example). 

4. If in Fig. 1196 the link a is fixed, what curve will a point on the 
center-line of the crank 6 trace on a plane attached to rf’ 

6. Study the inversion of the double shder-crank chain formed b^' 
fixing the Hnk b (Oldhams’s coupling, the elliptic chuck). Reference. 
Durley, Kinematics of Machines^ § 44, Dunkerley, Mechanism, §§ 99, 139. 

6. The crossed-slide chain consists of four links coupled by two turning 
and two sHiiing pairs, each liTik havmg an element of a turning and a 



300 


KINEMATICS OF PLANE MOTION 


§139 


RT^>^^T^gr psir, TIi 6 Tin ft fiHfl.'niR Tn of Fi^- 142c is derived from a oross6d"6lid6 
utiniTi by fiviTig tbe linlf d (ft plftte witb ft rectflugular slot in its f&ce). 
Locate all of the relative instMitaneous centers of its hhks. 

Tti 'vrhat essential respect does the crossed-dide chain differ from double 
slider-crank chain ? 

7. The Scott RusseH parallel motion may be obtained as follows: 
in the slideivcrank mechanism of Fig. 1315 take OA. = AB, and let C be 
a point on the prolongation of the connecting-rod such that AC ^ AB. 
Show (by use of the instantaneous center of the connecting-rod) that C 
will describe a straight line. 
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139. The Theorem of Three Centers. Suppose that a, b, c 
are three figures moving in a fixed plane ; and let the instantaneous 
centers lab, Itc, be all distinct at the instant considered (Fig, 

139o). Then, by the de- 
fining property of relative 
instantaneous centers (§ 
135), the coincident points 
lai and Ita, hi a and b 
respectively, have the same 
velocity relative toe. But, 
relative to c, these points 
are moving for the instant 
about the instantaneous 
centers Joe and J»e respectively; their common velocity vector 
is consequently perpendicular to both instantaneoxxs radii Iael<a 
and JjeJja- This can only be the case when the points Jaj, Joe, Jjw 
lie in the same straight line. We have thus proved the important 
property known as the 

Theorem op Three Centers. If three figures a, b, c are moving 
in a plane, the relative instantaneous centers of the three pavrs ah, 
be, ca, in any configuration, lie in the same stratght line. 

This theorem may also be established analytically. Choose, 
at the instant considered, three coincident points 0, O', 0" in 
a, b, c Then from (§ 135, 1) 

(<iJo — cat) Olab + («J — «e) OIhe + (“e — ««) OIca = 

kx(vo — Pc' Pc' — Po" + Po" — Po) = 0. 


Since the sum of the scalar coefficients in the left member is zero, 
the points Jot, lie, lea lie in a straight line (§ 7, Example 2). 
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Example 1. The six instantaneous centers of the foiu>-bar «>»a.in 
136a) lie in sets of three upon four strai^^t lines. It -will be observed that 
the subscripts of each set of three uix>n a line refer to but three of the 
four links. 

Example 2. The she instantaneous centers of the sUder-crank ehain 
(Fig. 1365) He in sets of three upon four strai^t lines if we r^ard the 
parallel lines JsoIm, leilta as meeting at infinity in the point /«i. 

Any four plane figures a, 6, c, d have 


A = 


4-3 

1-2 


= 6’ 


relative instantaneous centers, namely 

1 * 06 , Ijcj Ifld, Itfoj ^acs I'm 

If the first four of these are known (note 
the cychcal order in the subscripts) the 
other two may be found by means of the 
Theorem of Three Centers. For lac hes on 
the lines lablhe aJid lalda, and is therefore 
at their point of intersection (Fig. 1396). Fra. 1396. 
Similarly Jm is at the point of intersection 
of the lines Jselai and laalia- We shall indicate these construc- 
tions by the scheme: 



T j^ab^bc 

“ilcelaa 


Ibd 


flsclctf 

IZitoloS 


We ahall call any group of four instantaneous centers whose 
subscripts may be arranged in cyclical order a four-cycle; and 
we shall denote a four-cycle such as 

•Iflfti ^bcf Icrf, Itfay hj (a6cd). 

The results of the preceding paragraph may now be stated as 
follows: 

If four plane figures have a known four-cycle, thm remaining 
instantaneous centers may be determined by the Thto/nn of Three 
Centers. 

The above method of finding instantaneous centers from a four- 
cycle may be remembered as follows. For example, to find Ids 
from the four-cycle {abed), pass from 6 to d, then fiom d to 6, 
following the cyclical order abed 

b c dab 


* nCm denotes the number of combinations of n things taken m at a time 
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Tbe two routes he, cd and da, ah indicate the subscripts of the 
centers whose joining lines Itela, loalab determine ltd- A si m ila r 

process will locate Tae‘ ah c 

Six plane figures a, h, c, d, e, f have jCa = 6 • 5/1 • 2 = 16 

relative instantaneous centers. K two four-cycles involving to- 
gether all six of the figures are known, aU the remaining instan- 
taneous centers may be found by the Theorem of Three Centers. 

For example, suppose that the 7 instantaneous centets of the 
two four-cydes 

(abed), (dbef) 

are known. We may determine Joe, from the first cyde and 
I am Ilf from the second as shown above; 11 instantaneous centers 
are then known. From these we now form four other known 
four-<grdes, 

(ac6e), (aebf), (adbe), (adhf), 

by alternating the two lettera a, b common to the given cycles with 
two letters not common to them. Each of these cydes determines 
one of the remaining instantaneous centers, namely that one with 
the letters other than a, b as subscripts; taken in order, these are 
let) Itf, Ide, Idf. These centers together with the 11 already 
known make up the total number of 15. 


i/tt 


Fio. 139c. 

Sometimes only one four-(?yde (abed) is given directly, together 
with three additional centers such as /«, 7^, I/a. Then /<8 must 
first be determined from the given cyde before the second cyde 
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(befd) can be regarded as known. This case is ex^plified in the 
chain shown diagrammatieally in Fig. 139c. If !/„ is required, we 
may proceed as fdUows. From (abed) we locate 

The four-c^de (b^d) is now completely determined, »».nd 

Finally we form a four-cyde by alternating the letters 6, d com- 
mon to (abed) and (b^d) with the letters /, o, forming the subscripts 
of the required instantaneous center, If.. In this cyde (6/da) we 
locate 

jlfdloa ^ 




Example 3. The mechanism of the Crosby Jrhdicatcr is shown conven* 
tionally in Mg. 139d. This consists of six links: a, 5, c, d, e,f; a is the 
fixed indicator cylinder^ 
and d consists of the in- 
dicator piston and piston- 
rod. The point P on the 
link / traces the indicator 
diagram. 

Suppose that we wish 
to find the direction of 
P’s motion m the position 
shown. This can be given 
at once when J/a is known; 
we therefore proceed to 
find this instantaneous 
center 

The slider-crank chain 

a, bj c, d gives the known four-cycle (abed). Smee the centers /«, 

Ifc are also given, we shall have a second known four-cycle (aefc) after 
locating 

(Note that ha is at infini ty m the direction normal to d's motion.) From 
the cycle (aefc) we now determme 

The instantaneous motion of P is normal to the hne J/oP. 
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Let vp and va denote the speeds of the tracing point and of the piston 
d respectively. In order to find the ratio vpjvt we shall next locate I/i. 
With this in view, form the four-cycle (fade) by alternating the letters 
a, c, common to (abed) and (a^c), with/, d; then 

Now Ifd is the point of / which has the same velocity as the piston d. 
Hence if oy denotes the angular velocity of /, we have 


Vp = <afIfaP, Vd =* tuflfalfd} 


£P ^ IfaP 
Vd Ifol/a 


Example 4 The Peaucdlier Cell (Fig. 139e) is the most familiar mech- 
anism for generating a true straight Ime. This consists of eight links, 
mcluding the fixed link a, with pm connections that allow of plane motion. 
The links e /, A are all of equal length and form a rhombus in all po- 



sitions. The links c, d are equal, as are also the remaining links a, h. 
When the link b revolves about its fixed pm, the pomt Ign describes a 
straight line perpendicular to the center line of a. This property may 
be verified graphically by showing that Im (or Iga) always lies on a line 
through Igh parallel to the center Ime of a.* 

In order to locate Iha consider the known four-cycles (a6/c) and {efgh ) : 


from (a6/c), 
from (^i^A), 


T [IfJca (center line of c) 
[Idbliif (center line of 6) ' 

(Iheltf (center line of e) 
Xl/fflffh (center line of gY 


* For a geometne proof of this property see McKay, The Theory of Mor 
chines, (London, 1915} p. 161. 
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The (^de (fldhf) is now known; therefore 

f/al/ji (paralld to g) 

[ladot (center line of d)' 

To locate 7«a consider the (^de (flcgh); thus 

j 

““ \laJei (center line of c) 

PROBLEMS 

1. Locate /«] in the toggle-press mechanism shown in Fig. 142b. Show 
how the speed of the blo<^ 8 vaay be found when the speed of A is known. 

2. Give a series of fouixydes that will determine the location of the 

instantaneous centers lu, In, Im, I»* of Fig. 13£if. 

C 
A 


Fig. 139/. Fia 139ff 

3. In the mechanism of Fig. 139^ the link 1 is fixed. Find graphically 
the direction in which the point P is moving when .4. moves in the direction 
shown. 

4. Bricard’s linkage for an exact straight line motion consists of six 
linlfs arranged as in Fig 139A and proportioned as follows; 

AE = DF =x, GE ^GF = y, AD = z, 

BE = CF ^ ,BC 

X X 

(Note that BE and CF are prolongations 
of the links 2 and 4 ) When the link 1 
is feed, the point G vnU descnbe a seg- 
ment of the straight line bisecting AD 
at right angles. Test this property by 
j&nding hi for two positions of the Imk- 
age, taking x - 2", y = 1", z - 3" 

6. Show that besides hz and 1 2 , no 
additional instantaneous centers of the 
ntinin of Fig 144rf can be found by means of the Theorem of Three Centers. 

6. Find the center /sa in the Stephenson Link mechanism shown 


I 





KINEMATICS OF PLANE MOTION 


306 


§140 


antiftmatinally in Fig. 139t. Show how the speed of the valve 8 may be 
found when at is known. 



140. Relative ibigtilar Velocity. Let a and h be two plane 
figures in plane motion and la, h, directed lines in these figures 
(Fig. 140a). Then the time rate of change of the angle (Ig, is 

called the angvlar velocity of b re- 
lative to a, and is denoted by in 
symbols, 



( 1 ) 


Wja (fai li>)- 


Just as in § 121 we may show that 
the value of wja is independent of 
the choice of la and k- 


Since (&, Zo) == — ih, h), we have 


( 2 ) 


««, = |(Z»,Za) - = -«ja. 


If c is a third figure moving in the same plane as a and b, and 
is a directed line in c, then 

(Z« k) = (la, Ic) + (Ic, U) = (k, k) - (Ic, la). 

Upon differentiation with respect to the time, these equations give 
(3) Mja = «6e + COjo = M»e ~ «ae- 

Tlie relations (3) may be readily remembered by noting that the 
doable subscripts follow the same order as if they denoted vectors. 

Now let a, b, . . . , p, q denote the links of a kinematic chain, 
and suppose that the ai^ular vdodties of all the links relative to 
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a certain link a are known. Then the angular velocities of the 
links relative to another link, as h, may be computed by means of 

(3) ; thus <0^ = Upa — etc. Again, if the rabios of the angular 
velocities of the links relative to a HtiV a ate known, the ratios of 
the angular velocities relative to another h may also be ob- 
tained; foresample: 

(4) ^ ss ~ _ M»a 

This calculation may be exhibited in tabular form as follows: 

Link a Tiinic 6 • • • Link p Tiinfe- q 
(a fixed) 0 <dBa * * * 

(6 fixed) — Mja 0 • • • Ci^ — (dig (dgg — Wjo- 

The angular vdocities of the various linlta relative to a are given 
in the first row, a being considered at rest. Now if the same 
quantity is added to or subtracted from each angular velocity 
it is dear that the relative angular velocities of the links remain 
unaltered, a condition that must always be fulfilled in any kine- 
matic chain. Hence to obtain all the angular velocities relative to 
6, we may reduce 5 to rest by subtracting wa, from every entry in 
the first row, as shown in the second row. The ratio of any two 
of the quantities in the second row then gives the angular velocity 
ratio of the corresponding links when 6 is fixed; thus 

Mpt _ Mpa — Mag tOpfr _ Mpg — Wa , _ (dpg 

03(ib CtJffa ^&a ^aJb ^ba 

Equation (4) fails when w»o = 0, that is, w’hen the relative 
motion of a and 6 is a translation. In this case, how'ever, 


Example 1. Let 1 and 2 be two fric- 
tion wheels having parallel shafts 
moimted upon a fixed link 0 (Fig. 140l»). 
If the wheels roll without slipping, their 
points of contact have the same numer- 
ical speed V. Since 1 and 2 revolve in 
opposite directions, we have 

COoQ 



v/rz Ti 
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Now suppose timt the wheel 1 is fixed and that the link 0 re- 
volves about I’s shaft. Then B will roll over 1, and the ratio 
may be obtained by expressing 6>8i and «oi in terms of 
angular velocities relative to 0. We thus obtain 

CJ21 _ 6?20 ^ OJlO _ ^ 1 , 

Wol — ^10 ^10 ^^2 


in agreement with the result of § 121, Example 2. 

If 1 and 8 represent two spur gears that transmit the same 
angular vdocity ratio as the friction wheels, they are said to have 
the cirdes in the figure as pitch drdes. Their teeth are then 
formed partly above and partly bdow the pitch circles, and the 
numbers of their teeth, ni, nj, are proportional to the circum- 
ferences of these cirdes; hence rii/ni = ri/vi, and the above 
ang iilftr vdocity ratios may be written 


(6), (7) 


6)20 ^ ^1 
6)10 ^2 


5^1 ^ ^ I n>i 
6)01 7^2 


The drcidar pitch (or simply the pitch) of the teeth of a gear 
is defined as the circumference of the pitch circle divided by the 
number of teeth: 

Circular Pitch = • 

n 

The circular pitch is thus equal to the arc of the pitch circle oc- 
cupied by a tooth and a space. In order that two gears mesh 
properly they must have the same circular pitch. 

The method of tabulation may also be applied to deduce (7) 
from (6). Thus when the link 0 is fixed let us suppose that wio = 
— 1; this is permissible since we are only concerned with the 
angular velocity ratios and may therefore choose any convenient 
value for one of the angular velocities. Then from (6) w^o = ni/riz, 
and we may form the following table: 

Lmk 0 Gear 1 
(0 fixed) 0 — 1 


Gear 8 
Vl 


1+^ 

ns 


(2 fixedi 


1 


0 
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In the %cond row gear 1 is reduced to rest by adding unity to 
each angular velocity in the 
first row. We thus find wji/aoi 

= 1 + ni/«2. 

Example 2. Let the gear J drive 
the gear 3 through the interposed 
“idle wheel” £ (Kg. 140c). Kthe 
frame or link 0 carrying the gears Ko. 140e. 

is fixed, we have from (6) 

CJSO CJ20 ^ ^ 1 1 _ ^ 

Wio WlO 6>20 \ Wj / \ Tit/ Til 

The gears 1 and S revolve in the same sense and their angular velocity 
ratio is numerically the same as if they were directly in mesh. 

If the gear 1 of this train is fixed and the link 0 driven about l*s shaft, 
we have 

0)81 _ 6)80 — 6)10 _ 2 ^ fSi? 5= 1 23 

6)01 6)10 6)10 nt 

For example if ni = 45, iti = 50, 

6>81 _ 1 _ _1_ , 

6)01 50 10 ' 



that is, gear 5 will make one complete revolution for every ten revolutions 
of the arm 0. 

Applying the tabular method to this case we have: 


(0 fixed) 
(1 fixed) 


T.itiIc 0 

Gear 1 

Gear 2 

Gear 3 

0 

- 1 

th 




712 

ns 

1 

0 

l+tL* 



ns 


ns 


Example 3 Epicyclic Gearing. A train of wheel gears in which one 
gear is fixed and the remaimng gears and the frame carrjnng them are 
free to move is called an epicyclic train. The mechanisms of Example^ 1 
and 2 formed by fixmg the gear 1 are examples of epicyclic trains. The 
methods employed above wnll give the velocity ratio's m any epicyclic 
tram. 

Let the arm of an epicyclic train be denoted by 0, the fixed gear by 1, 
and the last gear by A. If w’e suppose that the arm is fixed and all of the 
gears movable, the ratio cjtj/wio can be readily computed from the num- 
bers of the teeth on the several gears. Denote this ratio by e; then e is 
positive or negative accordmg as the gears 1 and A revolve in the same or 
opposite senses. 
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Nov suppose t.hat. the gear 1 is fixed and the aim 0 movable. Then 

(7) ss *0 ~~ <^10 — € 

6>0l ^ 6>10 Wio 

The last gear therefore makes 1 -- e rev- 
olutions for eacih revolution of the arm. 
By designing the gear tram so that e is 
very nearly equal to J?, the ratio cuii/cDoi 
may be made exceedingly small. 

Special cases of this general result are 
given in Examples 1 and 2. As a further 
illustration let us consider a “reverted'' 
epicyclic train (Fig. 140(2), that is, a train 
in which the axes of the first and last gears 
are coincident. The gears 1 and S are on 
different but coaxial shafts. The gears B 
and B' are fastened together or keyed to the 
same shaft, and thus form but a single link in the kinematic chain. 
Gear 1 meshes with gear B, gear B' with S; hence denoting the num- 
bers of their teeth by rii, na, na', na, respectively, and regarding the link 
0 as fixed, 

e » ?i!2. := Sll® . f!y£ = ^ ^ ^ ^ ^ 

6>io 6>io «20 \ ^a / \ / ^ZaWa 

When the gear 1 is fixed and the link 0 movable we have an epicyclic 
train for which 

<081 _ ^ 

0)01 UiTlz 

The axTangement of this mechaoism requires that 
n + r» == r*' + r, 

Hence if the teeth of both pairs of gears have the same pitch we must 
have 

>ii + ni =*= nj' + re» 

To diow the possibilities of this train in producing a great reduction 
in angular vdocity, let us assume that Ui = 101, na = 100, n» 99, 
Tit = 100; then 

uai _ J 101 X 99 _ 1 

«oi 100 X 100 10000 ’ 

and the gear S will complete one revolution for every 10000 revolutions 
of the aim. In this case the pitch of the teeth of gears 1 and B is different 
from that in gears S and S'. 
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The preceding methods may also be applied to trains containing 
bevel gears. Directions of rotation^ however, can only be indi- 
cated by + or — signs when the gears imder comparison revolve 
in parallel planes. The directions in 
which the various gears revolve may 
usually be determined by inspection. 

Exam/ple 4. Differential Mechanism Jar 
Automobiles. When an automobile turns 
a comer, the outside wheel must revolve 
faster than the umer as it travels the 
greater distance. In order to meet this 
requirement in machines driven from the 
rear axle some sort of differential mech- 
anism must be employed. Figure 140e 
shows schematically the arrangement of 
a bevel gear differenhal. The gear a, 
keyed to a shaft driven from the engme, 
meshes with the gear 0 ngidly attached 
to the differential housmg (cross-hatched) Fig. 140e. 

which turns loosely on the rear axle. 

The housing cames pins on which the bevel pinions 2, 2* ride freely; in 
piactice three or more pinions are used in order to distnbute the load 
These pinions in turn mesh with the “master'^ gears 1 and 3, keyed re- 
spectively to the two parts L and R of the rear axle. 

Let us first suppose that the gear 0 and attached housing is held fast. 
It is then clear that a rotation of 1 will cause 3 to rotate with the same 
angular speed but in the opposite sen^e, that ls 


Since the relative motion of the links of a mechanism ib not altered by fixing 
one of the links, this relation must also hold when the gear 0 is dnven by 
the engine. Hence, denotmg the angular velocitieb of Oj 1^3 by wo, wi, 
« 3 , we have 

/ \ . - Wl + «3. 

W3 — wo = — W WO = r , 


that is, the angular velocity of the housing is always equal to the arith- 
metic mean of the angular velocities of the wheels. 

If the car is going straight ahead, both wheels revolve at the same rate 
and coo = 6Jl = ^3 Since 1 and 3 do not revolve relative to the housing, 
the same is true of the pinions £, 3', thus the gears 0,1,2, 2', 3 all revolve 
as a unit. But as soon as the car moves on a curve the outer wheel turns 
faster than the inner. The pimons 2 and 2' are then set in motion rela- 
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tive to 0 fl-nd wi and m differ from an by equal amounts. If the engine 
speed, and therefore <at, is constant, an increase of idi entails a decrease of 
ui of the same amount. 

PROBLEMS 

1. Suppose ihat in Fig. 140c a thick gear £ meshes mth three gears 
S, 4, 5 (all represented by the same circle 5 m the figure) which ride loosely 
upon the same spindle. If tii = 50, n» = 49, n* = 60, tis = 61, describe 
the motions of the gears 6, 4> 5 when 1 is fixed and the arm 0 makes a 
single turn. (This mechanism is known as Ferguson’s Pa/radax.) 

2. Design a four-wheel reverted train (Fig. 140d) by which a velocity 
ratio of ati/tm = 1/430 can be exactly transmitted by wheds having not 
over 60 teeth. 

3. Dedgn a four-wheel epicydic train so that the last wheel will mnlrfl 
1 rev./hr. when the arm revolves at the rate of 1 rev /sec. 

4. In Fig. 140/ the driving arm 0 carries two equal planet wheels 2 

that mesh with the fixed gear 1 and with the annular gear S, coaxial with 
1. Find the ratio given ni, nt, ni. 

What relation connects ni, ^ 2 , ns? If the above ratio is to be 1.6 and 
ni = 30, find ns and ns. 

5. If m Fig. 140f the gear S were fixed, what would be the value of 
«is /«08 when ni = 60, ni = 80? 



Fia. 140/. Fig 140^. 

6. In the reduction gear of Fig. 140p, / is a fixed gear, 2 and 2' are 
pinions keyed to a common spindle carried by the arm 0 which revolves 
with the driving diaft A, and S is a gear keyed to the shaft B. The gears 
1, 2 and 2', $ mesh together as shown, four pinions bemg used for the 
of balance. If the numbers of their teeth are tii - 60, ns = 16, ni' = 16, 
ns - 61, find the number of revolutions of the shaft B for every 100 rev- 
elations of the shaft A. 
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141. Theory on Angular Velocity Ratios. Let a, 6, c be three 
figures moving in a plane; and suppose that at a given instant the 
instantaneous centers !<*, Is*, are all^niife and distvruA. llien 
the relative angular velocities a^g,, ate, aea must all he different 
from zero. If, for example, aa were zero, the instantaneous 
motion of a relative to b would be a pure translation, a-nd Lit 
would be at infinity, contrary to our hypothesis. We «ba.n now 
show that the ratio of the angular velocities of any two of the 
figures relative to the third may be obtained when the positions 
of Job, lie, are known. 

Consider the motion of the coincident points I^t, Ita, of a and 
6 respectively. The velocity of lot relative to c is the same as if it 
were moving in a circle about J*. with the angular velocity «<». 
Similarly the velocity of Ita relative to c is the same as if it were 
moving in a circle about Ite with the angular velocity ate. But 
Job and Ita have, by definition, the same velocity relative to c; 
its magnitude is therefore given by either member of the equation: 



Fio. 141a Fig 1416 


This equation is still true when the absolute value bars are 
removed, provided that laelab ond Itdta ore regarded as segments 
of a directed line. For these segments have the same sign or 
opposite signs according as Woe and ate have the isame or opposite 
signs (Figs. 141a, b). The ratio of the angular velocities is therefore 

/•|\ ^ae Ihelta . 

/, T T ’ 

^be * ac* ab 


or on reversing the signs of both segments. 


( 2 ) 


Ibalftc 

Wje I at I ae 


The form (2) is perhaps easier to remember than (1). When the 
subscripts in the left member of (2) have been written, those in 
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the light member may be obtained from the following scheme: 

a e a c 

Numerator: t ^ (^> Denominator: J. \ (o6, oc). 

be be 

It is preferable, however, to remember the theorem in words: 

The cmgvJar vdod^ of a and b relative to c are inversely pro- 
portional to ffie directed segmerds from I ^ to die mdanianeous 
centers of a and b rdative to e. 

If the link c is fixed the notation of (2) may be simplified by 
writing 

, 07b , fa , f& , f , 
instead foa, fa&* 


Equation (2) then becomes 


( 3 ) 


^ f fft . 
CdB ffa 


Example 1. The relative instantaneous center f 12 of the friction wheds 
of Fig. 1406 lies on their line of contact (§ 126); hence from (2) : 

fl»f» 1*1 j 0121 liJn Ti + r2 , , Ti 

itUto ra cdoi iadu ra Va 


W80 

<■>10 


Example 2. In the four-bar chains of Figs, lilc and 141d let us regard 
a as the fixed link. The link c is then called the coupler. The angular 




velocity ratio of the links 6 and d, which revolve about the fixed centers, 
is, from (2), 

wta ^ Isblea 
Uia ludba 

Since 7 m is at the point of intersection of the center lines of a and c, 
relation may be stated as follows: 

The coupler (produced if necessary) divides the center line of the fixed 
link into segments v>hieh are inversely proporHoned to the angular velocities of 
the adfaeent hnks. 


§141 


THEOREM ON ANGULAR VELOCITY RATIOS 316 


If in Eig. 141c the coupler is but dightly inclined to a, ltd may be in- 
accessible in the drawing. We may then obtain a ratio of segments equal 
to that above by drawing a line ItaR parallel to the center Rrift of c; for 
from the similar trian^es, 

loblda : Ibdli>a : = SO : SR. 


Example 3. In the slider-crank chain (Fig. 141c} we have 

^ca ^ Ihdha ^ RO _ IbJbd ^ 

^da Icblea RS IbJS 


The last ratio is most convenient since its denominator^ the length 
of the connecting-rod, is 
constant. 

When a is the jB^ced link, the 
becomes the TTnpr>1ifl.nigm 
of the direct-acting eng^e. 

The ratio of the angular ve- 
locities of the connecting-rod 
and crank is then given by 

^ f 

(t>h I 



where I denotes the length of the connecting-rod. If (at is constant, 
o)e is numerically greatest at the dead centers, where lulta attains its 
maximum value; at these points tac = <ai>r/ 1, where r denotes the length 
of the ciank When the crank is midway between the dead centers 

CdC ~ 0. 


PROBLEMS 

1. In the mechanism of Fig. 137, are the links b and d moving m the 
same or opposite directions’ The link a is fixed. 

2. In the mechanism of Fig. 139c, find graphically the value of the 
ratio oje/w/ The link a is fixed. 

3. In the mechanism of Fig 139A, find graphical!}' the value of the 
ratio (a) when the link 1 is fixed, (&) when the Imk 3 is fixed 

4. Fmd the angular velocity ratio of the arms in the Tchebicheff 
parallel motion fFig. 132/) when the coupler is horizontal, when the 
coupler is vertical. 

6. If lab 1" at mfimty, prove that «« = cau* Show that this equation 
may be regarded as a limitmg case of (2) 

6. If in the double shder-crank cham of Fig. 1196 the link b is fixed, 
find the ratio was/wcs (This is the angular velocity ratio of the shafts 
in Oldham’s coupling. See § 138, Problem 5 ) 
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7. li da, t», toe are the absolute aogtilar Yelocities of the three links 
a, 6, e, show that (2) may be expressed in the ^ymmetncal form: 

toa'iab^oo "i" tob’Ibc^ba H" tot^Xca^ cb * 0* 

142. Translatoiy Motions. We shall now consider the oases 
excluded in the preceding article, namely, when the relative mo- 
tions of the three figures a, b, c involve translation. 

We ahnll first aflanme that the relative motion of but two of the 
three figures, say a and c, is a translation. Then <aae = 0, 
is at infinity, and every point of a has the same velocity Vae relative 
to c. Now the point laj of a has the same velocity relative to c 
as the point Ita of h with which it coincides; and since 

Speed lot, = Vac, Speed /ja = (ote'Itelba (relative to c), 

we must have 

(1) Vae ~ f^be'Ibelba 

if all the quantities involved are regarded as positive. 

If c is the fixed link, the above notation may be simplified by 
dropping the subscript c and writing 7 for /jo. Equation (1) 
then becomes 

(2) Da = W»*7j7. 

Next suppose that both a and h have motions of translation 
relative to c, and let the velocities of translation be Va«, Vj,*. Then 
unless Vac = Vje (in which case a and 6 are relatively at rest) no 
point of a has the same velocity as a point of h, and Joj does not 
exist — or as we usually say, Joj is “at infinity.” Hence the 
relative motion of a and h is also translatory; and it is readily 
seen that 

(3) Vaj = Vaa Vjj. 

Examfie 1. In the direct-acting engine (Fig. 141e, link a fixed), let us 
compare the speeds of the piston and the crank-pin. The point Idb in 
the plane attached to the piston has the same speed as the pomt Ibd in the 
plane attached to the crank, hence 

Piston Speed = wa = c<»-IjaZM. 

As the point Ite hes on the axis of the crank-pin. 

Crank-pin Speed - ub-IbaJee; 

Piston Speed : Crank-pin Speed = Iholia : lialte. 


hence 
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Example 2. In the beam-engine of Fig. 142a the speed of the pistoa/ 
be ej^iessed in tenns of <«, the n-ng^ilar velocity of the crank b. 
For since the points I/b and Iv have the same vdocttyj 

tjf a at-Itxillf- 



The center Jy may he located as follows* 

from the four-cycle {abed), ha > 

from the four-cycle {adef), lot ; 

iljalat 

from the four-cycle {abdf), I tr | • 

[l/a^ad 

The crank-pm speed is evidently" (aifhalbe, hence 

Piston Speed . Crank-pm Speed = IbaJbr Ibaibc- 

PROBLEMS 

1. In the toggle-press mechanism sho'WTi in Fig. 1426, h = 3", Z» = 10", 
h — h = 8" Assuming that the crank makes 12 r p m , find graphically 
the speed of the block 6 when $ = 0®, 45°, 90°, 135°, 180°, and plot these 
speeds as ordinates on (a) a time base, (6) a displacement base. 
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2. The mnnhftnisCTn of Fig. 142c, known by the name of Bapson’a slide, 
is sometimes used to control the rudder of large ships. The fixed link 
d represents the frame of the ship, a is the tiller keyed to the rudder-head, 




Fio. 142c 


5 is a block slidiii^ on the end of a and coupled by a turning pair to c, which 
in practice is a carriage running on guide rails athwart the ship. The 
steering engme pulls the carnage to the nght or left by means of wire 
cables and thus controls the rudder. Prove that ua =• Vc cos^e/h 

143. Speed Ratios. The theorem on angular velocity ratios 
enables us to compare the speeds of any two points P, Q of a 
mechanism in plane motion. Let P, Q be points of the links 
p, q respectively, and let a denote the fixed link. For simplicity 
we shall write J«, I for Ipa, Iga, Lw Then the speeds of P and 
Q are given by 

(1) Vp — Up’IpPf Vq = Olg'/gQ, 

and from (§ 141, 3) 

^ = LI. 

IpJ 

We therefore have the equation 

Vp IJ-IpP 
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in which all the quantities involved are r^^arded as positive as it is 
no longer profitable to diRt,in gHTia>i aigns. 

A simple construction enables us to express Vp/vg as the ratio 
of but two line segments. In Fig. 143o let P, Q, Ip, I represent 
the relative position of the points in the mechanism; Ip, i* and 7 
(Ipg) lie in a straight line. Draw circles with centers at Ip and 



7f and passing through P and Q respectively. Through 7 draw 
any line cutting both circles and let P', Q' be two of the four 
points of iatersection, chosen so that one lies on each circle. 
Then regarding IQ'P' as a transversal of the triangle Olplq, we 
have by the Theorem of Menelaus* 

hL IK 2^-1 

IJ ' OQ' ' IpP'~"’ 

and hence 

OP' _ hMpP _ vp 
OQ' 7p7*7,0 Vo' 

This construction can be performed in such a variety of ways 
that a convenient figure can always be obtained. For example, 
by taking the point Q" instead of Q', we see from the figure that 
RP'/RQ" = vp/vo. 

Equation (2) applies whenever the points Ip, Iq, and 7 are all 
finite and distmct. However when one of the thiee points is 

• If a transversal meets the sides BC, CA, .4B of a triangle ABC at the 
pomts X, Y, Z respectively, then 

M £ 1 . 4? - _ 1 

C-Y AY ' BZ~ 

See § 7, Elxample 5 for a method of proof As we shall regard all the seg- 
ments as positive, the nght-hand member becomes L 
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infinitdy distant, the corresponding equation is easily obtained 
from. (2) as a limiting case. 

I at Infinity. By keeping the finite points Ip, Iq fixed and 
letting I recede to infinity, the ratio Iql/Ipl approaches 1, and 
(2) becomes 

This equation may be deduced directly. For since Ipq is at in- 
finity, the instantaneous motion of p relative to g is a tran^tion 
and ci^ = 0. Now 

Opq = (Op — ciq, and therefore tap = «*. 

On dividing the first of equations (1) by the second we obtain (3). 

Ip at Infinity. When I, Iq are fixed and Ip recedes to infinity, 
the ratio IpP/IpI approaches 1, and (2) becomes 

( 4 ) 

This equation may also be proved directly. For since p has 
translatoiy motion, all of its points have the same velocity. 
Moreover I (Ipq) has the same velocity whether considered as a 
point of p or of q; hence 

^ _ V/ _ Iql 
Va vq IqQ 

This case is illustrated by the examples of the preceding article. 

Ip and Iq at Infinity. In this case both p and q have a trans- 
latory motion relative to a, and since I is also at infinity (see § 142) 
equation (2) can no longer be used. We then refer the motions 
of p and q to some link & for which Ipt,, Ipq are finite. Remem- 
bering that all points of p, or of q, have the same speed relative to 
a, we have 

Vp = Speed fj* (in p) = Speed Itp (in 6) = ayhlpp, 

Vq = Speed 1*6 (ing) = Speed Jj* (in 6) = cos'ZjJjj, 
and hence 

( 5 ) 

Example, The mechanism of the Hanna Riveter (Fig. 1436) supplies 
an example of the case last considered. The Hnlcs 1 (fixed), -J, 5, 6 form 
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a four-bar chain, the coupler 5 bong coimeoted to the air driven jnstoa 
i by the link S and to the punch 8 by the link 7. 


1 



Fio. 1435. 


Let it be required to find the speed ratio of the pistons, ai/vs, in the 
position of the mechanism shown. Since Is, la, and therefore In, are at 
infinity, we shall refer the motions of 2 and S to the link 5. From equation 
(5) we have 

1 % ^ Iglia _ 

Vi lulls 

We therefore seek the instantaneous centers In, I.s, lu. Proceeding 
from the known four-cycle {1456), these centers are located as follows. 


from {14o6) 

j \I„fI 1 
f ai ! r r . 
14i 45 

from {1235) 

T jlbJli 

i es < 7 T 1 


[issi ss 

from {1578) 

T f/ 57/75 


144. Polar Diagrams of Velocity and Acceleration. The graphic 
methods of §§ 131, 132 may be used to construct vector diagrams 
that give the velocity or the acceleration of various points of a 
plane mechanism. Suppose, for example, that the velocity of a 
point P in the link p is known, and the velocity of the point Q 
in the link q is required. Let I denote the relative instantaneous 
center of the links. Then since I has the same velocity whether 
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considered as a point of p or of 3, we have 

V/ = Vi» + Vjp (v7P X IP)t 

Va = V/ + "Vqz (vojr X QI)- 

Hence Va may be determined graphically if the directions of V/ 

and Va are known (Fig. 
144o). 

If the relative motion 
of p and g is trans- 
latory, is at infinity 
and the above method 
fails. We may then use 
the point P' of g, which 
coincides with P in the 
■ position considered, to 

pass from v^. to Va (Fig. 1446). For from (§ 134, 1), 

Vp, -Vp+ Vr, 



where v,, the velocity of P' relative to p, is parallel to the direc- 
tion of the relative translation; and then 

va = V/»/ + \qp> i^Qp, X QP')> 


b>« 



If the links p and g are not directly connected, it is often more 
convenient to pass from p to g over the links that join them. 
Thus if p is joined to q through the links r and s (p — r — s — 3), 
we may use Ipr, In, Itt to make the transition from Vp to Va; 
or we may skip the link r by using only If,, 1,^. The method to be 
used in any case depends on the accessibility of the instantaneous 
centers required. 
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In the construction of an acceleration diagram we require the 
relative center of acceleration in passing from p to g. For 
this point, by definition, has the same acceleration when con- 
sidered as a point of p or g. If p and g are connected by a turning 
pair, Jpa is a point on its axis. The centers of acceleration on 
the axes of turning pairs are the only ones used in practice; the 
others are not readily located. 

When the links are connected by a sliding pair we may use, as 
before, the coincident points P, to make the transition between 
them. In this case we must use the Theorem of Coriolis (§ 134, 2), 

ap/ = ap + flc + Sr, 

where Of, the acceleration of P' relative to p, is in the direction 
of the relative translation, and a«, the complementary accelera- 
tion, is turned 90® from Vr in the sense of The details of the 
construction are shown in the following example. 

Example 1. The quick return mechanism shown conventionally in 
Fig. 144c consists of six links, the link 1 being fixed, 1234 1456 are 

inversions of the slider-crank cham (see § 138). We shall draw the ve- 
locity and acceleration diagrams for this mechanism when the crank 2 
is driven with the angular velocity of a> rad./sec., and thus determine 
the motion of the slidmg block 6, 

Velocity Diagram. From an arbitrary’' pole o draw the vector db per- 
pendicular to QB to represent the velocity of the crank-pm B. We 
shall take oh - 2r, where r denotes the length of the crank 2 in the dia- 
gram of the mechanism, Smce the speed of R is wr, we have 

VB = wr = i4*)*2r - 

This establishes the velocity scale, the magmtude of any velocity will 
be ia? times the length of its repiesentative \ector m the diagram 
To make the transition from link 3 to l^t C denote the point of 4 
directly underneath B. The velocity of C is normal to OC, also 

Vc = vb + Vr, 

where Vr, the velocity of C relative to d, is parallel to OC. Hence draw 
the lines 

bc\\0C, oclOC; 

their point of intersection c determines the vector oc which represents 

VC. ^ ^ 

Now oc is a polar velocity image of OC, hence to obtain the vector od 
that represents vd, prolong oc to d so that 

od : oc = OD : OC. 
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The direction of v® is known, and 

= Vi? + ymd (vjed ± DE)^ 

Hence draw the lines 

de ± DEj oe H v^; 

their intersection e determines the vector oe which represents v^, that is, 
ve = ia*oe. 

The velocity is now complete- Note that it is lettered so that 

any vector xy in the diagram represents the velocity of the point Y relative 
to X in the mechanism- The vectors issuing from o represent “ absolute ” 
velocities. 

Accderatum Diagram, We shall construct the acceleration diagram 
under the assumption that the angular velocity a of the crank is conetanL 
The acceleration of £ is then entirely radial and of magnitude If we 
wish to use the velocity diagram in the construction, we see from § 132 
that the relation 

VB - Wob requires that gb - 

hence 




or 


o'y * 4r. 


We therefore draw from an arbitrary pole o' the vector o'5' in the direc- 
tion BQj and of length 4r, to represent a^. 

To pass from the link 3 to 4 we agam use the point C of 4 directly under- 

neath B. Now ac has a radial projection in the direction CO, whose 
magnitude is i^c/OC] and a transverse projection normal to OC. The 
length of the radial projection is readily obtained by the graphical method 
of § 132. Draw a semicircle on OC as diameter, strike an arc with cen- 
ter 0 and radius oc cutting it at H, and drop the perpendicular HK on 
OC. Then since oc represents vc, 


oc? 

OC 


OH» 

OC 


OK represents ^ » 


and a vector o'n in the direction CO and of length OK will represent the 

radial projection of ac- The vector o'c' that represents ac must end on 
the line vaf perpendicular to o'n. 

To locate c' we must use the relation « 

ac = as + ac + ar, 

where ar, the acceleration of C relative to 5, is parallel to OC, and ac, the 
complementary acceleration, is turned 90® away from vr (represented by 

be in the velocity diagram) in the sense of at (the angular velocity of 5). 





f 
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at Rj we have from simflar triangles 


OB 


oS-”^ 


bc‘Oe 
iOC ' 


Now draw the vector b's perpendicular to OC, pointing to the right, and 
having the length of OR; it will represent ae. Since 


oV = o'h' + b's + «c', 


where sc' represmts Or, d must he on the line sd parallel to OC. The 
point d is thus determined by the intersection of the lines nc' and sd. 
The segment o'd is a polar acceleration image of OC; hence to obtain 

the vector o'd' that represents an, prolong o'c' to d' so that 
o'd':oV »OD:OC. 


Fmally, to obtain the vector oV that represents as, we use the 
equation. 

ajj = az> + B.ED* 


The radial projection of osd has the direction ED and the magnitude 
ffisD/DE. Describe a semicircle on DE as diameter, strike an arc with 
D as center and de as radius cutting it at T, and drop a perpendicular TV 
on DE. Then smce de represents ved^ 


— 

W 


DP 

^ DU represents 


t^ED 

DE 


and a vector d'p m the direction ED and of length DU will represent the 
radial projection of sled. Now 


oW = o'd' + d'p + pe', 


where pe', representing the transverse projection of subd, is perpendicular 
to d'p. A line through o' parallel to the direction of E's motion will 
cut pe' in the point e'; and 




i«*.o'e'. 


Scales. In § 132 we have seen that 

(1) a; in. = 1 ft., xm. = k ft./sec., x in. = ft./sec.® 

form a consistent set of scales for the construction of the mech- 
anism, velocity and acceleration diagrams. If we write l/x = m, 
fc/a; = n, then 1^/x = n^/m^ and the above scales may be ex- 
pressed as 

(2) 1 in. - m ft., 1 m . = ti ft./sec., 1 in. = — ft./sec.®. 



§144 


POLAR DIAGRAMS 


327 


The scales of length and velocity may thus be chosen at pleasuze; 
the scale of acceleration must then be chosen as indicated in (1) 


or (2). 


Example 2. In the mechanism of Fig. 144d, the link 1 is and the 
vdocity of the point A is kno'wn. To construct the vdocity ftingitiTn for 

the mechanism, draw oa to represent va ; then the points 6, c, d, e in the 



Fig, 144d. 


velocity diagram are determined by the intersections of the following 
pairs of hnes: 

ab ± AB, oblOzB; 

ac ± ACf oc ± OiC; 

ad ± AD, bd ± BD, 

be ± BE, oe ± OJS. 

The points /, g, h of the velocity diagram lie respectively on the hnes 
cf JL CF, dg ± DG, eh ± EH. 

but as the directions in which F, G, H are moving are not known, can 
not determine the positions of /, g, h directly. 

Imagine, now, that the link 8 is enlarged so as to mclude the point of 
intersection P of the hnes CF and DG, The velocity of P, considered as 
a point of 8, is given by 

vp s= vc + vpc, where vpc — vpf + vfc 

is normal to CP since both vpf and vfc have this direction. S imila rly 
ss + vpn, where vpu = vpo + v^n 
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is normal to DP, These equations show that the point p in the velocity 
ima^e of ^ is at the mtersection of the lines 

cp ± CP, dp ± DP, 

Now draw PH; then the point h is determined by the intersection of 
the lines 

ph ± PH, ± EH, 

Lastly / and g are determined by the lines 

hf±HF, qf±CP; 

hg ± HO, dg ± DO, 

The triangle fgh is a polar velocity image of FGH, The velocity of any 
pomt in the mechanism is represented by the vector from o its image in 
the velocity diagram 

The velocity diagram may also be constructed by using the point Q 
instead of P, The student should carry out this construction. 

PROBLEMS 

1. Construct the velocity diagram in Example 1 by passmg from the 
links ^ to d by meam of the instantaneous centers 724 and /ie- 

2. Construct the velocity diagram for the mechanism of Fig. 139c. 
The link a is fixed ai d is known. 

3. Construct the velocity diagram for the Crosby indicator motion 
(Fig. 139d) assuming that the velocity of the piston d is known. 

4. Construct the velocity diagram for the linkage of Fig. 139^ The 
link 1 is fixed and the velocity of A known. Compare the direction of 
P^s motion as obtained from the velocity diagram with that determmed 
from the position of Jai (see § 139, Problem 3) 

5. Construct the velocity diagram for the linkage of Fig. 139/. The 
link 1 is fixed and co 2 is known 

[First draw o5c, a polar velocity image of ABC, Then locate hi (see 
§ 139, Problem 2) ; the velocity image of /n, considered as a point of 7, is 
the pole 0 of the velocity diagram. Smce the velocities of two points of 7, 
namely C and hi, are known, the velocity image of CDE may be construc- 
ted and the diagram completed ] 

6. Construct the velocity diagram for the Stephenson Link mechamsm 
of Fig. 139^. link 1 is fixed and m known. 

7. Construct the velocity diagram for the mechanism of the Hanna 
riveter (Fig. 1436), assuming that the velocity of the piston 2 is known. 

8. Construct the velocity and acceleration diagrams for the beam 
engine of Fig. 142a, assuming that the crank-pin revolves with a known 
uniform speed. 
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9. Construct the velocity and accderation Hia^mnns for the tog^e- 
press of Eig. 142&, assuming that A revolves with a known uniform speed. 

10. Construct the velocity and acceleration diagrams for Bricard's 
parallel motion (Fig« 139A). Take the dimensions given in § 139, Problem 
4, and assume that is known. 

11. Draw the vdocity and acceleration difl |^.Tns for the mechanism of 
Fig. 144c for seven positions of the crank at intervals of 46® (Z EQB « 0®, 
45®, . . .) and also for the two extreme positions of the Htik OD (OD X QB). 

Take the dimensions of the mechanism as follows: 

OQ « V 11", QB * 8" OD^DE ^ 3' 8"; 

and assume that the crank-pin has a uniform speed of 2 ft./sec. Use the 
scales 

1} in. » 1 ft., 3 in. » 1 ft./sec. 

From the above diagrams construct 
(a) the curves for vs and as on a time base; 

(&} the curves for vs and as on a displacement base; and 
(c) check the acceleration curves by finding as from the velocity-space 
curve (see § 114). 

The area between the velocity-time curve and the i-axis lies partly 
above and partly below the axis. Show that these portions have equal 
areas. 

12. For what positions of the mechanism of Fig. 144c is the comple- 
mentary acceleration ac = 0 (see Example 1)? 

145. Angular Velocity Ratio in Higher Pairing. Figures 145a 
and 1456 represent cam trains consisting of three links, a, 6, c, the 
link c, represented by the line lalt} being fixed. The cam a is a 




flat plate with a curved periphery, which, when driven about Its 
fixed center la, transmits motion to the follower b by hne contact 
(higher ^pairing — see § 136). The follower is held in contact with 
the cam by gravity or by a spring. When a revolves continu- 
ously about la, 6 oscillates about its fixed center 
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Let I denote the relative instantaneous center /<,»• 


(§ 141, 3), 

( 1 ) 


CDa Hi 


Then from 


This angular velocity ratio is therefore known when I is deter- 
mined. From the Theorem of Three Centers, I (Jaj) must lie 
on the line (.laelie)^ Furthermore I must lie on the common 
normal to the contact surfaces at P; for since a and b remain in 
continuous contact, the velocity of Pj (P considered as a point of 
b) rdaiive to a must be directed along the common tangent at P. 
ITAtw I (lab) is *Ae point of trUersecHon of ffie common normal to 
the contact surfaces mth the line of cenlers. Cam and follower 
revolve in the same or opposite directions according as 1 divides 
the line of centers externally (Fig. 145o) or internally (Fig. 1466). 

The velocity with which the follower slides over the cam is the 
velocity of Pi relative to a. Smce this relative velocity is nu- 
merically equal to wia’IP, the 

(2) Sliding Speed = |«»o|*JP = — aa\‘IP. 


In this expression the angular velocities must be given their 
appropriate signs. From (2) we see that the sliding speed is 
zero when P coincides with I. Hence for pure roUing contact, 
tile point of contaot must cti/uoays lie <m the line of centers. 

Let us now inquire what condition must be fulfilled in order to 
obtain a constant ratio of angular velocities in plane contact 
motions of the above type. From (1) it is clear that «j/wa will 
maintain a constant value when, and only when, the position of I 
rennains unaltered during the motion. We therefore have the 
important result: 

If one body transmits plane rotation to another by line contact, 
tile ratio of their angular velocities unU remain constant when, and 
only when, the common normal to the contact surfaces cdways cuts 
the line of centers in the same point 

When the position of J is invariable, its path in each of the 
revolving planes attached to a and 6 will be a circle. These circles 
are the centrodes for the relative motion of a and 6; and this 
motion will be exactly reproduced by rolling one circular centrode 
upon the other. A constant ratio of au giilar velocities therefore 
implies the rolling together of circular centrodes. 

Finally let us consider a cam train in which the follower a 
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rectilinear reciprocatmg motion (Fig. 145c). Then is at infinity 
in the direction normal to 6’s motion, and / is the point where the 
common normal to the contact surfaces cuts the line IJi,- "Hie 


speed of the follower, «j, is ob- 
tained by noting that I 
has 'the same speed whether 
considered as a point of & or as 
a point of a. C!onsidered as a 
point of 6, Vi = Vt; considered 
as a point of o, Vi — aa'I<J; 
hence 

(3) Vt = 

The sliding speed is again given 
by (2); since = 0, its value 
is 



PROBLEMS 

1. Let 1 and £ be two equal ellipses in contact at P; and let Pi, F/, 
Ft, Ft denote their respective foci. Then if Ft lies on FJ* prolonged so 

that PFi = PFi’ and Fi,Fs are chosen 
as fixed axes of rotation for the elhpses, 
show that one can drive the other by 
pure rolling contact. 

2. Show that at/ui in Problem 1 fluc- 
tuates between the extreme values 

and 

I +e 



Fig. 145eZ. 


1 -e 

where e is the eccentricity of the ellipse^? 

3. Show that v^nth the «ame fixed 
centers as in Problem 1, the vanable 
ratio may be transmitted by means 
of the four-bar chain FiFiToTj. 

Find the space and body centrodes of 
the coupler of this chain. 


146, Spur Gears. In the preceding article we have seen that 
when motion is transmitted by Ime contact, the angular velocity 
ratio will remain constant when the centrodes of the relative mo- 
tion of driver and follower are circles whose centers lie on the fixed 
axes of rotation. Denoting the radii of these centrodes by r*,, 
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the relation (§ 145, 1), may be written 


( 1 ) 


-u?». 


and if the bodies a and 6 are replaced by circular cylinders of 
radii ra, n O^ig- 146), precisely the same velocity ratio will be trans- 
mitted by their pure rolling contact. Such cylinders, or “ fric- 



tion wheels ” have found but limited application in practice, since 
the transmission of power renders them very liable to slip. For 
this reason the centrode cylinders are commonly provided with 
teeth formed partly above and partly below their contact surfaces 
The gear wheels (spur gears) so formed are said to have the cir- 
cular centrodes as their pitch circles. The point of contact I 
of the pitch circles is called the pitdi poini; the pitch point is 
thus the instantaneous center la, of the relative motion of a and 
6 that corresponds to the constant velocity ratio required. 

The question now arises: What shapes may be given to the 
gear teeth m order that the ratio of the angular velocities main- 
tain a given constant value? Assuming that the teeth engage by 
line contact, a general answer may be given at once from the 
concluding theorem of § 145. The profiles of tite teeth must be so 
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formed that thetr common normcd at the point of contact shaU always 
pass through the piUA point. 

A dear idea of the action of gear teeth may be obtained from 
Fig. 146. A pair of teeth are in contact at the point P, and the 
common normal P N to their profiles passes through the pitch 

point I. The vdocity of P„ is represented by ( X AP), the 

velocity of Pj by PY ( X BP). These velocity vectors must have 
the same projection along the common normal PN as as the 
teeth remain in contact. The velocity with which the tooth of 
6 is sliding over the tooth of a is evidently the velocity of Ps 
rdative to Pa, namely 

PY - = fY. 

From (2) of the preceding artide, the magnitude of this sliding 
vdodty is 

(2) - «a!.7P. 

The angular vdocities have the same sign or opposite signs ac- 
cording as the gears mesh internally or externally. 

PROBLEMS 

1. Suppose that a body a, revolving about a fixed center with the 
angular velocity too, transmits a translatory motion to a body b by line 
contact. If Vi denotes the speed of b, show that the ratio vt CiQ Will 
remain constant when and only when the common normal to the con- 
tact surfaces cuts the hue lali in a fixed pomt (See Fig. 145r ) 

What are the centrodes of the relative motion of a and b m this case’ 

2. In the case of a spur gear a dnvmg a rack b, what condition mu^t 
the tooth profiles fulfil m order that the ratio r» uo remam constant’ 

147. Involute Teeth. The curve most frequently used for tooth 
profiles is the involute of a circle. This curv’e is generated by a 
point of a straight line that rolls without slippmg on the circum- 
ference of a fixed circle. This definition may also be put in the 
form: An involute is generated by the end of a taut strmg that is 
being unwrapped from the circumference of a fixed circle (the 
base circle). 

If we regard the involute in the figure as generated by the point 
P of the line IP (prolonged) as it rolls upon the circle, the instan- 
taneous center of the line is its point of contact I (§ 126). The 
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■velocity of P is therefore perpendicular to IP and IP is normal to 
the involute at P (cf. § 87, Example 2). In other words, a tangent 
to the hose circle is a normal to the involute. 



Now suppose that the dotted circles a, b in Fig. 1476 represent 
the pitch circles of two spur gears having their axes at A, B. Let 
the full line circles a', V, concentric with a, 6, have radii ra, 
rt proportional to the radii Ta, rj of the pitch circles: 


( 1 ) 




ri, 


The common internal tangent JlfiV of a', b' divides the line AB 
in the above ratio and consequently passes through the pitch 
point I. Let us now regard a', b' as cylindrical disks attached to 
the planes of the corresponding pitch circles, and the tangent M N 
as a portion of a crossed belt connecting them. If the disk a' is 
driven ■with the peripheral speed v, the belt will communicate 
this speed to the periphery of 6', and the angular velocity ratio 
of the disks ■will be 
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and therefore precisely the same as if the pitch circles were rolling 
together. 

As the disks revolve, a fixed point P of the belt, in its passage 
from M Nf will describe the curves ST and on the ro* 
volving planes of a and h respectivdy. The arcs SP and S'P are 



described by P in passing from M to P, the arcs PT and PT' 
in passing from P to .V. The curves SPT and S'PT' are in- 
volutes of the circles a' and h' respectively. To see this clearly, 
imagine the disk a' fixed and an arm c, connecting the shafts 
A and B, revolved about .4. (This arm is not shown in the 
figure; see Fig. 1216.) This will not change the relative motions 
of a, b and P. If c revolves clockwise from the position shown, 
P traces on a the are PS, if counterclockwise, the arc PT The 
entire curv^e SPT is evidently an involute of the base circle a' 
Similaily by holding b' fast and revolvmg c about the shaft B, 
the curve S'PT' is seen to be an involute of the base circle b'. 

The involutes ST and S'T' are suitable tooth profiles on a 
and 6. To prove this we observe the following points- 

(1) The curves in all positions have their tracing point P in 
common. 

(2) The point P travels in the line Af.V while describing the 
curves; and as Af AT is tangent to both base circles, it is normal to 
both involutes at P. The curves thus have a common tangent at 
P and will work smoothly together. 
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(3) Since the common normal MN at the point of contact 
always passes through the pitch point I, tie condition for a con- 
stant vdocity ratio is satisfied. 

The angle a between the common internal tangent MN to the 
base circles and the common tangent to the pitch circles at I 
is called the obliquity. It was formerly standard practice to take 
a = 14§"; in recent years, however, values of the obliquity as 
high as 20° and 22° have been used with excellent results. \^en 
the obliquity is known, the radii of the base circles are given by 

r/ = Ta cos a, rj' = cos a, 

as we see at once from the figure. 

Gear teeth with involute profiles have important advantages 
over other types of teeth. One of these is that a slight change 
in the distance between the centers of the gears does not affect 
their correct action. For as the base circles are unaltered, their 
common internal tangent is still normal to the teeth at their con- 
tact, and still divides AB in the ratio ra'/rj', ensuring the same 
constant velocity ratio as before. 



Let us now imagine that the circles a and a' are fixed while 6 
and b' grow continuously larger as B recedes to infinity along the 
line AB. The pitch point I and the position of the tangent MIN 
are not affected by this limiting process. The obliquity therefore 
r em a ins constant. The pitch circle 6 approaches a straight line 
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perpendicular to AI at 1, and its interior expands into the “half- 
plane ” to the ri^t of this line. The entire base circle &' moves off 
to infinity. It is now hardly permissible to regard MP as part of 
a crossed belt. But if we regard MP as a string being unwrapped 
from a' and always passing throi^h the point Z, the rotation of o 
will commumcate a translatoiy motion to b by rolling contact. 
A fixed point P of the string will then trace an involute of the 
circle a' upon its plane, and a straight line S'P, perpendicular to 
MPf on the plane of 6. The latter fact, although fairly obvious 
from the nature of the limiting process, may be proved directly. 
For as P is moving with the speed tor' in the direction MP, the 
plane 6 is moving vertically downward with the speed or. Draw 

op = Vp, PQ = — Vj; then oq = Vp — Vj 


is the velocity of P relative to b. Now 


^ ^ — ^ — 
pq~ our ~ r ~ AI 


and Z (ypq = Z MAI; 


the triangles opq and MAI are therefore similar, and Z poq = 

Z AMI = 90“. Since oq, the velocity of P relative to 6, is 
always perpendicular to op (or MP), P must describe on 6 a 
straight line perpendicular to ilfP. 

We may now form teeth on b having straight profiles making 
angles of 90“ + a with its pitch line and ha\’ing the same pitch 
as the involute teeth on the wheel a. When thus provided with 
teeth, 6 is called a rack. If the involute gear is driven with the 
constant angular velocitj' u, it w'ill communicate a uniform speed 
of translation tor to the rack. 


PROBLEMS 

1. In Fig. 147d the circles a and 6 represent the pitch circles of a p^ 
of spur gears with centers at A and B The small circle m has its center 
M on the line AB and is tangent to both a and 6 at the pitch pomt I. 
If all three circles revolve about their fixed centers so as to roll together 
without slippmg, show (1) that a pomt P on the circumference of m will 
describe an epcydoid on the plane of a, a hypoc\'cloid on the plane of b, 
and (2) that these curves may be used as tooth profiles on a and b respec- 
tively for the transmission of the constant angular velocity ratio ut/ua = 
—Talri [A second describing circle, equal to m and to the left of I, 
is needed to complete the tooth profiles.} 
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2. 'When the radius of the rolling circle is one half that of the fixed 
circle show that the hypocydoid becomes a diameter of the fixed circle. 
See § 126, Example. 

Show that when the radius of the “describing cirde” m in the preceding 
problem is equal to in, the teeth of 6 are thinner at the root than at the 
pitch drde. 



8. Apply the method of Problem 1 to obtam the appropriate tooth 
profiles for a rack h to mesh with the gear a. CEeep the circles a and m 
fixed while B is allowed to recede to infinity.) 

4. Show how the above method of obtaining tooth profiles may be 
applied to annular wheels. (Consider two pitch circles having internal 
contact at I.) 

148. Summary, Chapter X. The motion of a plane figure in 
its plane is either an instantaneous translation (co = 0) or rota- 
tion (ci> 0). 'When w 0, a line through a point of the figure 
normal to its velocity will pass through the instantaneous center I. 
The intersection of two such lines locates 7. The velocities of 
the figure are the same as if it were revolving about 7 as a fixed 
point with the a for that instant 

The paths described by 7 m the fixed and moving planes are 
called the space and body centrodes respectively. 7 describes both 
centrodes with the same velocity; and the motion of the figure is 
reproduced by rolling the body centrode over the space centrode 
with this velocity. 

If A, B are points of the figure, 

Va = v^ 4- VBAf As = + Aax, 

where and a.Bj, denote the vdocity and acceleration that B 
would have if the figure were revolving about A as a fixed point 
with the a and a for that instant. 
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When u ^ 0 or a ^ 0 there is a aiii^e point J of the figure, the 
center of acceleration, whose acceleration is zero. The accelerations 
of the figure are the same as if it were revolving about / as a 
point with the ca and a for that inatont. 

If the vectors v^, v^, Vc, ... are drawn from a point i, their 
end-points form a polygon Rimilar to ABC . . . in the aama nftnaft, 
and i corresponds to I. 

If the vectors a^, a* ac, . . . are drawn from a point j, their 
end-points form a polygon similar to ABC ... in the saniR sense, 
and j corresponds to J. 

If the motion of a particle P is referred to rigid body in plane 
motion, its velocity and acceleration are 

V = vj + Vf , a = aj + 2 «xv, + a. 

Here Vi, ai are the velocity and acceleration of the point of body 
which coincides with P at the instant and v,, sl, are the velocity 
and acceleration of P relative to the body. The term 2 «s<v, is 
called the complementary acceleration. 

If a and 6 are plane figures with different angular velocities, 
they have a smgle pair of coincident pomts, la, lia moving with 
the same velocity. la is the iostantaneous center of a relative to b. 
For three plane figures a, b, c, the pomts la, lie, lea alwajTS he in 
straight hne (.Theorem of Three CJenteis). 

In a ktnematic diain of a number of links, the relative motion 
of any two of the links determines the relative motions of all the 
others. By fixmg successively the different links of a kinematic 
chain we obtam its tnversions 

If the figures a, b have the angular velocities &>«, mj, the angular 
velocity, ma, of a relative to 6 is Wa — «». If c is a third figure 

Oigh — 03ac ^bc 

If the nngiilflT velocities of all the links of a kmematic cham are 
known relative to one hnk, the angular velocities relative to any 
other link may be computed from this equation. 

The fl-ngiilar velocities of a and 6 relative to c are inversely pro- 
portional to the directed segments from la to and lie. 

^ae I dof ie 
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149. Orientation. Dynamics — the study of the motion of 
bodies as related to the forces acting on them — is divided into 
two branches. Statics and Kinetics (see Introduction). Statics is 
concerned with those problems in which the bodies considered 
remain at rest; Kinetics deals with problems in which the bodies 
are moving or are set in motion. We have already developed the 
statics of a particle and of rigid bodies from four fundamental 
principles, labeled A, B, C, D. We propose now to develop the 
dynamics of a particle and of rigid bodies from three fundamental 
prmciples which we shall designate by I, II, III. Prmciple I, 
the Prmciple of Force and Acceleration, is new; Prmciple II is 
the same as Prmciple A (Vector Addition of Forces) and Principle 
III is the same as Prmciple D (Action and Reaction). Principle 
B (Transmissibility of a Force) and Prmciple C (Static Equilib- 
rium) will be deduced from Prmciples I, II, III These prin- 
ciples thus form the foundation of Dynamics, that is, of both 
Statics and Einetics Principles B and C were adopted provi- 
sionally to permit the development of Statics independently of 
Kmetics. 

Before proceeding with the study of Dynamics the student 
should carefully reread §§ 21, 22, 23, 32 of Chapter II dealing with 
force, weight, gravity, particles and rigid bodies. 

160. Prmciple I: Force and Acceleration. If a force acts upon 
a particle^ free to move in any d%reci%on^ what effect does it produce? 
This is the fundamental question in the dynamics of a particle. 
The answer to this question is based upon a vast amount of ex- 
perimental evidence, partly direct, but mostly mdirect. Before 
givmg it in its general form let us first consider a particular case. 

The most familiar force is the weight of a heavy body, that is, 
the force it exerts on its supports when at rest relative to the 
earth (§ 22) Suppose now that the local weight of certain body 
is found by hanging it on a very sensitive spring balance. We 
shall then find that the weight of the body varies m different locali- 
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ties; in fact accurate measurements will eJiow that the local wei^t 
of the body varies in exactly the same ratio as the local value of 
falling acceleration g (§ 118). Thus if W and W' denote the 
weights of the same body in two places where the falling accelera- 
tions are g and g', Wig = W'lg\ In other words, the ratio W/g 
for all localities is a constant whose value depends only upon the 
body weired and the choice of units for W and g. Denoting this 
“ body constant ” by m, we have 

W *= mg. 

Since the weight and falling acceleration have the Ha.Trtft direction, 
namely downwards along a plumb-line at the locality in question, 
the above equation may also be written vectonally; 

(1) W = mg. 

Now the weight W of the body is equal to the pull of the earth 
upon it (its gravity, § 32). The above equation thus states that 
the force of gravity on a free body wiU give it a falling acceleration 
in its direction and that the magnitude of this acceleration at any 
place IS proportional to the magnitude of the force. 

Accumulated experimental evidence now shows that this relation 
between the force of gravity and the acceleration it produces in 
a free body may be generahzed so as to apply to all forces, what- 
ever their type or supposed ongm. We formulate this funda- 
mental principle as follows . 

PniNCiPLE I (Force and Acceleration). A free particle 
acted upon by a force acquires an acceleration in the direction of the 
force, and the magnitude of the acceleration is proportional to the 
magnitude of the force; that is 

F = ffia, 

where m is a scalar constant whose value (for given units of length, 
time and fosrce) depends entirely upon the nature of the body desig- 
nated as a particle 

The equation F = ?na is the fundamental equation of dynamics 
It imphes that a frame of reference has been chosen (a system of 
rectangular axes, for example) relative to which the acceleration 
is measured. Unless the contrary is exphcitly stated the reference 
frame is regarded as “ fixed ” although no body absolutely at rest 
is known to exist. It is immaterial, however, whether we use a 
fixed reference frame or one moving with constant velocity , for the 
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accderatiou of a particle is the same in either case. In dealing 
with bodi^ on or near the earth, we usually choose a reference 
frame at rest relative to the earth and disregard the eartbi’s own 
motion. But in certain problems a system of axes having direc- 
tions fixed relative to the stars is required. 

The Principle of Force and Acceleration is Newton’s Second 
Law of Motion. 

151. Mass. If a free particle acquires the accelerations a 
and a’ when acted on by the forces F and F' respectively, 

F = ma and F' = maJ] 

and as far as magnitudes are concerned 

a a* 

Thus when the units of length, time, and force are chosen, there is 
associated with every body a certain characteristic number, 
m s F/a, where F and a are the magnitudes of any force acting 
on the body and the acceleration it produces If the same force 
acts in turn on two bodies, the one having the larger m will acquire 
the smaller acceleration. Thus the constant m may be regarded 
as a measure of the reluctance of the body to change its state of 
motion or of rest; from this point of view, m is sometimes called 
the tnerha of the body. It is customary, however, to call m the 
mass of the body and to regard this number as a measure of the 
quantity of matter it contains. 

If we determine by experiment the acceleration produced 
in a body by some known force, the quotient force /acceleration 
gives the mass of the body. When the mass of a body is known, 
the equation F = ma enables us to determine the acceleration 
acquired by the free body when acted on by any known force, 
or to find a single force that would produce a given acceleration 
in the free body. 

A body which acquires unit acceleration when acted on by a unit 
force has a mass of one unit. Thus if a force of 1 pound produces 
an acceleration of 1 ft./sec.® in a body, this body has unit mass. 
The name “ slug ” has been coined for this unit; it is, however, 
rarely or never used in practice This British Gravitational System 
of Units, in which the foot, the second, and the pound force are the 
fundamental units, is the one commonly used by American and 
British engineers. We recall that the pound force is the weight 
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of the standard pound body in a locality where g = 32.1740 
ft./sec.* (§§ 22, 118). 

European engineers, other than British, often use the Metric 
Qraxiiaiiondl System of Units in which the meter, the second, and 
the kilogram force are the fundamental units. The Idlogiam force 
is the weight of the standard kilogram body in a locality where 
g = 9.80665 m./sec.2 (§§ 22,118). 

In electrical engineering and in physics another system of units, 
called the C.O.S. (centimeter-gram-second) System^ is almost 
universally used. In this system the unit of mas^ the gram, is 
chosen as 1/1000 of the mass of the standard kilogram body. The 
unit of force, called the dyne, is the force that will give a body 
of 1 gram mass an acceleration of 1 cm./sec.‘ 

162. Principle 11: Vector Addition of Forces. The Principle 
of Force and Acceleration covem the case in which but one force 
acts on the particle. In order to apply our fundamental equation 
F = ma when two or more forces act on the particle we apply a 
second principle, already stated as Principle A of Statics 

Pkinciplb II (Vector Addition op Forces). A system of 
forces acting simultaneously on the same partide may be replaced 
by a single farce, ading on this partide, equal to their vedor sum. 

By the aid of this principle we can also deal with particles that 
are constrained to move on certain curves or surfaces, prorided 
we replace the constraints (supporting surfaces, cords) by appropn- 
ate forces (reactions, tensions). This amounts to drawing a 
free-body diagram for the particle as already explained in detail 
in § 36. 

163. Principle HI: Action and Reaction. Finally in order to 
deal with systems of particles and rigid bodies we need a third 
principle, already stated as Principle D of Statics 

Principle III (Action and Reaction) The interadion be- 
tween two particles, whether in dired contad or at a distance fiom each 
other, may be represented by two forces of equal magnitude and 
opposite diredion ading along their joining line. 

Galileo recogmzed the truth of this principle, but it was first 
clearly stated by Newton as his Third Law of Motion 

We now develop the Dynamics of a particle and of rigid 
bodies from Pnnciples I, II, and III. 

164. Calculation of Mass. A body of local weight TT is sup- 
ported by a string. When at rest the body is in equihbrium under 
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two forces, the gravity or earth-pull G and the force T exerted by 
the string; hence, from the fundamental equation, 

G + T « 0 (Piin. I, II). 

The weight W of the body, the “ action ” it exerts on the string, 
is balanced by the “ reaction ” T of the string in the body: 

W + T = 0 (Prin. III). 


From those equations we have W = G: the weight of a body is 
equal to its gramty. 

Suppose now that the string is cut and that the body begins to 
fall with the acceleration g under the force of gravity G; then 
0 = mg (Prin. I) or, since W = G, 


W = mg. 



The mass of a body is eqml to its local weight divided by the load 
valve of the falling acceleration. 

When m = 1, W g; hence a body of unit mass has a local 
weight numerically equal to the local value of the f allin g accelera- 
tion. Thus a body whose mass is 1 dug weighs about 32 pounds. 

156. The Law of Inertia. When there is no force acting on a 
particle, or when all the forces combine to a zero resultant, the 
fundamental equation becomes 

ma = 0 or -rr = 0. 

dt 


Therefore v is a constant vector. When the particle has the 
initial velocity Vo, its velocity will have the constant value v = Vo. 
If the particle is initially at rest, it will remain at rest (static 
eqmhbrium). Otherwise it will travel in a straight hne with the 
velocity Vc, for a constant velocity vector imphes a fixed direction 
of motion. The vector equation of this hne, obtained by integrat- 


ing 




r = To -H Vo<; 


here To gives the initial position of the particle. 

Conversely, if a particle is at rest or moving uniformly in a 
straight line, its acceleration is zero, and, from the fundamental 
equation, the forces acting on it must combine to a zero resultant. 
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These results are knoTm as the 

Law of Iijertia. A particle will continue in a stcde of rest or of 
uniform motion in a straight line unless acted on by an unbalanced 
force. 

Galileo was the first to realize the truth of this fundamental 
law. It was stated in the above form by Newton as his First 
Law of Motion. 

156. Suimnaiyj Chapter XI. Dynamics (Statics and Kinetics) 
is based on three Fundamental Principles: 

I. Force and Acceleration (E = ?na), 

II. The Vector Addition of Forces, 

III. Action and Reaction. 

When the units of length, time and force are given, the constant 
m = F/a depends only on the nature of the body and is called its 
inertia or mass. The mass of a body is equal to its local weight 
divided by the local value of the falling acceleration. 

When the resultant force on a particle is zero it will remain at 
rest if originally at rest; otherwise it will travel in a straight line 
with constant velocity {Law of Inertia). 
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157. Scalar Equations of Motion. If the forces Fi, F 2 , . . . 
act on a particle we have from Principles I and II, 

= ma. 

This vector equation is equivalent to three scalar equations ob- 
tained by taking the components of both members on the axes of 
a fixed rectangular system. Thus if F, = [X„ F,, ZJ, 

(1) 2/X, =* max, ^ 

If the particle moves in a plane we may choose it as the a;v-plane. 
Then a* = 0 and hence = 0; that is, the sum of the com- 
ponents of the forces normal to the plane must vanish. If the 
forces F, lie in the a;y-plane this condition is automatically fulfilled; 
the third equation of (1) is then omitted. 

In the solution of problems a free-body diagram of the particle 
should be drawn showing all the external forces that act on it. 
The resultant of these forces is equal to ma where m ^ W/g. 
The acceleration vector, if shown in the diagram, should be drawn 
with short dashes to distinguish it from the forces, which 
are drawn in full. The axes are shown as dotted lines 
and their positive direction marked with an arrowhead 

Example 1. A body weighing 1 ton is hoisted vertically 
upward by a cable It starts from rest and comes to rest 
with an acceleration numerically equal to 4 ft /sec ®. Find 
the tension of the cable at the beginning and at the end of 
the motion. 

The body is acted on by two forces, its weight, W = 2000 Ib , and 
the tension T of the cable (Fig 157o) If the positive direction is 
upward, we have 

T-W^^a, r=Tr(l+?) 

As the body starts upward, a « 4 ft. /sec.* and 

T = 2000 (1 4- A) - 2250 lb. 

As the body comes to rest, a = —4 ft./sec * and 
T - 2000 (1 - A) » 1750 lb. 

346 



w 

Fig 157o. 
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What is the tension in the cable when the body is hoisted with 
uniform speed? 

Example 2. A box weighing 1 ton rests on the floor of an elevator. 
Find the reaction of the floor on the box when the elevator is starting 
upward with an acceleration of 4 ft. /sec.*; when it comes 
to rest with a retardation of 4 ft./sec.*- 
The box is acted on by two forces: its weight W and the 
vertical reaction R of the floor of the elevator (Fig. 1676). 

If the positive direction is upward, we have 

^■a, R = w(l +?). 


w 



R - W 


g 


Fig. 1576. 


Thus R has the same values as T in Example 1. 

Example 3. How long will it take a box, starting from rest, to 
slide down a smooth chute 50 ft. long and inchned at an angle ^ — 30^ 
to the horizontal? 

The box is acted on by two forces: its weight W and the normal 
reaction of N of the plane. On taking 
components parallel and normal to the plane 
we have (Fig. 157c), 



Ty sin 
hence 


— IT cos = 0; 

a = g sin /?, .V * W cos 

If the box travels a distance x in the time 
t with the acceleration g sin 


With X = 50 ft , ^ 


t 


v, 

Vi-T-* 


« J ^ sin /? t 
= 30®, this gives 


2 X 

gsind 


(§ 116, 2). 


At the bottom of the chute the box will have the velocity 
v = af = 16 X 2i = 40 ft /sec 

Example 4. Conical Pendulum A particle of weight IT, attached 
to a string of length Z, revolves uniformly in a horizontal circle of 
radius r. Find the tension of the string and the time required for a 
complete revolution (the period). 

The particle is acted on by two forces: its weight IT and the ten- 
sion T of the string. If the constant angular velocity of the particle 
is <a rad./sec , its acceleration is w*r and always directed toward the 
center of the circle ($ 109). On taking components horizontally and 
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vertically (Fig. 167i) 

rsin /S 



r cos iS — IF =0. 


Thus T ^ IF/cos |9, and from the first equation 



tan I® “ rad. /sec, 

since tan /3 ■= r/h. Therefore the 

Period = — = 2 wt/^sec. 
u \ g 

As a numerical example, let 

IF = 2 lb., I - 2 ft., 

r = 1 ft., g = 32.16 ft. /sec.* 


Then sin /3 = ^ 30°, the string 

makes a constant angle of 30° with the 
vertical as long as w is constant, and 
A = 2 cos 30° = 1.732 ft. We now find 

Period = 2 1.458 sec. 


PROBLEMS 

1. A weight of 2 tons is raised from the ground to a height of 80 
ft. in 5 sec. by a constant tension on the hoisting cable Find the 
tension. 

2. A sled on reaching the bottom of a hill has a speed of 15 mi /hr. 
How far will it run on a level against a resistance of 1/10 of the weight 
of the sled and riders ? 

3. An engine weighing 120 tons rounds curve of 800-ft ladius at a 
speed of 30 mi /hr If the rails are on the same level, find the hori- 
zontal thrust on the outer rail 

4. A bicycle rounds a curve of radius t on a track banked at an 
angle ^ to the horizontal If the plane of the bicycle remains normal 
to the slope of the track, prove that its speed v = Vgr tan 

6. At what angle should an automobile speedway be banked on a 
curve of 400 ft. radius so that there is no side thrust on the tires at a 
speed of 60 mi./hr.? 

6. A lOOO-lb. box is pulled up a smooth chute inclined at an angle 
of 30° to the horizontal by a rope parallel to the chute. If the ten- 
sion of the rope is constantly 600 lb., find the acceleration of the box. 

7. A weight TF hangs from two strings inchned at angles a and ^ 
to the honzontal. If the second string is out, show that the tension 
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in the first is instantaneously changed from W cos /}/sin (a + fi) to 
W sin a. 

8. A smaJl pail holding 3 lb. of water is whirled in a vertical circle 
at 60 r p.m. by a string held in the hand. If the bottom of the pail 
is 2 ft. from the hand, find the pressure of the water on it when the 
pail is at its highest and lowest points. Find the least number of 
r.p.m. m order that the water may stay in the pail. 

9. A stone on a string is whirled in a vertical circle of radius r. 

Show that its angular velocity must be greater than rad. /sec. 

it the string remains taut. 

10. A ear weighing W lb. “ loops the loop ” over a vertical circular 
track of radius r ft. If its speed is v ft. /sec. at the top find the reac- 
tion of the track at this point. What is the least value of a if the car 
does not leave the track? 

168. Sliding Friction. When a body A dides over another 
body B, a force F is exerted by B upon A along the surface of 
contact which tends to retard its motion.* This force F is called 
the sliding friction on A. Experiment has shown that the diding 
friction between two dry bodies depends on 

(1) the nature of the surfaces of contact, 

(2) the normal pressure per unit of area between the bodies, 

(3) the relative speed of sliding {F decreases as v increases) 

However for moderate values of the speed and unit normal pres- 
sure, F may be assumed to be independent of these factors and 
taken proportional to the total normal pressure -V between the 
bodies Thus we have a relation 

F = At.V 

of the same form as in the limiting fnction of rest f§ 32) Here /i, 
the coefficient of sliding fnction, is a numerical constant for a given 
pair of surfaces. For the same surfaces ju is somewhat less than 
Mo, the coefficient of static friction defined in § 32 Expeiiinents 
on shdmg at low speeds indicate that n increases toward mu as a 
hmit as the speed approaches zero. 

The values of ju and mo in a few eases are as follows 

Mo M 


Oak on oak fibers parallel to motion 

I dr>' 0 02 

1 soaped 0.44 

0.48 

0.16 

Cast iron on cast iron: greased 

016 

0 09 

Steel on ice 

0 027 

0 014 


• By the Principle of .^.ction and Reaction, .4 exerts the force — F on B, 
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The decrease of m with the speed is shown by the following data 
for steel tires sliding on steel rails at different speeds. 

Speed in ini./hr. Start 6.8 13.5 27.3 40.9 60 

H 0.242 0.088 0.072 0.070 0.057 0.027 

In the case of a locomotive or car rolling over steel rails the 
friction between a wheel and rail just prior to sliding may be re- 
garded as limiting static friction and computed from F = noW, 
where W is the weight on the wheel considered, and juo a constant 
depending on the condition of the wheels and rails and known as 
the coefficient of adhesion. It is probable that juo does not vary 
greatly with the speed. As the tractive effort of a locomotive 
cannot exceed noD, where D represents the weight on the driving 
wheels, the importance of juo in locomotive design is apparent. 
When both rails and drivers are clean juo reaches its Tnaximnim value, 
about 0.35; but if the surfaces are moist and greasy, juq decreases 
to about 0.20 or 0.15. In recent locomotive design juo has been 
assumed between 0.18 and 0.25. If the drivers shp, the coefficient 
of adhesion gives way to the coefficient of sliding friction p, which, 
as seen from the values given above, is much smaller than jaj, 
esjiecially at high speeds. 

The same considerations apply to all self-propelled vehicles. 
Thus for automobiles the greatest tractive effort is where 
fto is the coefficient of static friction between tires and road, and 
D is the weight on the rear wheels Again when the brakes are 
applied to the rear wheels, the maximum retarding force, hqD, 
is exerted just before the wheels begin to slip. When skidding 



occurs, the coefficient of sliding friction n takes 
the place of /xo and the retarding force is di- 
minished. 

Example 1. A flat stone is sent gliding over 
ice with an imtial velocity of 20 ft. /sec. If the 
coefficient of sliding fnction is ju = 0.025, how far 
will it go? 


From the free-body diagram (Fig. 158) 


YY 

—pN N ~ W — 0; hence a = —fig. 

Let the stone travel a distance * before coming to rest: then 
(S 116, 3) 

0 — «»• = 2 o® = —2 figx, 



20 X20 
2 X 0.025 X 32 


- 250 ft. 
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Example 2. A locomotive has a total weight of 50 tons on the 
drivers; if the coefficient of adhesion is 0.15, find the greatest pull that 
it can exert. How long will it take the locomotive, exerting this pull, 
to bring a train of 300 tons gross weight from rest up to a speed of 
30 mi./hr., if the train resistance is 10 Ib./ton? 

The greatest pull is 0.15 X 50 =» 7.5 tons; the net accderating 
force on the train is therefore 


P 


300 X 10 
2000 


6 tons. 


If the gross weight is W tons, 

_ W W V 
P = — a = — t; 

9 9 t' 

and since 30 mi./hr, = 44 ft. /sec., 

, Wv 300 X 44 

^ = - 0 ^ 32 “ 69 sec. (approx.) 

Example 3. Solve Example 3, § 157 taking account of the friction 
between the chute and the box, ijl — 

Three forces now act on the box. its weight PT, the normal pressure 
N of the chute, and the friction tiN directed up the plane (draw 
the free-body diagram). On taking components as before, 

ir sin ^ — ju JV = a, *V — TT’’ cos ^ 0 

Putting N = W cos p in the first equation, we find 

a = g (sm - ju cos /3) = 32 sin 30® — 8 cos 30® = 9 07 ft. /sec * 
Since x = § at^y 



At the bottom of the chute the bo\ will have the velocity v = at ^ 
30.1 ft /sec. 


PROBLEMS 

1. Solve Problem 6, § 157, when = 0.1 between box and chute 

2 A box will slide down a chute inclined at an angle of 14® to the 
horizontal at a constant speed. In what time will ii slide down a 
50-ft chute of 20° inclination if it starts from rest and ^ is the same as 
before^ 

3. If the inclinations of the chutes in Problem 2 are a and /5, show 
that jLt = tan a and a = gf sin (jS — a) /cos a on the second. 

4. A particle slides down a rough plane, inclined at angle p to the 
horizontkl, under the action of gravity. If ^ is the angle of friction 
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(tan ^ = It) show that its acceleration down the plane is a = gr sin 
(P - «)/cos 4 >. 

If the particle is projected up the plane, a = 9 sin (/9 + ^) /cos 

6. Fmd the least stopping distance on appl 3 dng brakes to an auto- 
mobile going 30 nii./hr. when it = 0.6 (clean, dry city streets) for 

(0) two-wheel brakes when 60 per cent of the weight is on the rear 
wheels; 

(&) fouivwheel brakes. 

6. Under the conditions of Problem 5 show that the stopping dis- 
tance X in feet from a speed of Vo mi. /hr. is given by 

X = 0.0934 7o* for two-wheel brakes, 

X >= 0.0560 7o* for four-wheel brakes. 

7. On a speedway curve of 400-ft. radius, what is the least banking 
an^e required to keep the wheels from side-skidding at 60 mi./hr. 
if - 0.4? 

8. Solve Problem 7 in general terms. Show that least banking 
angle p to avoid side-skidding on a curve of radius r at speed v is 
given by 

tan (/3 + ^) = — where tan 4> u. 

169. Two Particles. If two bodies move in contact or when 
connected to each other, a free-body diagram should be drawn for 
each body before the dynamical equations are applied. When the 
bodies are connected by a cord, the tension of the cord where it is 
cut must appear m the diagrams. When the cord is light in com- 
parison with the bodies involved, we shall neglect its weight and 
assume that its tension is the same at all sections 

(1) when it is unsupported or passes over a fixed smooth surface, 
or 

(2) when it passes over a weightless pulley turning on a 
smooth pm * 

Example 1. Atwood^ s Machine. Two bodies of weight W and W' 
are connected by a cord which passes over a fixed smooth circular 
cylinder (Fig. 159a), Find their common acceleration a and the 
tension T of the cord. 

In the free-body diagrams the tension T acts upward on each body. 
If TF > TF the bodies will move in the directions of the dotted arrows 

These assumptions may be justified from the dynamical equations of a 
portion of the cord in case (1), from the dynamical equations of the pulley in 
case (2), 
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with numerically equal accelerations a. On taldng components in 
these directions we have 

W W 

W - T = —a, T -W' <= —a. 

9 9 

To eliminate T we add these equations; thus 

IF- W' =.(W+W0j, 


The acceleration a is therefore constant and less than g. By choosing 
W — W' sufficiently small, a can be made so small that it may be 
conveniently determined by experiment and g then computed from 
the equation above. The apparatus may therefore be used to deter- 
mine g. 

The tension T of the cord may be found by substituting the value 
of a in either of the origmal equations. Thus from the first equation 


T = f(i-2) 


2 WW' 
W + W'" 


As a numerical example let TF =2 lb., W' = 1 lb. Then a = \ g 
and r = 1| lb. 



Example 2. In Fig. 1596 the body of weight TT falls and draws the 
other body of weight TF' up a rough plane If the cord passes over 
a fixed smooth disk, find its tension T and the common acceleration o 
of the bodies. 

From the free-body diagrams 

(i) r — TT' sin — /j.V = “ 0; 

rn- m ^ 

Vii) W — T = —a 
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Since N cos ft we have from (i) 

W 

T - Tf'Csin ^ + M cos ft =■ —a. 

& 

To eliminate T we add this to (ii), obtaining 

W - pr'(sin ;8 + M cos jS) = + W) | , whence 

W — PT'Csin /S + At cos ft 
® “ W + W’ 


We may now compute the tension from (ii) 

T =‘W\ 



(‘ -f> 


As a numerical example let W SO lb., 
W' “ 100 lb., M = i- Then 

a = 32 - 1.48 ft./sec., 

r = 80 (l - 1^) = 76.3 lb. 


Example 3. A block of weight W, sup- 
porting another of weight W, is drawn 
along a rough plane by a horizontal force 
P (Fig. 159c). The coefficient of sliding 
fnction between plane and block is At, the 
coefficient of static friction between the 
blocks is At'* Find the greatest value that P can have if the upper 
block does not slip. 


Fig 159c. 


From the free-body diagrams 

W 


(i) 

(ii) 

Hence 


P-^N-/N'=ja, N 
W‘ 


N' -W >-0; 


'N' = — a, N'-W'-O. 
ff 

N' ^W', N ~W + W, 


and from (ii), a = n'g. This is the limiting value of a just before 
slipping occurs. Substituting the values of N, N' and a m (i) now 
gives the greatest value of P: 

P = At(F -1- WO + At'W' -I- Ai'W = (ax -t- A*') (F -1- W). 


As a numerical example let W - 80 lb , W' - 40 lb., m = §,/*'“§• 
Then 

P = (i + *) (80 4-40) - 70 lb. 



8169 TWO PARTIC!LBS 355 

The above methods may also be applied to three or more con- 
nected bodies. 

Example 4. Three bodies of wdght Wi, Wt, W are connected by 
a cord s l i din g over two smooth fixed disks and over the smooth surface 
of the central body (Fig. 159d). Find the accelerations Oi, a», a of the 
bodies and the tension T of the cord. 



Fio. 169d. 


Take the positive direction downward; then from the free-body 
diagrams 

w, w 

W-2T=ja 

To find the relation between ai, az and a, we make use of the equation 
2 /i + */2 + 2^ = const 

which states that the length of the connecting cord is constant On 
differentiating this twice with respect to the time we get 

Cl + Qi + 2a =0 

If we solve the equations above for ai, and a and substitute in this 
relation we find 

Kwi w) “ 

This equation gives T, the first three equations now give oi, ot and o 
respectively. 

For example let Wi = 5, TF* = 10, IT = 20 lb. Then 
TCi + w + in) =■ 4, whence T = 8 lb.; 

at“ig, o - iff. 
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PROBLEMS 

1. In Kg. 169e the weight W => ZO lb. falls and puUs the weight 
W' = 15 lb. along a smooth horizontal plane. If the cord passes 
over a fixed smooth disk, find its tension T and the acceleration of the 
weights. 

2. If the coefficient of sliding friction between the plane and body 
is M = i in Problem 1, find T and a. Show, in general, that 

W — itW' (1 + m)WW' 

W + W' “ W -\-W' ‘ 



8. In Kg. 159/, IT = 30 lb , PT' = 20 lb. When the planes are 
smooth, find the acceleration of the bodies and the tension of the cord. 

4. In Kg. 159^ find the acceleration of the bodies and the tensions 
T, T' when friction is neglected. 

5. Solve Problem 4 when u = } for the 20 lb. and 36 lb. bodies, 
and the hanging weight is 40 lb. 



6 In Kg. 159%, the bodies of weight W and W' are connected by 
a cord which passes over the smooth nm of the latter and a fixed 
smooth disk. Show that 

_,W'~2W _ ZWW' 

® fp'f ^ 4-py By o — —2a ; T 

[From y +2y' = const, obtain a + 2o' = 0.] 


W +4W 
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7. Two bodies of wo^t W and W', connected by a cord, slide down 
a rough plane inclined to the horizontal. If the coefSidents of 
friction between the plane and the bodies are it and n' {ji < n') and 
W is the lower body, show that the acceleration and tension of the 
cord are 

a « ^sm /J - cos T - - v) cos p. 

8. If p > ft' is Problem 7 and the bodies slide down the plane in 
contact with each other, show that they exert 
a force 

WW’ 

SI ^ (ft — ft') cos /S on each other. 

9. In Fig. 1 59i, the weights of the four move- 
able bodies are TT = 1, TTi «■ 4, IF* = 2, 

IT* = 1 lb. The cord connecting W and ITi 
passes over a fixed smooth disk (shaded), the 
cord connecting W* and Wt passes over the 
smooth rim of W. Taking the positive direc- 
tion downward, show that the accelerations Pio. 169t. 

and tensions are 

di = n Si ®* = A ff» = ~ A CJ T = II lb., T' “ i| lb. 

[yi + y = const, and y» + ys — 2y = const.] 

10. The Atwood’s machine of Example 1 is placed on a platform 
balance and weighed when the cord is clamped to the cylmder. ^ Show 
that when the cord is released the machine will decrease in weight by 
an amount (W - W')*KW + W). 



160. Differential Equation of Motion. If F is the resultant 
of aU the forces acting on a particle and we put a = d®r, in 
the fundamental equation. 


( 1 ) 




where r is the position vector of the particle referred to a fixed 
origin. If F is known as a function of r, this differential equation 
of the second order determines the motion of the particle, pro- 
vided that its position and velocity are known at a certain instant, 
S8.y 

r — To, V = Vo when i = 0. 

If we refer the motion to fixed rectangular axes and write r = 
[x, y, a], F = [X, Y, Z\, the vector equation (1) is equivalent to the 
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three scalar equations 

C2) = 


m 


F, Z. 


If we take the components of (1) along the tangent, principal 
normal, and binormal to the path, we obtain (see § 107) : 

(8) = O-F,. 

These are called the intrinsic equations of motion. 

161. Momentum and Impulse. Since a = dv/dt, we may write 
(§ 160, 1) as 

( 1 ) 

The vector mv, the product of the mass and velocity, is called the 
momentum of the particle. Equation (1) states that 

The Ume rate of change of the momentum of a particle is equal to 
the resultant of the forces acting upon it 
As the time changes from to ^ let the velocity of the particle 
change from Vi to v*. On mtegratmg (1) between these limits we 
obtain 

(2) mva — mvi = J* F dt. 

The time integral of the force over any interval is called the 
impulse of the force in this interval Thus (2) states the 
Principle of Impulse and Momentum The change in the 
momentum of a particle in any time interval is equal to the impulse 
of the resultant force in this interval 

In the important case when F is constant the impulse is simply 
F(t 2 — ti)) the product of the force and the time interval. Then 

(2) becomes 

(3) mv2 — TOVi = P (tj — ti) 

By equating the components of both members we obtain three 
scalar equations. 

When the force is measured in pounds, the time m seconds, the 
unit of impulse is the pound-second. 


Example 1. A box weighing 20 lb. is given an imtial velocity of 
S ft./sec. up a chute inclined 5° to the horizontal. If /t = 1, m what 
tune will it come to rest? 
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Since v* = 0, (3) gives — mvi = Fi. On taking components in 
the directions shown Fig. 161a we obtain 

- 8 = - (20 sin 5® + iN)t, 0 - - 20 cos 5*)fc 

Uenoe JV = 20 cos S** and 

* ” 20 sin 5° + 5 cos 5° " 




Fig. 161a. 



Example 2. If 40 cu. ft. of water per minute flow through a 6-inch 
pipe in which there is a 90^ bend, what is the resultant force exerted 
by the water on the bend if frictional resistances are neglected? 

Since | cu. ft. of water per second flows through an area of r/16 sq. 
ft., its speed v is given by 

X 2 

^ 16 “ 3 ^ * 3.4 ft. /sec. 

Since 1 cu. ft. of water weighs 62.4 lb., I 62.4 = 41.6 lb. of water pass 
the bend each second. If F is the force exerted by the bend on the 
water, the impulse on the water per second is, from (3), 

The reaction of the water on the bend is — F = 4 42 (i — j), a force 
numerically equal to 4.42 V2 = 6 25 lb. and directed as shown in 
Fig. 1616. 

When the force has a constant direction, say F = fl, its 
Impulse from to fz = i^ F dt. 

If F is plotted as ordinate against t as abscissa, we obtain the 
Sarcertime curve', and the integral above is equal to area mcluded 
between this curve, the t-aids, and the or dina tes at fi and fa The 
umt to be used in estimating this area is the rectangle formed by 
the units of the t and F scales. 

Example 3. A force F increases at a constant rate from zero to 
P lb., then decreases at the same rate to zero. If the total time is 
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i sec., the foice-time curve is an isosceles triangle of height P and base 
A The impulse of F in the time t is numerically equal to the area of 
t.T»ia triangle, i Pt Ib.-sec. 

Example 4. A blow with a hammer gives a 2-lb. body an initial 
vdodty of 1 ft./sec. If the impact lasted 0.001 sec., and the force 
varied as m Example 3, find its greatest value P. 

The impulse of the blow is numerically equal to JPt = P/2000 Ib.- 
sec. Equating this to jihe change of momentum we get 

■!>- 1251b. 


PROBLEMS 


1. A stone is thrown vertically upward with a speed of 80 ft./sec. 
Find its velocity after 2, 3 and 5 sec. 

2. A stone is thrown horizontally from a cliff with a speed of 80 
ft./sec. Find its velocity after 5 sec. 

8. A fiat stone is sent gliding over ice with an imtial speed of 20 
ft./sec. If the coefficient of sliding friction is 0.025, in what time 
will its speed be 10 ft./sec.7 

4 . A jet of water li in. in diameter, and with a speed of 60 ft./sec., 
strikes a vertical wall at right angles. What force F does it exert, 

assuming that the water flows away along 
the wall? 

If some of the water splashes back from 
the wall, will the force be greater or less 
than the foregoing value? 

6. A jet of water 2 in. in diameter and 
with a speed of 40 ft./sec. strikes a fixed 
curved vane (Fig. 161c). If the jet is 
turned through 30® by the vane, find the 
force exerted by the water on the vane. 

6. If, in the preceding problem, W lb. 
of water strike the vane per second and are turned through an angle 
0, show that the resultant force on the vane is 2(17/^) v sin ^0 lb. 

162. Zinetic Energy and Power. If we multiply both sides of 
S 161, 1) by V‘ we obtain the scalar equation 

dy u 
?WV • -3T = F-v, 
at 



or Since 

( 1 ) 


i. 

dt 


v« 




2v 


dv 

‘dt 


= Fv. 


(§84,6), 
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The scalar \ mv*, one half the product of the rntma and the square 
of the velocity, is called the kinetic energy of the particle. The 
scalar product F*v of the force and velocity is called the power 
exerted by the force. In view of these definitions, equation (1) 
states that: 

Tho Him rate off cfumge of t?ie kinetic energy of a poarHde is equal 
to the power exerted by the reetdtanl force. 

163. Work. The time int^ral of the power F-v, between the 
instant h and any later instant t is called the woris done by the 
force F in this interval. The work W is therefore defined by the 
equation 

(1) W = 

If the upper limit t is regarded as variable we have 



the power of a force is Hie time-rate at which it is doing work. 

In many cases the force is known when the position of the 
particle is given. Then the work is more readily computed by 
changing the variable of int^ration in (1) from t to s, the arc along 
the path of the particle. This may be done by writing 

V = tT = (§ 104, 2) 

in (1); we thus obtain 

(2) W = r*F-T ds, 

J 51 

the integral being taken over the path of the particle Therefore 
Hie work dome by a force on a partide is equal to the integral of its 
tangential component taken over the path 
If we replace v by dr/dt in (1), the work done by F may also be 
expressed in the form 

(3) W = 

where ri denotes the position vector of the particle at the instant <i. 

In the important case when F is constant the work done is 
simply 

(4) W = = F-(r - ri) = F-pIP; 



382 


DYNAMICS OF A PARTICLE 


§163 


th&t is, the work done by a constant force on a particle as it trcwels 
ooer any pa£h is equal to the scalar product of the force and the dts- 
placam^ vector. If ei is the distance PiP and 6 is the an^e be- 
tween the force and displacement vectors, (4) may also be written 
(5) W = Fd cos 0. 


Thus W is positiye, zero, or negative according as d is an acute, 
right or obtuse angle. 

A unit force acting on a particle as it moves a unit distance in 
the direction of the force will do a unit amount of work; if the 
force is measured in pounds, the distance in feet, the unit of work 
is called the/oo<-pou?id (ft.-lb.). 

Since power is the time-rate of doing work, the unit of power is 
one footpound per second (ft.-lb. /sec. ) . One 
horsepower (hp.) is defined as 650 ft.-lb./sec. 
or 33,000 ft.-lb./min. 


W-lOOlb 


P-601b. 


N 


Pig. 163a. 


Example 1. A body of weight W — 100 lb. 
is drawn along horizontal plane by a constant 
force P = 50 lb. inclined 30® to the horizontal 
(Fig 163a). The work done by P as the body 
moves 10 ft. in a straight line is, from (6), 

50 X 10 cos 30° = 500 X 0 866 = 433 ft -lb. 


The friction on the body is P = mA", where N is the normal pressure. 
To jBnd N we have (§ 157) 

-1- 50 sin 30° - 100 -= 0, iV = 100 - 25 = 75 lb. 

If /t = i, P = 75/3 = 25 lb., and the work done by fnction in 10 ft. 
is 

25 X 10 cos 180° 250 ft.-lb. 

Both W and N, being perpendicular 
to the direction of motion, do no work. 

The total work done on the body is 
therefore 433 - 250 = 183 ft.-lb. 

Example 2. The work done by 
gravity on a body weighing W lb. as 
it falls from P, to Pt through a height 
of h ft. (Fig. 1635) is 



W • PiPj =• Wd cos 6 = Wh ft -lb. 

This result applies when the body slides along any fixed surface from 
Pi to P» as well as when it falls freely between these points, as in the 
case of a projectile. 
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If a projectile, shot upward, travds from P» to Pi, the work done by 
gravity is 

W • PjPi = - Wd cos 6 * — Wft ft.-lb. 

Example 3. A helical spring is compressed 2 in. by an load 
of 120 lb. Within certain limits the force F required to compress a 
spring an amount x is proportional to x; thus F = kx where is a 
constant. In our problem, 120 =2k, h <=* 60; hence P => 60 x lb. 
when X is measured in inches. 

Let us compute the work done by an amal force in compressing this 
spring 3 in. From (2) we have 

W - fj dx = 60 dx « 30 X* 270 in.-lb. 


Example 4. Find the work done by a gas expanding in a cylinder 
at constant temperature from the pressure pi Ib./in.^ and volume 
vi in.® to the volume Va in.*. 

Let the cylinder be fitted with a weightless piston of cross-section 
A m.® and let x in. be the distance from the 
end of the cylinder to the piston (Fig. 163c). 

Then the volume of the gas is t; = Ax in 
The gas exerts a force of pA lb. on the piston 
and the work done on the piston as it travels . 
from Xi to X 2 is, from (2), 




A 


Fig 163c 


Since the temperature is constant we have pv = piVi from Boyle’s 
Law; hence 

Example 5. A locomotive pulls a train of 3000 tons up a 1 per cent 
grade at 6 mi./hr What horsepower is the engine exerting if the 
frictional resistance is 5 Ib./ton? 

The grade resistance on an incline of angle a is 

3000 X 2000 sm a = 6,000,000 X 0.01 = 60,000 lb.: 

for sin a practically equals tan a (0.01) for small angles. 

Since the frictional resistance is 3000 X 5 = 15,000 lb., the total 
force overcome is F » 75,000 lb. Now 6 mi. /hr. » 8.8 ft 'sec ; 
hence the 


hp. - 


Fv 75000 X 88 
550 “ 560 


1200. 
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PROBLEMS 

1. Wliat work is done against gravity in pulling an ore-car weighing 
10,000 lb. up a 3 per cent grade a distance of SOO ft.? 

2. A 100-lb. weight slides a distance of 40 ft. down a 30® inclined 
plane under the action of gravity. If ^ - i, compute the total work 
done on the body. 

3. A well is dug 7i ft. deep and A sq. ft. in cross-section. Find the 
work done in raising the material to the ground level, if one cu. ft. 
weighs w lb. [The work done in raising a slice of earth y ft. below 
the ground level and of thickness dy is wA dy-y ft.-lb.] 

Find the work for a well 20 ft. deep and 4 ft. in diameter iiw ^ 100 
lb./ft.«. 

4. A 1500-lb. cable 300 ft. long hangs from a winding-drum. What 
work is done in winding up 100 ft.? 

6. Water is pumped into a tank d ft. above a reservoir, filling it 
to a height of h ft. If W is the total weight of water moved, show that 
the work done is W (d + JA) ft.-lb. 

6. A weight of 400 lb. is drawn from a depth of 480 ft. by a cable 
which weighs 2 lb. /ft. How much work is done? 

7. The force F needed to give a steel bar, originally I in. long and 
A in.* in cross-section, a stretch of a: in. is F = AE x/l where E is the 
modulus of elasticity of the steel. Find the work done in stretching 
the bar e in. 

Find the work done in stretching a steel bar 10 ft. long, 2 in. in diam , 
} in. F = 30,000,000 Ib./in.®. 

8. A man weigWg 150 lb. walks up a 10® slope at the rate of 4 
mi. /hr. What horsepower is he exerting? 

9. A 100-lb. box is drawn 20 ft. up a rough plane (m = i), inclined 
at an angle of 30° to the horizontal, by a force P inclined at an angle 
of 20® to the slope of the plane. Find P if the box moves with con- 
stant speed. Show that the work done by P is equal to the work done 
against gravity and against friction. 

If P = 70 lb., find the total work done on the box in 20 ft. 

10. Air expands adiabatically according to the law = const. 

from Vi = 6 ft.® and pi ~ 80 Ib./in.® 

P to * 20 ft.®. Find the work done. 

11. A ship is steaming V mi /hr. 
under a horsepower H. Find the 
thrust of the screw in tons. 

Fio. 163d. 12. A car is pulled along a straight 

track by means of a rope passing 
over a pulley as shown in Fig. 163d. If the tension P == 20 lb , find 
the work done while the car moves 10 ft. from the position shown. 
Solve in two ways. 
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18. A nuiii walking 6 ft./s6C. drags after him 16 ft. of chain weighing 
5.5 lb. per ft. If the chain is held 4 ft. above the ground and m i 
between chain and ground, show that the man is exerting 0.15 hp. 
[If X ft. of chain trail on the ground, the horizontal tension is ff =*> we 
™ fiwx; hence e = iix for the catenary. Now find x from (§ 97, 9).] 

164. Graphical Representation of Work. If we represent the 
tangential component of the force F by Ft, the work done by F 
on a particle as it travels the distance ^ — Si along a cuiwe is 
(§163,2) 

(1) W = f Ftds. 

Ja 

It Ft is plotted as ordinate a^dnst s as abscissa we obtain a curve 
showing the variation of Ft with s. Then (1) shows that the 
work W may be measured by the area included between this 
Frs curve, the s-axis, and the ordinates at si and sa (Fig. 164a). 
The unit used in evaluating this area is the rectangle formed by 
the units of the Ft and s scales. Thus if 1 in. horizontal « 5 ft., 
1 in. vertical =* 10 lb., 1 in.® of area represents 50 ft.-lb. of work. 



Fig 164a Fig. 1646 


If the constant tangential force P acting over the same distance 
ss — Si does the same amount of work as the variable Ft, P is 
called the space-average of Ft over this distance P is represented 
on the force scale by the height of a rectangle over the base 
sa — Si whose area is equal to the corresponding area under the 
FfS curve. 

Example. Indicated Horsepower of a Steam Engine. To find the 
horsepower of a single-cylinder steam engme from two indicator dia^ 
grams taken at opposite ends of the cylinder, let 
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A, A' = piston areas (in.^) exposed to steam on the two sides, 

L =■ length of stroke (ft.) 

Pi = driving pressure on piston, forward stroke, 

Pi' = back pressure on piston, forward stroke, 
p/ a driving pressure on piston, return stroke. 

Pa = back pressure on piston, return stroke. 

These pressures (lb./in.*) are all variable and should be regarded as 
functions of s, the displacement of the piston from its extreme posi- 
tions. Then the work done on the piston in the forward and back- 
ward strokes is given by 

(Api - A'piO ds and (A'pa' - Apa) da 

respectively. The sum of these integrals, which gives the work done 
in a double stroke, may be wntten in the form 

(i) Af^ (pi - Pa) ds + A'j^ipa' - PiO da ~ APL + A'P'L 
where 

denote the space averages of the pressures included by the indicator 
diagrams taken at opposite ends of the cylinder (Fig. 1646 shows one 
diagram). P and P' are called the mean effective pressures for the two 
sides of the piston. They are readily computed by dividing the areas 
within the diagrams (measured, for example, with a planimeter) by 
the length of the diagram. Thus if a diagram has an area of 4.50 
In,*, a length of 3 in., and the pressure scale is 1 in. = 50 lb./in.*, the 
corresponding mean effective pressure is 

4 SO 

P - X 50 « 75 lb. /in.* 


If the crank makes N rev /mm., the piston makes N double strokes 
per minute. Hence from (i), the engine has an 

/..X T j X ^ 1. (P^ + P'-AO LN 

(n) Indicated hp. « 3 ^ 000 

If the piston-rod extends through the entire cylinder, A « A' — 
section-area of piston minus section-area of rod 


PROBLEMS 

1, The indicator cards from the head and crank ends of a cylinder 
have areas of 4.72 and 4.00 in.* respectively and both are 4 in. long. 
If the indicator spring is compressed one inch by a pressure of 60 lb./ 
in.*, find the mean effective pressures. 
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S. The engine in Problem 1 hae a 15-in. crank and the cylinder and 
piston-rod are respectivdy 12 and 2 in. in diameter. The piston rod 
extends but one way from the piston. If the engine makes 90 tev./ 
nun., find the indicated horsepower. 

166 . Principle of Work and Energy. In § 162 we found that 
the time-rate of change of kinetic energy of a particle is equal at 
any instant to the power exerted by the resultant force F: 

If we integrate this equation between the instants h and U we 
obtain 

(1) i J mwi* = J F-v di. 

The integral on the right is the work done by F in this interval 
(§ 163, 1). If F is the resultant of the forces Fi, F 2 , . . . acting 
on the particle, F = Fi -f F 2 -f . . . and 

ph pk 

F*v dt = I Fi*v di + I p 2 -v d< -H . . . ; 
ft Jh Jti 

that is, the work done by the resultant of the forces acting on a 
particle is equal to the sum of the amounts of work (each taken 
with its proper sign) done by the separate forces Hence, in \iew 
of (1), we have proved the important 
^INCIPLE OP WoKK AND Enehgt. The change in the kinetic 
energy of a partide in any time interval is equal to the total work done 
by the forces acting on it in this interval. 

The equation. Change in kinetic energy = Work done, is called 
the energy equation. 

Example 1. A flat stone is sent gliding over ice with an initial 
velocity of 20 ft./sec. If ju = 0 026, how far will it go’ (§ 158, 
Example 1 ) 

Of the forces acting on the stone (Fig 158) W and .V do no work 
as they are normal to the path, while the friction MU' does the work 
— nWx over the distance x. The energy equation is therefore 
1 ^0^ 

0 - 2 y - nWx, whence x = ^ . 

As before we find x = 250 ft. 
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Example 2. Ab dectric car coasts 1000 ft. down a 1 per cent grade 
and then runs 200 ft. up a 2 per cent grade with its acquired momen- 
tum. Find the total resistances (assumed constant) in pounds per 
ton. 

If the car weighs T tons, and the resistances are r Ib./ton, the total 
work done by the forces acting on the car is (Fig. 16Sa) : 

(2000 T sin a — rT) 1000 — (2000 T sin jS -f- rT) 200 ft.-lb. 

Note that the weight of the car does positive work on the down grade, 
negative work on the up grade. Since the imtial and final speeds are 
zero the change in kinetic energy is zero. Hence, by the Principle of 
Work and Energy, the above work is zero, and we find 

„„„„ 1000 sin a — 200 sin /» 
r - 2000 jQQQ _j_ 200 

Since the angles a and are both small, sin a and sin are nearly equal 
to tan a a 0.01 and tan - 0.02 respectively. Therefore 

10-4 

r = 2000 ■ => 10 lb./ton. 




Example 3. Let a particle of weight W slide down a smooth surface 
through a vertical distance h. Then gravity does the work Wh', 
and as the reaction on the particle, being normal to the motion at 
every instant, does no work, the energy equation is 

W 

i — (t'* - v<?) = Wh, and r* = Do’ + 2 gh. 

If the particle slides upward, the work of gravity is — Wk and v* => 
0(^—2 gh. 

PROBLEMS 

1. Solve Problem 2, § 167, by the Pnnciple of Work and Energy. 

2. Solve Problem 5, § 168, by the Pnnciple of Work and Energy. 

3. A projectile is fired with an initial speed of 600 ft./sec. Fmd its 
speed when at a height of 2600 ft. above the point of projection. 
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“ looping a loop ” of radius r the car starts from rest at a 
height h above the top of the loop (Kg. 16S6). N^ecting friction, 
show that A > i r if the car does not leave the track. 

6. A bullet going 700 ft./see. penetrates a block of wood 4 in. If 
the block were but 3 in. thick, with what speed would the bullet emerge 
if the resistance to penetration were constant? 

6. A sled, starting from rest, slides 500 ft. down a 10® slope on to a 
level track. How far will it go on the level if #» = 0.10 for the entire 
journey? 

7. A 1-ton elevator, descending with a speed of 16 ft./sec., is brought 
to rest with a uniform retardation in 8 ft. What is the tension in the 
cable? 

8. In Kg. 169« the floor is 10 ft. below W; W = W' and ft = 0.2 
between W' and the plane. If W starts from rest, with what speed 
will it hit the floor, assuming that W' can travel at least 10 ft. on the 
horizontal? 

9. A particle slides down a smooth circular cylinder, starting from 
rest. Show that it will leave the cylinder at a point } as high above 
the center as its starting point. 

166. Conservation of Energy. Cbnsider a particle subject to 
a force F determined entirely by the position of the particle. 
Then to every point P in space there corresponds a definite force 
F; such a force distribution is called a fidd of force. If the work 
done by F as the particle moves over any path depends only on the 
end-points and not on the form of the path, the force F (or the field 
of force) is said to be conservative. Let Q be any position of the 
particle chosen as standard. Then if F is conserv'ative, 

The potential energy of the particle at the position P is defined 
as the work done by "F on the particle as it moves over any path from P 
to the standard position Q. Denoting the potential energj' at P 
by Vt 

V = 

Let us now compute the work done by F as the particle moves 
over any path from Pi to P*. We have 

f\dr= f%^dx+ f%dt= f°F-dT- F-dr^Fi-F*, 

Jpi JPi Jq JPi JPt 

that is, the work done by F over any path from Pi to Pj is equal 
to the difference Vi — Vs of the potential energies at these points. 


/; 


F‘dr over any path joinir^ P and Q 
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Hence by the Principle of Work and Energy, 

i noH? — I = Fi — Fj, 

J mot? + Fj = J »M)i* + Fij 

that is, for any position of the particle, 

J ms* + F = const. 

This is the d 3 aianucal aspect of the 
Law OF CoNSBBVATioN OF Emfbgt. If a particle moves in a 
conservative fieUd of force, the sum of its kinetic and potential energies 
is constant. 

It must be remembered, however, that not all forces are conser- 
vative. Frictional forces, for example, are not conservative and 
the total mechanical energy, i rra^ + F, does not remain constant 
when the motion is retarded by friction. In such cases some of 
the mechanical energy is converted into heat in overcoming fric- 
tion. The much wider physical law of the Conservation of Energy 
applies in this case Thus if an amount of heat H, expressed in 
the mechanical units of energy, is produced while the speed changes 
from Vo to V, we have 

§ mv^ + F + H = f mV{? + Fo. 

We shall now consider three important fields of force that are 
conservative and find the corresponding potential energy. 

1. A constant field of force is conservative. For from (§ 163, 4) 

we see that the work done over any path from Pi to Pj is F-PiPj 
and therefore independent of the path 
The gravity of a body near any given place on the earth’s 
surface is sensibly constant. Hence the gravitational field of the 
earth in any locality may be regarded as conservative. If we 
choose the origin of r as the standard position, the potential energy 
of a body of weight IF is 

(1) F = J] Vdr = - Wt = Wh 

where h is the height of the body above a horizontal plane throigh 
the origin. 

For a free particle subject only to gravity, conservation of energy 
requires that 

J jws* + mgh = const, or + 2 gh = const. 
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2. The particle is attracted towards a fised pdnt 0 by a force 

directly proportional to the distance. Then F = TiPO — — 4rR 
where ft is a positive constant and R a unit radial vector. Now 

r = rR, (ir = r dR + Rdr; F*dr = — hr dr 


ginnft R>R 1, R'dR = 0. Hence the work done over any path 
from Pi to Pj is 




h ft (ri* - r,*) 


and therefore independent of the path. K the origin is chosen as 
the standard position, 

(2) 7 = — ft r dr = ikP. 

3. The particle is attracted toward a fixed point 0 by a force 
inversely proportional to the square of the distance. Then 

F = - ^R and F«dr = -^dr. 


Hence the work done over any path from Pi to P* is 



and therefore independent of the path, 
is chosen at an infinite distance from 0, 



If the standard position 

A. 

r 


If the particle is repelled from 0 according to the law of inverse 
squares, 7 = ft/r. This is the case in an electrical field of force 
due to a charge at 0 when the particle has a charge of same sign. 


PROBLEMS 

1. A body is projected from the earth at any angle with an imtial 
spe^ So. Show that it will return to the earth with this same speed 

(o) when its gravity is regarded as constant; 

(6) when its gravity varies inversely as the square of the distance 
from the center. 
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2. A body weighs W lb. at the earth's surface. Show that its 
potential energy in the earth’s gravitational field is V = -- WR^/r 
under the law of the inverse square. R is the radius of the earth and 
r the body’s distance from the center. 

3. With what speed must a projectile be fired vertically from the 
earth (R = 3960 mi.) in order that it never return? Neglect air 
resistance. 

4. A body is projected vertically from the earth with an initial 
speed Vo. Show that it would reach a height R Vo^/(2gR — vo®) from the 
surface if the atmosphere were absent. 

6. A body of weight W suspended from an elastic string increases 
its length by an amount a. If the body is set in vertical oscillations, 
show that its potential energy at a distance x from its equilibrium 
position is JW rc^/a. [The tension of the string is proportional to its 
elongation.] 

6. In Problem 5 show that the speed v of the body at a distance x 
from its equilibrium position O is given by 

t;a » Vo® “ 

where vo is its speed at 0. 

167. Units and Dimensions. From the definition of any 
dynamical quantity we may express its units in terms of the 
fundamental units of length, time and force. Let us denote these 
umts by L, jP, F respectively. Then the units of any derived 
dynamical quantity may be expressed in terms of these units as 
shown in the third column of the following table. These symbolic 
formulas for the derived units (or, more properly, the exponents 
of L, F in these formulas) are called the dimenstons of the cor- 
responding dynamical quantity. Velocity, for example, being 
measured by dividing a length by a time, has the dimensional 
formula L/T or LT^^; it has the dimensions 1 in length, — 1 in 
time 

The radian measure of an angle is given by the ratio of the 
lengths of a subtended circular arc to its radius; the dimensional 
formula for angle is therefore L/L = L® or simply 1. Thus an 
angle has no dimensions. 
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In the table the sign / should be read “ per.’’ The last two 
quantities listed are first defined in a later chapter. 

The foUowing units, derived from those in the table, are «1an 
frequently used. 


Length: 

1 mile = 5280 ft. 

1 kilometer = 1000 m. 

Velocity: 

1 mile per hour *= 88 ft./sec. 

Angular Velocity: 

1 revolution per second » 2 ir rad./sec. 

1 revolution per minute * tt/SO rad./sec. 

Force: 

1 ton (short) = 2000 lb. 

1 metric ton = 1000 kg. 

Work: 

1 joule « 10^ ergs. 

1 kilowatt-hour =» 3600 X 10^° ergs. 

Power: 

1 horsepower =» 550 ft -lb. /sec 

1 watt « 1 joule/sec. = 10^ ergs/sec 

1 kilowatt = 1000 watts *= 10“ ergs/sec 


By an executive order the United States yard is defined as 
3600/3937 meter and the avoirdupois pound as 1/2.20462 kilogram. 
We therefore have the following relations* 

1 ft. = 0 304801 m., 1 zn. = 3.28083 ft. 

1 lb. 0.453593 kg., 1 kg. 2 20462 lb. 

To find the relation between the dyne and the kilogram we note 
that one kilogram force will give the standard kilogram body 
(1000 grams mass) an acceleration of 980.665 cm. /sec ^ (§ 118); 
hence 

1 kg force » 1000 X 980.665 - 980,665 dynes 

These equations enable us to express any unit m one system in 
terms of the corresponding unit in another. For example, since 

1 ft. = 30 4801 cm., 

1 lb. = 0453593 X 980,665 = 444,823 dynes, 

1 ft.-lb = 30 4801 X 444,823 = 1 35582 X 10’ ergs. 


The dimensional formula for a quantity offers a reliable way of 
finding its value when the units are changed. Thus to convert 
an acceleration expressed in miles per hour per second (as in rail- 
way practice) to ft./sec.* we may proceed as follows: 


l(mi./hr )/sec = 


1 mfie 5280 ft 

1 hr X 1 sec. 3600 sec. X 1 sec. 


= 1.467 ft./sec.® 
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If there is essentially but one relation connecting a set of dy- 
namical quantities, and this equation holds good for any cho ice 
of fundamental units,* every term of the equation must have the 
same dimensions in L, T, F. This is the PrinetjOe of Dimensimal 
Hotnogenettyjf As an example conMder the equations of § 116 
for uniformly accelerated motion; in (1) all terms have the dimen- 
sions LT-\ in (2) L, in (3) Again in (§ 161, 2) all terms 

have the dimensions FT and in (§ 165, 1) the diTnBnriftns FL. 
This principle affords an important check on the accuracy of dy- 
namical fo rmulas . When a problem is solved in general terms, 
the result should always be tested for dimensional homogendty. 
Numerous examples will occur in the following pages. 

PROBLEMS 

1. Show that 

1 kilowatt = 737.56 ft.-lb./sec.; 1 hp. = 0.74570 kilowatt. 

S. Test the results given in Problems 2, 4, 5 and 6 of § 166 for di- 
mensional homogeneity. 

168. Free Motion under Gravity. When the resistance of 
the air is neglected, a free body near the surface of the earth wiU 
move with the local acceleration of gravity Its equation of 
motion is therefore 

where g is a constant vector directed downwards along the plumb 
line 

Let the body be piojected from a point 0, chosen as ongin, with 
the velocity Vo; that is, let 

r = 0, V = Vo when t = 0 
Successive integration of the equation of motion gives 

^=gt + Ci, t = ig^ + Cit + C^ 

* Thig is always the case in Dynamics when the units are defined so that a 
body of unit acted on by a unit force will acquire unit acceleration. 

t For a proof see Bndgxnan, Dimensional Analysis^ Chapter IV. The 
principle is valid for the equations of general Physics. 
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and from the initial conditions Ci = Vo, C 2 == 0. Hence 
(1), (2) V = Vo + g«, r = Vo< + i g<*. 

We may also 'write (2) in the form 
(3) r * i (Vo + Vo +gi)« 

Equations (1) and (2) gi-ve the velocity and position of the body 
in terms of the time. They show that the motion may be regarded 
as a vector combination of motion 'with the constant velocity 
Vo and free fall from rest under gra'vity. 



On multiplying (1) by m, the mass of the particle, we have 
wiv — mvo = mgf, 

an equation stating that the change of momentum in time t is 
equal to the impulse of the force mg (§ 161). 

Since the potential energy of the body is mgh (§ 166, 1) where h 
is the height of the body above 0, conservation of energy demands 
that 

I m»® + mgh = § mv(? + 0, or 
(4) = va^- 2 gh 

Equations (1) to (4) hold for a free particle moving with any 
constant acceleration. These equations, moreover, have the 
same form as the equations of § 116 (-with ®o = 0) for uniformly 
accelerated motion in a straight line. 

If we choose x- and y-axes in the vertical plane through Vo 
as m Fig. 168, 

Vo = [t>o cos ft vq sin ft, g = [0, - g] 
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where 0 is the an^e of projection. Hence the actual motion 
is a combination of 

(а) Homontal motion at un^orm speed »o cos p, and 

(б) V erticdL motion under graoity loith the imticd speed vo sin p. 

The equations of § 116 thus apply to the vertical motion. 

The coordinates of the body after t seconds are 
» = »o cos /3 <, y =- »b sin /S < - 4 g?. 

When »o ^ 0 we may eliminate t from these equations and obtain 
the Cartesian equation of the path; 


(5) 


y — xtaup — 


g 

2 So® eo8* P 


a*. 


This represents a parabola with axis vertical 
by puttii^ dy/dx = 0 (s, = 0), is the point 



Its vertex, located 


The range on a horizontal plane through 0 is found by putting 
V = 0 in (5) : thus the 

So® 

Horizontal range = — sin 2 jS. 


For a given initial speed the range is greatest when p = 45°. 


Example. A projectile is fired from a hill 1024 ft. above a plain 
with an initial velocity of 960 ft./sec. inchned at an angle of 30° 
above the honzontal. Find (a) its time of flight to the plain, (6) 
the honzontal distance traversed, (c) its greatest height above the 
cannon, (d) the striking speed. 

Choose horizontal and vertical axes as in Fig. 168. Then g » 
[0,-32] ft./sec.* and 

Vo = [960 cos 30°, 960 sin 30°] - [831, 480] [ft./sec. 

(а) Since y = — 1024 on the plain, the projectile will hit the plain 
in a time t given by (§ 116, 2) 

- 1024 = 480< - i 32t* or f* - 30t - 64 = 0 

Thus f = 32 sec. (the positive root). 

(б) As the horizontal motion is at the uniform rate of 831 ft /sec., 
the projectile will traverse the distance 

831 X 32 - 26,600 ft in 32 sec 

(c) According to (§ 116, 1) Vy = 480 — Z2t, hence the projectile 
will reach its highest point {vy == 0) in 15 sec. Since the mean vertical 
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velocity in this interval is K480 + 0) = 240 ft./seo., the greatest 
height above 0 is 240 x 15 3600 ft. Or we may use (§ 116, 2)' 

y - 480 X 15 - i 32 X 16» * 3600. 

(d) The speed when h — 1024 is given by (4) : 

V — Voeo* + 64 X 1024 = 994 ft./sec. 


PROBLEMS 


1. A lump of coal falls from a car going 20 mi./hr. from a height of 
9 ft. above the ground. What horizontal distance will it cover before 
striking? What is its striking velocity? 

2. A ball IS thrown so that it just clears a 7-ft. fence 100 ft. away. 
If it left the hand 5 ft. above the ground and at an angle of 45° to the 
horizontal, what was its initial velocity? 

3. A gun is fired at inclination an^e p at the foot of an inclined plane 
of inclination angle «. Show that the bullet will strike the plane in 

2 Vq cos 6 , 

ti =• — - (tan p — tan «) sec. 


and that its range on the plane is odi cos p/cos a 

4. Nuts from an automatic machine are delivered into a smooth 
slide in the form of a concave elliptic quadrant. They shde down 
through a vertical distance of 2 ft., pass over its horizontal edge and 
fall to the floor 10 ft. below their starting point Where will they hit 
the floor, assuming that they start from rest? 

6. A stone is thrown honzontally from a chfif 900 ft. above the sea 
with a speed of 80 ft /sec. When will it strike the sea and at what 
horizontal distance from the cliff? 

6 A stone from a quarry blast was thrown 800 ft. away. What is 
the least possible value of its initial velocity? 


169. Central Forces. Consider a particle acted on by a force 
P which always passes through a fixed point 0. Choose 0 as the 
origin of r; then siace F = ma, the acceleration a also passes 
through 0 and 

rxa = 0 or = 0. 

at 

Hence 


d , . dr , dv 


0 , 


SO that p<v must be a constant vector during the motion, say 
(1) iw = h. 

If r <= To, T = Vo when f = 0, h = roxvo. 
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Case 1. h = 0. Then iw = 0, and if we write r rR, where 
R is a unit radial vector 

„ dr_ , dR ^ dR „ 

i>v = r^-^ = 0. 

Since dR/dt is perpendicular to R (§ 84), we conclude that dR/dt « 
0 and R is constant. The motion is therefore TectUinea/r. 

Case S. h ^ 0. On multiplying (1) by r* we then have 
r*h = 0, that is, r is always perpendicular to h. The Tn<^t1nn is 
therefore plane. 

Since |rxv| = it is the area of the parallelogram having t 
and V as sides (§ 16), ih ia the area of the triangle with the sides 
r and v. This tiian^e gives the area that r would sweep over in 
the ne^ second if v were constant. Hence § A is the instantaneous 
rate at which the position vector r is sweeping over area — the 
sectorial speed. Since h is constant, we have proved the 

I|A.w OP Areas. If a force acting on a particle P always passes 
through a fixed point 0, then OP toill sweep over equal areas in equal 
times. 

The vector ^ h, which is normal to the plane of motion, is called 
the sectorial velocity. 

If the forces acting on a particle are such that their projections 
on a plane pass through a fixed point, the Law of Areas applies 
to the projection of the motion on this plane. 

For let 0 be the ongin of r and F the resultant of the forces 
Then if P', r', v', a', F' denote the projections of P, r, . . . on the 
plane, F = ma gives F' = ?na' on projection and r'xa' = 0. On 

differentiating r = r' + P'P with respect to t we find that v' 
and a' are the velocity and acceleration of P'. Hence 

r'x— = 0 and r'xv' = const 
dt 

170. Harmonic Motion. Let a particle P be attracted toward 
a fixed pomt 0 by a force which vanes as the distance OP Then 

from the fundamental equation, a = kPO = — kOP where k is 
a positive constant. If we choose 0 as ongin and wnte k = n- 
(qf. § 119), the equation of motion is 

d*r 
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r? is the numerical value of the acceleration at unit distance from 

0 . 

The reasoning of § 119 now shows that 
r = A cos + B sin 

where A, B are any constant vectors, satisfies (Ij. If the initial 
conditions are 

r = to, V = Vo when t = 0, 
we find that A = ro, B = Vo/n. Hence 

(2) r = To cos nt +-^8mnt, 

(3) V = — WTo sin n< + Vo cos nt, 

give the position and velocity of P at time < At the instant i + 
2k jn, r and v are the same as at the instant hence the motion 
repeats itself in the time 

r = the period. 

Since the force on a particle of mass m is — mn% its potential 
energy is i ?nn*r® (§ 166, 2). Hence, from the conservation of 
enei®r, 

i OTw* + i mn*r® = const, or = const. 

Since the force on the particle always passes through 0, r>v 
is constant and the motion proceeds with constant sectorial speed 
(§169). 

If roxvo = 0, the motion given by (2) is a simple harmonic 
motion along a line through 0. This has been treated in detail 
in §119 

If ro>Wo ^ 0, the path given by (2) is an ellipse about 0 as 
center and the motion is said to be elliptic harmonic If we choose 
a vertex of the ellipse as the initial position, Vo will be perpendicular 
to ro. On taking the axes of the elhpse as x- and ^-axes, (2) is 
equivalent to the scalar equations 

, »o . . 

a: = ro cos nt, « = — sm ni. 

These are the parametric equations of an ellipse of semi-axes ro, 
vo/n in terms of the eccentric angle <i> = nt (Fig. 170a). This angle 
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increases at the constant rate Ai^ldlL = n. Hence if a point Q 
revolves about the auxiliary circle with the constant angular 
velocity n, its projection P on the dlipse will have elliptic harmonic 
motion. 






PiQ. 170l>. 


Example 1. Let a body of weight W be suspended from an elastic 
string. When it hangs in equilibrium it will stretch the string an 
amount e so that the tension developed is just equal to W. Suppose, 
now that the body is drawn down a further distance h (less than e) 
and then released. Let P denote the tension in the string when the 
elongation of the string is e + j:. Here z is measured from the equilib- 
rium position and the positive direction is downward (Fig. 1706). 
From Hooke’s Law the tension of the string is proportional to its 
elongation: 


P e -+• z 
W ~ e ’ 


r+fw. 


At any instant the forces on the body are its weight W acting down- 
wards and the tension P acting upwards. Its equation of motion is 
therefore 

— a=W-P=--Tr or a ~ -^-x. 
g e e 


This is the characteristic equation of a s.h.m. in which n* = g/e. 
The period is therefore 




382 DYNAMICS OF A PARTICLE §170 

Since v « 0 when x « A, the vibrations will have the amplitude A; 
and as A < 6 the string will not become slack during the motion. 

Suppose for example that a body, attached to a string of natural 
length 2 ft., hangs in equilibrium when its elongation is 2i ft. If it is 
then displ aced and released, it will vibrate in s.h m. with the period of 
2 irVl/64: « ir/4 = 0.786 sec. If body is held so that the string has its 
natural length and then let go, the amplitude of the vibrations will 
be i ft.; when the stnng has its greatest elongation of 1 ft, its tension 
will equal twice the weight of the body. 

Example 2. Consider a solid immersed wholly or in part in a liquid. 
To find the resultant pressure P of the liquid on its submerged surface, 
imagine the solid removed and the space it occupied filled with the 
liquid. As this portion of liquid is in equilibrium, its weight must be 
exactly balanced by the total pressure P exerted by the adjacent 
liquid on its bounding surface, that is, P is a vertical force numerically 
equal to this weight. We have thus proved the 

Principle of Archimedes. A body immersed in a liquid experiences 
an upward force equal to the weight of the liquid displaced. 

In particular, a floating body in equilibrium must displace its own 
weight of liquid. 

Suppose now that a body of weight W floats on a liquid of weight w 
per unit volume, when in equilibrium it will expenence an upward 
thrust from the water equal to W. Now let the body be given a slight 
downward displacement x. If the section-area A of the body at the 
water-line is nearly constant for small displacements, the additional 
weight of liquid displaced is wAx, and the body will experience an 
additional upward thrust from the liquid of this amount. If the 
positive direction of x is downward, the equation of motion of the 
body is 

ja ~W - (W + wAx) or o - - 

This is the equation of a s.h.m in which n- = wAgjW. The body 
wiU therefore vibrate up and down with the period 



where Y is the volume of liquid displaced when the body is in equilib- 
rium. Note that the right-hand member has the dimensions of time. 

Thus a hydrometer which displaces 40 cc. and whose stem is 1 2 
cm. in diameter will oscillate with the period 

/ 40 

^ ^ 'V r X 0.36 X 981 “ 
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PROBLEMS 

1. A 1-lb. weight, suspended from a helical spring originally 2 ft. 
long, has a period of 1 sec. when set in vibration. How long is the 
spring when the weight hangs in equilibrium? 

2. If the spring in Problem 1 supports a 2-lb. weight, what is the 
period of vibration. 

3. The springs of a truck deflect 2 in. imder the weight of the body 
and load. What is the period of vibration? 

4. A cylinder floats vertically on the water with 2 ft. submerged. 
If it is given a slight downward displacement, find the period of its 
vibrations. 

B. A particle weighing i lb., on a smooth horizontal plane, is at- 
tached to two elastic strings, alike in all respects, whose other ends 
are fastened to two pegs 3 ft. apart. Each string has a natural length 
of 1 ft. and will support the partiicle when stretched 3 in If the 
particle is displaced toward one of the pegs, find the period of its 
vibrations. 

Solve this problem in general terms: w = weight of particle, d = 
distance between pegs, I « natural lengths of stnngs, e = elongation 
of strings under load w. 

6. If the strings in Problem 5 are fastened to two pegs vertically 
above one another, find the equihbrium position of the particle and 
its period of vibration. Solve also in general 
terms. 

7. The mercurj’ column in a U-tube is 12 
in long measured on the arial hne. Find its 
period when set in vibration. 

171. Simple Pendulum. Consider an 
ideal pendulum consisting of a weightless 
string (or rod) of length I supported at 
one end and attached to a particle of 
weight TF at the other If the pendulum 
is displaced a small angle d from the ver- 
tical and then released it will swing in a 
vertical plane In any position of the pendulum, the forces acting 
on the particle are its weight IT and the tension R of the string 
(Fig 171). The equations of motion, obtained by resoh-ing 
along the tangent and normal to the path, are 

W dv W • fl ^ P IT /) 

r-=— TFsmff, — W cos a. 

g dt g I 



( 1 ), ( 2 ) 
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Here both B and the arc s are measured from the vertical and taken 
positive in the counterclockwise sense. Then s = Id, v = I dd/dt 
(§ 109, 1) and from (1) 


(3) 


dP 


— fsin 


For small oscillations, say 9^5°, sin d may be replaced by 6 
(radians) and we have approximately 


dP 




dt 


= 0 when t 


= 0 . 


This is the differential equation of a s h.m. (§ 119, 1) with x 
replaced by and n* = g/l The period of the pendulum, the 
time of a complete oscillation to and fro, is therefore 


(4) 




approximately. 


The period is thus mdependent of the (small) aji gular amplitude. 

The exact value of T for any angle of swing may be obtained 
from the enei^ equation. As the angle varies from j8 to 0, 
gravity does the work W(l cos 0 — I cos /8) on the bob and hence 

— 0 = TFf (cos 0 — cos jS), 

*7 

(5) P = 2 gl (cos 0 — cos 0); 

I /3 - sin® § fl), 

This integral may be reduced to the normal form of an elliptic 
integral of the first kind and evaluated from tables, or it may be 
integrated in series.* The first two terms of this series give 

7’ = 2xy^(l+isin®|^), 


a result accurate enough for most purposes. 

To find the tension R of the string substitute from (5) in ^2); 
thus 

R — W (S cos 6 — 2 cos jS). 

* See Lamb, DyTiamtcs, § 37. 
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If R assumes negative values during the motion the bob must be 
attached to a light rod, for a string cannot sustain compression. 

If the period of a pendulum of known length is accurately de- 
termined in any locality, the local value of g may be computed 
from (4:'):g = 4-0^1/ T^. 


PROBLEMS 

1. Compute the length of a seconds pendulum » 1 sec.) in 
latitude 40°. [See § 118 ] 

2. If a pendulum be ats sec onds in latitude a, show that in latitude 
p each beat will take V ga/gp sec. 

Show that a seconds pendulum in latitude 35°, sea levd, will gain 
19 seconds per day in latitude 40°, sea level. [§ 118.] 

S. A pendulum eonsistmg of a light rod with a 1-lb. weight at its 
end is released from its vertical position of instability. Find the stress 
B in the rod when horizontal and when passing through its lowest 
position. 

At what angle 6 (Fig. 171) will R = 07 Find R when 9 = 135°. 

172. Rectilinear Motion in a Resisting Medium. When a 
body moves through a fluid, such as air or water, it is resisted by 
a force that depends on its size, shape, and its velocity. For any 
given body the resistance may therefore be expressed as a function 
R(v) of the velocity. Experiment show's that R increases indefi- 
mtely with v; and that E — » 0 as o — > 0. For verj' low' velocities 
R is proportional to v, whereas for higher velocities R is propor- 
tional to D*. To test the quadratic law' wre may plot R against r. 
Thus for motion m air Rfi^ is constant up to velocities of about 
800 ft./sec. Beyond this R/i^ increases sharply with r, particu- 
larly in the neighborhood of the velocity of sound (about 1100 
ft./sec.). For still higher values of v, R rises to a maximum and 
then decreases. Thus no sunple function R(v) apphes for all 
speeds In fact no adequate law of air resistance has as \et been 
formulated. 

Consider now the rectilinear motion of a particle subject to a 
constant aeceleratmg force F as well as to the resistance of the 
medium. The equation of motion 

ma = F — R(i') 


is then readily int^rated by the method of § 116, 3. 
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Let »o be the initial velocity. If F > R(vo), the acceleration is 
positive and v will increase. Hence R(v) wiU increase and a 
decrease; v continues to increase, more and more dowly, to a 
certain liTwiting value V which corresponds to a = 0 or u:^orm 
motion. This terminal velocity V is therefore determined by the 
equation 

(1) F - R{V) = 0 

If F < R{v^, the acceleration is negative and v will decrease to a 
limiting value V determined by (1) In particular if F = 0, 
7 = 0 . 

Thus we see that when F is constant the motion tends to become 
uniform with a certain limiting velocity 7. This velocity is 
theoretically never attained; but in most cases the velocity differs 
but little from 7 after a short time and thereafter is practically 
constant. Thus a falling rain drop attains a terminal velocity of 
about 25 ft /sec. in about 1 sec 

Example 1. Two bodies of weight Wi, Wz fall in air under gravity. 
If their terminal velocities are 7i, Vj, we have from (1) 

TTi = 22(7,), 17, = 22(7,). 

Hence if 17, > 17,, 22(7,) > B(7,) and as B(v) increases with v, 7, > 7,. 
The heavier body will therefore have the greater terminal velocity. 

Example 2. A steamer going at full speed 7 has its engines re- 
versed. How long and how far will it move forward if the resistance 
of the water varies as 

Let F denote the constant propelling force on the ship. The termi- 
nal velocity 7 of the ship with the engines propelling forward is given 
by (1): 

F 

F — kV* = 0, hence = p . 

When the engines are reversed the equation of motion is 
ma=— F-kV> = — F^l + 

Putting a « dv/dt, we find for the time of forward motion 
m po dv mV. _ v ^ v mV 

<.--f I -it ■ 

Jr , 
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With a = V dv/dx^ we find for the forward distance 





tnF* 
‘ 2F 


ln"2. 


Do these equations check dimensionally? 

Example 3. A man rowing in still water at the rate of ft./sec. 
ships his oars. To find his subsequent motion assume that the resist- 
ance R varies as v. The equation of motion is then 
ma = — R or a = — kv. 


The velocity and distance passed over may now be found in terms of 
t as shown in § 115, Example. 


PROBLEMS 

1. A raindrop has a terminal velocity of 25 ft./sec. If R varies as 
Vj show that the drop, starting from rest, will attain a velocity of 
20 ft./sec. in about 1.25 sec. 

2. A body falling in air would reach a terminal velocity of 320 
ft./sec. If the body is projected vertically upward with this velocity, 
how high wiU it nse if R vanes as t^? How high would it rise in the 
absence of resistance? 

^In falhng, a = g — kv^ whence k ^ gl 

In using, a ^ -g - kv^ or = -^^1 i- ] 

3. A body falls from rest in a medium who-e resistance vanes as 
V. The rcMbtance is of the W’eight when r = b ft. s>ec Find (n) 
the terminal velocity, (5) the speed and distance fallen after 5 sec 


173. Damped Oscillations. Let us consider the rectilinear 
motion of a particle attracted tovrard a fixed point 0 of the hne 
with a force proportional to the distance and subject to a resistance 
proportional to the speed With 0 as origin and the hne as 
r-axis, the equation of motion is 


m 


d-x 

dt- 


— k\X — ftg 


dr 


* 


* In vector form the equation of motion is ma *= — Air — Aav, 


r = n, V 





putting 


we get the equation above, showing that it ib valid in general 
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where ki, are positive constants; or, if we write ki/m = n\ 

hi/m = 2 /, 

When / = 0, (1) reduces to the differential equation for s.h.m. 
and we found in § 119 that x = h coa {nt + e), where h is the 
constant amplitude. If the resistance is not too great it is natural 
to assume that the motion will stOl be oscillatory, but with a 
progressively decreasmg amplitude. Let us therefore attempt to 
satisfy ( 1 ) with a function of the form 

(2) X ~ h cos (pt + «) 

where p and e are constants, but h is now some function of t. 

If we substitute this expression for x in ( 1 ) we obtain 

- 2 p[^ + /fe]sin(pf + €) = 0 . 

This equation will be satisfied when the expressions in brackets 
vanish: 

® 2/f+ (»’-?■) A -0. 

(4) f + 

The function h is determined by (4); on separating the variables 
and integrating we obtain 

^ — f dt, lnA=— /i + hic, 

(5) h = cerfi, 

where c is an arbitrary constant. The substitution of ( 5 ) in ( 3 ) 
now gives 

Cg-ft (}J,2 _ p2 _ _ Q 

Since 5 ^ 0 for any finite value of t, this requires that p® = 
“ /®. We now assume that the resistance is sufficiently small 
so that /< to; then p may be chosen as the positive real number 

(6) p = Vn* — 
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We have thus obtained a solution of the form (2), namdy 
(7) a; = ctr^ cos (Vn* — /* t + e). 

Here c and e are arbitrary constants at our disposal to satisfy the 
iTiit.ia.1 conditions, say a; = xo, v = vo when £ 0. 

When / = 0, (7) reduces to 

® = c cos (nf + «), 

the space~time relation for undamped harmonic vibrations. 
Equation (7) differs from this in the presenc e of the damping factor 
and the replacement of n by Vn® — /*; these changes affect 
the amplitude and period respectively. As the time increases, 
the cosine in (7) oscillates between 1 and —1 while er^ steadily 
decreases, approaching zero as t becomes infinite. Equation (7) 
therefore represents oscillations of continaally decreasing ampli- 
tude, as shown granhicaJly in the curve of Fig. 173a. 



The particle passes through 0 (r = 0) when 
cos {y/n^ — p < + e) = 0 

This occurs at equal intervals of time ir/ V n- — p with alternating 
changes of direction. The time between successive passages 
through 0 in the same direction is therefore 

(8) r = 

This interval is called the 'period of the damped \ibration. It is 
noteworthy that the period is constant and entirely independent 
of the initial conditions. For the same attractive force, the period 
of the undamped vibration is 2 ?r/n; hence the period of the damped 
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mbration is (dways greater than the 'period of the corresponding 
undamped vdmdion. With the saxae central attraction, the period 
increases \ 7 ith 0 ut limit as / approaches n. In the next article 
we shall see that when / ^ n the motion is so strongly damped 
it is no longer oscillatory. 

Since the speed v = dx/dt, we have from (7) 

V = — ce~fi[f cos (p< -1- e) + p sin (pt + e)]. 
Consequently » = 0 whenever 

tan (pf + e) = - f/p 

and hence at equal intervals v/p = J T. These times mark the 
greatest excursions of the particle beyond 0. As these extr^e 
excursions are alternately positive and negative, the time between 
successive extremes on the same side of 0 is precisely the period T. 

Consider now two consecutive extremes xt, avu on opposite 
sides of 0 If these occur at the instants U and ti + \ JT we have 
from (7),* 

= ei/T; hence 

the ratio of successive amplitudes is constant. In other words, the 
successive amplitudes form a decreasing geometric progression. 
The logarithm of the above ratio, 

(9) log Ixij - log |ai+i| = i/T 

is called the logarithmic decrement Since its value and that of 
the period may be found by direct observation, (9) may be used 
to compute the dampmg coefficient 2 f Moreover in any actual 
vibration, the constancy of the loganthmic decrement enables us 
to test the hsqjothesis that the damping is proportional to the speed. 
If the loganthmic decrement is computed from successive amph- 
tudes on the same side, its value is/T. 

If the dampmg is very small, as in the case of a pendulum swing- 
ing in air, the period will differ but slightly from that of an un- 
damped vibration. Irrespective of the amount of damping, how- 
ever, the successive amplitudes, being terms of a decreasing geo- 
metric progression, steadily approach zero as a limit, and after a 
certain time the motion will become imperceptible. 

• At the extremes 0 ■= 0 and tan {pt + €) — ~//p; cos tpt + «) at the 
extrones has therefore the same numencal values. 
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In § 119 it MTias shown that an undamped hatmonic 'vibration 
could be represen'ted as the projection of uniform circular motion 
on a diameter. To obtain an analogot:^ representation for a 
damped -vibration we note the x in (7) may be regarded aa the 

os-component of a vector OQ of variable length 

r = cerfi making an angle 8 == pt + e 


with the o»-axis CFig. 1736). 



As t increases, the lei^th decreases 
while OQ re-volves at the constant 
rate of dd/dt = p. The curve traced 
by its end-point Q is the equiangular 
spiral whose equation in polar co- 
ordinates is 

-le , , •& 

r — c'e ^ where c = ce^. 

The spiral cuts the radial lines through 
0 at the constant angle a given by 


_ 1 * _ _ / _ _ / 
rdB p Vn* — ’ 


when / is small compared -with n, a is but shghtly greater than 
a right angle. Thus a damped harmonic -vibration may be repre- 
sented by the projection of uniform angular motion along an 
equiangular spiral on a hne through its pole. 


PROBLEMS 

1. If the initial conditions for a damped harmonic motion are 
X = 0, V ^ Vt when t = 0, show that 

I'o . 

® sin(-v/n» -f^t) 

2. K the initial conditions for damped harmonic motion are x ^ 

Xo(>0), V ^0 when t ^ 0, show that 

nxo f 

c = —7==. , tan € * — . - 

Vri* — Vn* — p 

where € is chosen between — i x and J x. 

3. If three consecutive excursions of a damped galvanometer needle 
give the readings c, b, c on the scale, show that the equilibrium reading 
will be (oc- 6*) /(a -he -2 6). PThe successive displacements of 
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the needle from its equilibrium position form a geometric pro- 
gression.] 

4. A body, making 30 complete undamped vibrations per 
has its motion damped to i amplitude in 10 sec. Find the value of 
/ and the period during damping. 


174. Non-periodic Motion tinder Central Attraction. We have 
seen that when/ < n in 

we have damped oscillations given by (§ 173, 7). When f n, 
this solution reduces to and contains but one arbitrary con- 
stant, and when f > n, Vn* — /* is imaginary. Let us therefore 
retain the damping factor e~^ and attempt to satisfy (1) when 
/ ^ n with an expression of the form. 

( 2 ) X = e~^ 


where u is a function of t involving only real constants. If we 
substitute (2) in (1) we find that « must satisfy the differential 
equation 


(ft* 


(f* — n*)M = 0. 


When / > n, its general solution is 

u =* Ae** + Ber*^ where p = "v//® — n*; 
and when/ = n, 

14 = A “f- Bt. 

The motion is now given by (2), after the arbitrary constants 
A, B are determined to satisfy the initial conditions 
In both cases the motion is no longer periodic; and it is easy to 
show that the particle will pass through 0 just once or not at all 
accordmg as A and B differ or agree in sign. In brief, when 
/ ^ 71 the damping is so great that the central attraction is unable 
to produce oscillations. 

176. Forced Oscillations. In the last two articles we have 
studied the motion of a particle attracted by a central force pro- 
portional to the distance and resisted by a force proportional to 
the speecL Let us now consider what effect a (hsturbing force 
F per unit jnass of particle has on the motion. In the notation 
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of § 173 the eqiiatioii of motioii is now 

Tna = — fcioj — ^ + mF, or 

In §§ 173, 174 we found the general solution of 

( 2 ) ^ + 

in all cases; let us denote it by X. Then if | is any particular 
solution of (1), 

(3) ® = X + I 

is also a solution of (1). For if we substitute this expression in 
the left member of (1), the terms in X v aniah since X satisfies 
(2), and the terms in | give precisely F since f is a solution of (1). 
Moreover (3) is the general solution of (1) since it contains the 
two arbitrary constants involved in X. 

If F is constant, ? = F/n® is clearly a particular solution of 
(1); for since J is constant, its derivatives vanish. The general 
solution of (1) is now given by (3). 

The most unportant case arises when the disturbing force is 
periodic, say F = A cos gi. Then (1) becomes 

(1) ^ + 2 = A- cos qU 

The total disturbing force nik cos g< has the greatest value wA; 
hence A denotes the greatest positive acceleration it can give the 
particle. 

Let us try to find a particular solution of (1) ha\’ing the same 
period 2 ir/g as the disturbing force, say 

(4) { = 6 cos (gt — a) ; 

here b and a are constants to be chosen so that (4) will satisfy 
(1). Putting X = ^ in (1), the left member becomes 

h(n* — g®) cos (qt — a) — 2 bfq sm {qt — a) 

The right member may be written 

fe cos (a + gf — a) = A cos a cos (qt — a) — A sin a sin (qt — a). 
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These expressions will be identical when 

(5) b(n? — g®) = A; cos a, 2 6/g = A: sin a. 

On solidiig these equations for b and a we find 


(6), (7) 


k ^ 2fq 

-- — ' ■ — , tan a = . - • 

'(n* - + 4/*g® n*-g® 


We choose the positive value of & in (6); then the quadrant in 
which a lies is determined by the signs of cos a and sin a in (5). 
With these values of b and a, (4) gives a particular solution and 
(3) the general solution of our problem when F is periodic. 

The motion represented by (3) may be regarded as a superposi- 
tion of the forced vibration x = due to the disturbing force, upon 
the free vibration x = X that would occur in the absence of this 
force. When dampmg is present (f > 0), the free vibration dies 
away in time by reason of the damping factor e~f* in X and the 
motion ultimately reduces to the forced vibration f. We fiball 
therefore examine | in some detail. 

We note first that | has the same period 2 v/q as the disturbing 
force but lags an angle a behind it in phase. From (5) we see that 
sin a ^ 0 while 

cos a ^ 0 according as n ^ g. 

Hence a may be chosen in the interval from 0 to t and 

<1 j Free < Impressed 

a % * IT accordmg as . j $ . 

> ° period ^ nennH 


period 


When the damping is very slight (f very small) sin a is small, 
then oc is nearly 0 or r accordmg as the free period is less or greater 
than the impressed penod. 

For given values of n and/, the amplitude b of the forced vibra- 
tion is the function of g given by (6). This equation shows that 
b has a maximum value when 

(n® — g®)* -|- 4/®g® 

has a minimum; tnat is, where the derivative 

—4 (n® — g®)g -|- 8/®g = 0 or g* = »® — 2/*. 

We thus find that 6 reaches its maximum 


2/Vn* -y® 


when g = 
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When / is small compared “with n (slight damping), the value of 
q giving maximum amplitude is nearly equal to n. The impressed 
period 2 ic/q\& then nearly equal to the free period 2 v/n. The 
amplitude in this case may be relatively large o'wing to the 
small number / in the denominator. Indeed the displacement 
X may become so large that the restoring force is no longer pro- 
portional to x‘, the basic equation (1) trill then cease to apply. 

This phenomenon, called resonance, may occur in any vibrating 
system acted on by an external periodic force whose period nearly 
coincides with the natural period of the i^ystem. Thus the heavy 
rolling of a ship caused by waves having nearly the same period 
as the ship is a case of resonance. Again, an automobile which 
gets a series of bumps from the road having nearly the same period 
as the springs is often set in violent vibration. This display of 
energy is due to the fact that the velocity of the forced vibration 
is in phase with the disturbing force, so that both have their great- 
est values at the same instant. 

The term resonance, as its derivation suggests, was first used to 
describe the striking cases that occur in the propagation of sound 
waves. The electrical analogue of resonance, which occurs in 
alternating current circuits containing inductance and capacity, 
is also of great importance 

• For a circuit of capacity C farads, inductance L heniys, and resistance R 
ohms, to which a penodic e m.f. of E cos tat volts is apphed, we ha\ e the 
differential equation 

L ^ cos 


where Q coulombs is the condenser charge, i amperes the current ilowmg in the 
circuit after t seconds, and w is 2 r times the frequency This states that the 
impressed voltage at any instant is just suf&cient to overcome the counter 
e.m f L di/dt of induction, to supply the resistance drop of Ri volts, and to 
charge the condenser Since i — dQt dt, the equation mav be written 
(PQ ^RdQ Q E ^ ' 

-dP+Lli + LC-L'^'^ 

This is the same equation as (1) if we^set 
R 1 


Q = ^, 


= 2 /, 


LC 


E 

L 


k, <a = q. 


Note that the charge Q and the current I — dQ, dt correspond to the dis- 
placement X and the speed v = dx/dt of the vibrating particle, and that L 
corresponds to its mass. The condition q — n that the free and impressed 
frequencies coincide becomes w = l/VXC When this is nearly fulfilled, 
heavy charges and currents may appear m the circuit; this is the electrical 
analogue of resonance 
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In an undamped gs^stem (/ = 0), (6) and (7) give 
k 

& = db ^ , according as » ^ g. 

In both cases (4) gives the forced vibration 

k 


( 8 ) 




n- 


2 _ 


S® 


cos qt. 


This result is approxioiately true when the damping is slight. 

When the free and impressed periods coincide in an undamped 
ss^stem (n q,f = 0), equations (6, 7) lose their meaning and the 
particular solution (4) no longer applies. In this case (1) becomes 

(9) ^ + ft*® = k cos nt. 


In order to account for resonance in this case, let us tiy to satisfy 

(9) with 

^ = bt cos — a) 

in which the amplitude increases with the time. On substituting 
this expression for x in (9) we obtain 

— 2 sin (ni — a) =k cos nt. 

This equation is satisfied by taking 6 = k/2 n, a = ^ v; hence 

(10) ? = sin nt. 


The free vibration, being simple harmonic, is 
X = A cos rU + B ^ nt 

(§ 170); the general solution of (9) is therefore 

k 

(11) ® = Acos/ii + Bsinnf+s— isinrrf. 

The constants A, B must be chosen to fit the initial values of 
X and ». Thus if ® = 0, = 0 when i = 0, we find A = J5 = 0. 

The free vibration now persists since damping is absent; but 
the amplitude of the forced vibration increases proportionately 
with the time. This is the phenomenon of resonance in an un- 
damped system. { lags | tt behind impressed force. 

Finally let us consider the case when the disturbing force 

F = & sin gi. 
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We then find that the forced vibration 

(4)' f = & sin (gt — a) 

where hand a are again given by (6), (7). In an undamped i^yston 
we have 

k 

(Sy f = j^"^ Bin gi when qs^n, 

Ic 

(10)' f cos vt when g = n. 


Example. A body hanging in equilibrium from a light helical spring 
stretches it 1.5 in. beyond its natural length. If the upper end A 
of the spring is given a vertical s.h.m. of amplitude 2 in. and of period 
i sec., find the amplitude of the motion of the body when it has reached 
its steady state. 

Use the inch as the unit of length. For the free vibration of the 
body we have (§ 170, Example 1) 


g 32 X 12 
c “ 1.5 


256, 71 = 16. 


When the free vibration has been damped out, the forced vibration 
will have the period 

2 sr/g = 4, hence g = 4 x. 

Let y denote the displacement of A, taken positive when downward. 
Then i£ y = 0 when t = 0 and A is displaced upward at the start, 

y — — 2 sin 4 xf, 

F = ^ « 32 X* sin 4 xt and k = 32 x*. 


The amplitude and phase of the forced vibration are now given by 
(6,) (7). Since n > g, cos a > 0 and <* < 4 x. Moreover the damping 
is slight, so that on putting / = 0 we have approximately 


* 32 x» 

® “ n» - g* “ 256 - 16 X* 


3.21 in., a 


0 . 


The forced vibration is in phase with F and hence opposed in phase 
to y’, in other words, the body is lowest when the upper end of the 
spring is highest. 


PROBLEMS 

1. Show that when the free and impressed periods of a damped 
system coincide, the velocity of the forced vibration is in phase with 
the disturbing force 

What is the dectncal analogue of this property? 



398 DYNAMICS OF A PARTICLE 1 176 


2. A i}eiidulum of length I, hanging at rest, is acted on by a constant 
force F per unit mass. Show that its motion is given by 


e 



t 


where e is the sn^e measured from the downward vertical. 

3. A plumb-bob hangs vertically from the roof of a railway coach 
running at constant speed. When the brakes are applied it swings 
through an angle of 3°. If the retardation is uniform show that it 
equals x-^/120. [See Problem 2.] 


176. Universal Gravitation. The most conspicuous motion 
in the sky is the monthly revolution of the moon about the earth. 
The orbit of the moon is nearly a circle about the earth as center 
and the average period of revolution is about 

T = 27.3 days = 2,360,000 sec. 

The radius r of its orbit has long been known to be about 60 timfia 
the radius of the earth; thus we find that the average distance of 
the moon is about 

r = 239,000 miles == 1.26 X 10* ft. 

The acceleration of the moon towards the earth is therefore 

r = 0 00893 ft./sec.*. 


It is now plausible that this “ falling ” acceleration of the moon 
is due to the earth’s attraction If we compare On with the 
falling acceleration g at the earth’s surface, we find that 


g _ 32.2 
On 0 00893 


3600 = 60*. 


Thus at a distance of 60 earth radii the falling acceleration is 
1/60* of its value at 1 earth radius In other words, the falling 
acceleration due to the earth’s attraction is inversely proportional 
to the square of the distance from the center of the earth This 
fact has been verified by comparing the weights of equal masses 
on a beam balance having scale pans at different heights (Jolly’s 
experiment). 

If (? is the force of gravity exerted by the earth on a body of 
mass m at a distance r from its center, it will fall to the earth with 
an acceleration fc/r* (A:, a constant) and hence G = mklr^ by the 
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fundamental equation. Moreover from tlie Principle of Action 
and Reaction, G must also equal the force 'with which the body 
attracts the earth; hence by symmetry 'we may write 


( 1 ) 


O * 


7 


mM 

7 * 


where M is the mass of the earth and y a constant independent 
of the attracting bodies. Newton now made the great generaliza- 
tion that this equation represents the attraction between any two 
bodies of masses m and ilf at a distance r apart. This is the 
Law of Uni'veesal Gravitation. Any two bodies, whose 
dimensions are negligible in eompcurison with their distance apart, 
attract each other with forces directed along their joining line, and 
whose common magnitude is directly proportional to the product of 
their masses and inversely proportional to the square of their distance 
apart. 

In (1) 7 is a universal constant known as the constant of gravita- 
tion; it represents the numerical value of the force of attraction 
between two particles of unit mass at unit distance apart. The 
average of the best experimental determinations of y give for its 
value in C G.S units 

7 = 6.675 X 10“® cm® /gm.sec.®. 


Note that y, as defined by (1), does not have the dimensions of a 
force. 

It may be sho'wn that a homogeneous sphere, or a sphere fomied 
of homogeneous concentnc layers, exerts an attraction at an out- 
side point as if its entire mass were concentrated at its center. 
Consequently two homogeneous spheres of 1 gram mass ha\nng 
their centers 1 cm apart attract each other with a force of 6.675 X 
10“* djmes 

On the assumption that the earth is composed of homogeneous 
concentric layeis of total mass M, the attraction between the earth 
and a particle of mass m at its surface is yMm/R^, where R is the 
radius of the earth But this force is also equal to mg; hence 


( 2 ) 


Mm 

If* 


= mg, 


M = 


7 


The mean density of the earth is therefore 

S^JL 3 ^. 

f tR^ 4 TryR 
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If we use the above value of y, g and B must be taken in C.G.S. 
unita Thus on putting 

g = 981 cm./sec*., R = 6.37 X 10* cm., 

we find that S = 5.5 Thus the mean density of the earth is 
about 5.5 times the density of water. As the mean density of the 
earth’s crust is about 2.4, the density at the center must be huger 
than 5.5. This maximum density has been estimated to be about 
10 . 

Examph. The attraction of the earth on a body of mass m is 

_ yMm^ , „ yMm 

G = - -hr-R; hence F = - 

r® r 

is the potential energy of the body in the earth^s gravitational field 
(§ 166, 3). Hence if the body falls toward the earth, conservation 
of energy demands that 

j const., 

or since yM = glt^ from (2), 

(3) t;® =“ const. 

Thus if the body, starting from rest, falls to the earth from a very great 
distance (r = oo) the constant m (3) is zero. Hence, if it were not for 
the retarding effect of the atmosphere, t he bod y would strike the 
earth (r = R) with the velocity V = ^2 gR, Putting g *= 32.2 
ft./sec B = 3960 X 5280 ft., we find that V is about 36,900 ft./sec. 
or 7 mi./sec. 


PROBLEMS 

1. What concentrated mass, in grams, will attract a like mass at 
a distance of 1 cm. with a force of 1 dyne? 

2. If the diameter of the moon is 2160 mi. and its mass 1/81 5 
that of the earth, find the falling acceleration of bodies on the moon. 

3. A body is projected vertically from the earth with a velocity of 
2000 ft./sec. Neglecting air resistance, how high will it rise 

(a) taking gravity as constant, 

(b) taking the variation of gravity into account? 

4. The initial velocity of a body, projected vertically from the 
earth, would carry it to a height A if giavity were constant. Show 
that it will rise a distance A*/ (B — A) higher owing to the decrease in 
gravity. Air resistance is neglected. [Apply (3).] 
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Consider the case k = B (radius of earth). What is wrong with 
the above result when h> B? 

6. A body falls from rest throu^ a distance d into a center of 
attraction of mass M. Show that the time of fall is xV'tf’/s yM sec. 
[From the equation preceding (3) show that 

v/Tl- 

Find t by integration.] 

6. If the orbital motion of the earth were arrested, show that it 
would fall into the sun in less than 65 days. Distance from earth to 
sun = 14.9 X 10‘* cm., mass of sun — 19.6 X 10^ gm. 


177. The Solar System. The equation of motion of a heavenly 
body attracted toward the sun is, according to the Newtonian 
Law, 

dv 

* 


provided that the sun is regarded as fixed in space. M and m 
denote the masses of the sun and the body and r is the distance 
between them. With the sun’s center as or^;in, the position vector 
of the body is r = rR. 

If we wnite k — yM, the above equation becomes 


( 1 ) 


^ k 

dt ~ r**' 


Multiply (1) by rx and integrate; then we find, as in § 169, 
(2) rxv = h. 


If h 0, the orbit lies in a plane through the sun perpendicular to 
h and the sectorial speed § |rxvj is constant. 

Smce 


rxv = rRx 



R + r 




(2) may be written 

and on multiplying (1) vectorially by this equation 
dv . , _ /_ dR\ ,.dR 
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This may be int^rated at once to give 

(3) Vi<h = fc(R + e) 

where • is a constant vector. 

The equation of the orbit is obtained by eliminating v from (2) 
and (3). Multiply (2) by h-, (3) by r-; then 

rxv‘h = h?, r*v^ = fcr (1 + e cos S) 


where 6 is the angle (c, r). Since the left members are equal 
(§ 18, 2) the right members are also; hence 

h^k 



(4) 


r = 


1 + e cos d' 


Fig. 177 


This is the equation of a conic section of eo> 
centricity « referred to a focus as pole. For 
from the focus-directrix defuiition of conic we 
have (Fig. 177) 

PF r ed 

PD d — rcosd ^ 1 + e cos 


This is the same equation as (4) if we put I^/k = ed.* The orbit 
is therefore an ellipse, a parabola, or an h 3 q>erbola according as the 
eccentricity e is less than, equal to, or greater than 1. Since the 
only closed orbits are ellipses, the planets describe ellipses having 
the sun at one focus. The orbits of comets may be eUiptic, para- 
bolic or hyperbolic. 

Smce the sectorial speed i A is constant the period of revolution 
r in an elliptic orbit is obtained by dividmg the area of the ellipse 
by the sectorial speed. The major axis 2 a of the orbit is rj -f- r*, 
where ri, r* are the values of r when 9 = 0,r. Now from (4) 


l + e’ 


kr, = 


1 - e’ 


and, on addition, 

2ka = 


2 A* 
1 - 


A = Vka{l — «•). 


The area of an ellipse of semi-axes o, 6 is ttoA or ira* V 1 — Hence 

ird^y/x ^ _ 

Vk 


T = 


25r i 
= —7= a* 


* On putting B => 
ellipee at the foons. 


iVfca(l - 

ix we see that h^/k and ed equal p, the ordinate of the 



§177 

and rince k = yM, 
(5) 


THE SOLAR SYSTEM 


403 


a* yM’ 

Thus the ratio T®/a® is the same for ail the planets of the «n1n.r 
^rstem. More generally this ratio is constant for all bodies revolv- 
ing about the same center of attraction, the moons of Jupiter for 
example (M in (5) is then the mass of Jupiter). 

Thus the Newtonian law of gravitation hna led to the proof of 
Kbplek’s Thbee Laws of Planetaet Motion. 

I. The ■planets describe dhpses with the sun at one focus. 

II. The radius vector from the sun to a planet sweeps out equal 
areas in equal times. 

III. The squares of the periods of the planets are proportional to 
the cubes of their mean distances* from the sun. 

These laws were stated by Kepler after a careful study of as- 
tronomical observations, the first two in 1609, the third in 1619. 
The discovery that these laws, so diverse in content, all flow from 
a single principle, the Law of Gravitation, is one of Newton’s 
greatest achievements and an enduring monument to the mind of 
man. 

Lastly let us consider the equation of energy for a body of mass 
m in the gravitational field of the sun: F = —{yMm)R/t^. 
Smce its potential energy is —yMmjr (§ 166, 3), conservation of 
energy demands that § mi^ —yilm/r be constant, that is 

(6) = const. 

If j; = 0 when r = oo, the constant in (6) is zero Hence a 
body, starting from rest at infimty, will acquire the speed 



at a distance r from the sun This critical speed at the distance 
r has a bearing on the tj'pe of orbit that a body will describe when 
launched into the sun’s field. From (3) we have 

(vxh)* = A® (1 + 2 R.6 + 6=), 

* Since the major semi-axis a •• § (ri -1- rj\ it is called the planet's mean 
distance from the sun. 
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or since |vi<li| = sin 90® = vh , 

= 1 + 2€C0S^ + €*. 

On putting 6 cos ^ = hi? /hr — 1 (from (4)) in this result we find 
tliat 

Thus the orbit mil be elliptic (« < 1), paraboKc (e = 1), or hyper- 
bolic (£>1) according as the speed at the point of departure is 
less than, equal to, or greater than the critical speed at this point. 


Example. HaUey’s Cov%et has a period of about 76 years. At 
perihelion its distance from the sun is 0.58 of an astronomical unit 
(the mean distance of the earth from the sun). Find its distance at 
aphelion and the eccentricity of its orbit. 

With astronomical units and years as umts, Kepler’s Third Law, 
applied to the comet and the earth, gives T*/a* = 1*/1» = i. Hati m 
the mean distance of the comet from the sun is 

o = r* = 76* = 17.94 ast. units. 

The distance at aphelion is therefore 

2 X 17.94 - 0,58 = 35.30 ast. units. 


Halley’s Comet therefore travels beyond the orbit of Neptune (o =» 
30.07) and within the orbit of Venus (a = 0 615). 

The eccentricity of its orbit may be found from the equations for 
ri and r, given above; thus 


Ti _ 1 — e 

rj ~ 1 + 6 ’ 


f2 - ri _ 34.72 
1*2 + ri ~ 35 88 


= 0.97. 


178. Sununaiy, Chapter XU. If a number of forces F, act on 
a particle 

2f. = ma. (Pnn, I, II). 

This IS equivalent to the three scalar equations = mog, etc. 
All external forces F, should be shown in the free-body diagram for 
the particle. 

At moderate speeds the sliding friction F — pN, where N is 
the total normal pressure; p is less than the coefficient of static 
friction for the same surfaces. 

The differential equation of motion 

<Pr ^ 
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is equivalent to the three scalar equations m d?x/dP = X etc., 
or to the mtrinsic equations 

dv „ T, - 


The product of the mass and velocity of a particle (the vector 
mv) is called its momemium. The time integral of a force over any 
interval is called the impidse of the force in this interval. The 
Principle of Impulse arid Momentum states that the change in 
momentum of a particle is equal to the impulse of the resultant 
force in the interval. 

The scalar J nzw* is called the kinetic energy of the particle. The 
scalar product F*v is called the power of the force F. The time rate 
at which the kinetic enei^ of a particle is changiag is equal to the 
power of the resultant force. 

The time int^ral of the power F*v over any interval is called the 
work done by F in this interval. If F depends only upon the posi- 
tion of the particle, the work done by F is equal to the int^ral of 
its tangential component taken over the path: 


Work = 


r ptt 

Fids = I F-dr. 

J Tt 


If F is constant the work equals the scalar product of the force and 

displacement, that is, F-PiPa = Fd cos B, Work may be repre- 
sented graphically as the area under the Frs cun-e. 

The Principle of Work and Energy states that the change m the 
kinetic energy of a particle is equal to the total work done by the 
forces acting on it in the interval 

If the work done by a force F over any path depends only on the 
end-points, the force is said to be comervative Then the pafentinl 
energy of a particle m any position P due to the force F is the woik 
done by F as the particle moves from P to some arbitiar>’ standard 
position The potential energy of a body of weight ir in the 
gravitational field of the earth is TFft, where h is its height above 
some standard horizontal plane. 

If a particle moves in a conservative field of force, the sum of 
its kinetic and potential energies is constant. Its total energy 
ts therefore conserved. 

In general, every term of a dynamical equation will have the 
same dimensions in L, T, F. 

The motion of a projectile (neglecting air resistance) is a com- 
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bination of unifonn horizontal motion 'with its initial horizontal 
velocity and of vertical motion accelerated by gravity ■with its 
initial vertical velocity. 

When the force on a particle P always passes through a fixed 
point 0, rxv is constant. The motion is plane (rectilinear if 
rxv = 0) and the hne OP will sweep over equal areas in equal 
times (Law of Areas). 

A particle P has harrnxmic mohon when it is attracted to a fixed 
point 0 by a force which varies as the distance OP; its equation 
of motion is a = — n®r. When toxvo = 0 the motion is rectilinear 
and simple harmonic. When roxvo 0 the motion is elliptic har~ 
monic; the orbit is an ellipse about 0 as center described with 
constant sectorial speed. In both cases the period is 2 ir/n 

A simple pendulum of length I has the period 2 TrVl/g for amnH 
•vibrations; its motion is approximately simple harmonic. 

For low speeds the resistance of a medium to a mov ing body 
■varies as v; for higher speeds, as A body subject to a constant 
force F in a resisting medium has a hmiting or terminal velocity V 
given by putting a « 0 in its equation of motion. 

In a damped vibration (resistance jiropoitional to v) the period 
is constant but less that of the corresponding undamped vibration, 
and the successive amplitudes decrease in a constant ratio If 
the damping exceeds a certain linul the central attraction ■wiU no 
longer produce vibrations and the particle ■will pass at most once 
through the center of attraction. 

A periodic disturbing force applied to vibrating particle ■will 
superimpose on its free vibration ix forced mbration having the sn-mA 
period as the force but lagging behind it in phase. When the free 
■vibration is damped out, the forec<l vibration alone remains. If 
the impressed period nearly coincides with the free pciiod, the 
forced vibration may involve large amplitudes and speeds when 
the damping is shght (resonance) 

Any two particles attract each other according to the Law of 
Inverse Squares A particle attracted to a fixed center of force 
0 according to this law ■will describe a conic section hairing 0 
as focus with constant sectorial speed The planets P of the Solar 
System describe clhpscs about the sun 0 as focus, the focal radius 
OP sweeps out equal areas in equal tunes, and the squares of their 
periods are proportional to the cubes of their mean distances from 
the sun (Kepler’s Laws). 
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PROBLEMS 

1. A bicyclist coasts down a 1 per cent grade at a uj^orm speed of 
7.5 mi. /hr. What horsepower would he exert in going up this grade 
at the same speed if the bicycle and rider weigh 175 lb.? 

2. A bicyclist, going 15 mi. /hr. on a level road, puts on a brake 
which applies a normal pressure of 30 lb. to the tire. If bicycle and 
rider weigh 160 lb. and « i between brake and tire, find the stop- 
ping distance. Neglect rotational inertia of wheels. 

3. The bob of a simple pendulum 2 ft. long is moving 8 ft. /sec. 
as it passes its lowest point. To what angle with the downward 
vertical will it rise? 

4. A 50-ton mterurban car requires a tractive effort of 12 5 lb. /ton 
to move it along a level track at 30 mi. /hr. Between 30 and 60 
mi /hr. the wind resistance and other frictional forces are proportional 
to the square of the car speed. Find the total tractive force necessary 
to accelerate this car at the rate of 2 mi per hr. per sec. up a 1 per 
cent grade at the instant when it reaches 50 mi. /hr. 

At what limiting speed would this car coast freely down a 2 per cent 
grade, and what would be its kinetic energy while coasting? 



CHAPTER XIII 


DYNAMICS OF A SYSTEM OF PARTICLES 

179. Two Basic Theorems. The forces acting on any system of 
particles may be divided into two classes: (1) the external forces 
exerted by particles not in given system, and (2) the internal for cei 
consisting of the mutual actions between particles of the system. 
The internal forces may be grouped in pairs which represent the 
interaction of two particles of the system Then, according to 
the Principle of Action and Reaction, the forces of each pair are 
equal in magnitude, opposite in direction, and have a common 
line of action. Hence the vector sum of the forces in each pair is 
zero; and the sum of their moments about any point is zero (§ 66). 
Since the internal forces occur only in such pairs we conclude that 
In any system of particles the vector sum of the internal forces, 
and of their moments about any point, is zero 

Consider now any particle P of mass m belonging to the system 
and acted on by the external forces F and internal forces F'. Then 

Moreover if A is any point, moving or fixed, chosen as the center 
of moments and x — AP, 

rx?//a = 2rxF + 2*'’'^' 

Here ma is called the mass-acceleration of the particle and rxma 
the moment of the mass-acceleration about A Now form these 
equations for each particle of the system and add the (equations 
of each set. Then since both 22 f' = 0 iuid - 0, 

we obtain 

(1) = 2X®'» 

( 2 ) 2 ^^^®- = 

These fundamental equations in the dynamics of systems may be 
stated as follows. 

Theorem I. For any system of particles, the vector sum of the 
mass-accelerations is equal to the sum of the external forces. 
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Theokbm II. Far any system of parUdes, the vector sum of ike 
moments of the maes-aecelerations about any point (fixed or mooing) 
is equal to the sum of the moments of the external forces cdmet the point. 

The double sums above indicate that the forces or moments are 
first added at each particle, and the sums then added for the entire 
^tem. In the future, however, we shall simply write ]^F, 
for these total sums 

The mass-accelerations of the system are often regarded as a set 
of fictitious forces localized at the particles, and called the inertia 
forces of the system. If these inertia forces ” are reduced to 
another set of vectors by shifting them along their lines of action 
and by vector addition of concurrent “ forces ’’ (just as in Statics, 
§ 70, the forces on a rigid body were reduced to an equivalent 
system by use of Priuciples A and B), the new set of vectors is 
said to be equivalent to the inertia forces. Now Theorems I and 
II state that the inertia forces ma and the external forces F have 
the same force-sum and moment-sum about a point; these two 
sets of vectors are therefore equivalent (§ 74) Thus we have 
proved the theorem known as 

D’Alembekt’s Principle. The inertia forces and the external 
forces acting on any system of particles are equivalent sets of vectors 
in the sense that either set may be obtained from the other by shifting 
along lines of action and by vector addition at a point. The system 
composed of both the reversed inertia forces — ma. and the external 
forces is therefore equivalent to zero 

180. Conservation of Momentum. The momentum of a system 
is defined as the vector sum of the momenta of its particles. Thus 
the momentum is 2)mv and 

(1) ^2l"^v = 2wa = 2^ 

from Theorem I. Hence if = 0, the momentum is constant 

Theorem on Momentum. The time rate of change of the mo- 
mentum of a system is equal to the sum of the external forces acting 
on iL 

If the sum of the external forces is zerOj the momentum remains 
constant. 

The second part of the theorem is known as the Conservation 
of Momentum. 
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On integrating (1) between the instante h and k we obtain 

(2) “ xfy^^^' 


the change in momenium is equal to the sum of the impulses of the 
external forces. 

181. Center of Mass. A system of particles on or near the earth 
has its center of gravity defined by 


r* 



(§77), 


where w is the weight and r the position vector of a particle, 
we put w = mg, 

x^^ 


If 


( 1 ) 


r" = 


provided g may he taken as constant throughout the system. The 
point P* given by (1) is called the center of mass of the sj^stem. 
For a body of mass m the sums in (1) arc replaced by integrals as 
m§76- 


( 2 ) 


r* = 


/ 


r dm 


tn 


For ordinary terrestrial Irodics the center of mass may be regarded 
as coincident with the center of gravity. But for heavenly bodies, 
or systems composed of them, the tenn center of gravity is not 
appropriate; their centers of mass, however, defined by (1) or 

(2) , are points of great dynamical importanoe 

On differentiating (1) twice with respect to the time we obtain 

(3) 

(4) (X”*) “ X"'®' 

where v* and a* denote the velocity and acceleration of the center 
of mass Since Xmv is the momentum of the system, (3) states 
that 

The momentum of the system is the same as that of a parhde having 
the total mass of the system and moving mth its center of mass. 

If we put ~ X^ (Theorem I) in (4), 

(5) (X»»)a* = X^- 
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If (6) is regarded as the equation of motion of a particle of mass 
situated at the center of mass P* its context may be stated 
as the 

Theorem on the Motion of the Center of Mahr. The 
center of mass of a system of partides moves like a free particle having 
the mass of the entire system and acted on by the vector sum of dJl the 
external forces. 

If, in particular = 0, the Law of Inertia (§ 155) applies 
to the motion of P*: 

If the sum of the extemcd forces acting on a material system is 
zero, its center of mass will remain at rest or move uniformly in a 
straight line. 

Example 1. Motion of the Sun. The external forces on the solar 
system consist of the attractions of all exterior matter. If these 
forces may be neglected in view of the vast distances involved, wo may 
conclude that the center of mass of the solar system (a point in the sun 
itself) is at rest or moves with constant velocity. 

Example 2. Recoil of Firearms. When a gun is discharged, the 
system formed by the gun, charge, and bullet, originally at rest, is 
set in motion through the agency of internal forces. The center of 
mass of the system therefore remains at rest; and as the bullet and 
gases move in one direction, the gun recoils in the other. 


182. Problem of Two Bodies: To find the motions of two 
particles Pi, P 2 of masses mi, mi, subject only to their mutual 
Newtonian attractions. 

As no external forces act on the system | 

composed of Pi, Pi, their center of mass 
P* will remain at rest or move with con- 
stant velocity. Choose a frame of refer- 
ence having this constant velocity and take P*, which is at rest in 

this frame, as ongin. If ri = P^Pi, Ti = P*P%, and R is a unit 

vector in the direction P 2 P 1 (Fig. 182), the equations of motion 
of Pi and Pi are 


Fig. 182. 


( 1 ),( 2 ) mi^ 


mmi 




m\m% 


(ri-rs)®^ '^(ri-rj)* 

Smee r* = 0, we have, from (§ 181, 1), 


« mi 

miFi + m^i = 0, 12 == - — ri. 
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With this value of fa, (1) becomes 


(3) 


dt^ 





This equation states that Pi is attracted toward P* according to 
the law of inverse squares. Pi therefore describes an ellipse having 
P* as one focus (§ 177), In the same way wo may show that P* 
describes an eUipse about P* as focus. The law of areas apphcs to 
each motion and Pi and Pa always lie in lino with P*. The 
period is given by (§ 177, 5) on replacing Af by wij (1 + mi/ma)"®. 

If we divide (1) by mi, (2) by wij and subtract the resulting 
equations, we obtain 


(P 


(ri - ra) 


Wil + fHi ^ 


This equation has the form of (§ 177, l)t with ii — ra in place of 
r and mi + irh in place of M. The orbit of /^ telaiive to Pa is 
therefore an elhpse about Pa as focus; and the pc'riocl and major 
semi-axis in this relative orbit arc connected by the equation 

_ = LiE 

' ' (/* 7(wii + //la) 


Thus in the orbit of a planet Pi relalive to the sun (wa = M), 
TP/cP depends upon mi as well as M Ilenco '/’’•'/fi® is not s(.ri(‘tly 
the same for all planets, as Kepler's 'riiird Law Jhsseits Hut 
since the mass of the sun is more than 1000 tunes that of Jupitei, 
the greatest planet, mi-\- M may be replac/'d by M in (1) wil.hout 
sciious error. The third law (§ 177, .'>) is theri'fore v(‘iy nearly true. 

183. Moment of Momentum. If P is a particle of mass ///, the 

moment of its momentum about a point Q 'J’he moment 

of motnentwn about Q of a system of partich's is di'fined jus the sum 
of their moments of momentum about Q Denoting this vector 
by Hq, 

Hq * ^rxmv where r = QP, 

/ dv , dr \ 
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Now dvjdi = a; and if 0 is a fixed oiigiu 

t.OP-A 

Hence ^2 = ^mrxa — vqx ]^mv. 

Since 2)mv = (§ 181, 3), we may write this equation 

(1) -|_ (2j7n)v<3xv*. 

Also = (Xm)a* (§181,4). 

Hence from § 70, Theorem 2, we conclude that 

TThen vqxv* = 0 fAe inertia forces of a system of particles may 
be reduced to the 

Force Q Couple of moment—^ . 

If Mq denotes the moment-sum of the external forces about 
Q, ]^rx7raa = Mq by the basic Theorem II; hence from (1) 

(2) = Mq only when vqxv* = 0, 


that is, when vq = 0, v* = 0, or vq 1| v*. 

Theorem op Moment op Momentum The time rate of <^nge 
of the moment of momemtum about any point Q is equal to the sum of 
the moments of the external forces about this point in three cases only: 

(o) Q IS at rest, 

(b) the center of mass P* is at rest, 

(c) the velocities of Q and P* are parallel (in particular when 

Q IS P*) 

If Mq = 0 in (2), Hq is constant This result is known as the 
Conseivalion of Moment of Momentum 

The moment of momentum is frequently called angular momen- 
tum. 

184. Moment of Relative Momentum. The moment of relative 
momentum of a system about a point Q (fixed or moving) is defined 
as 

Hq' = ^rxmv' where r = QP 
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and v' is the velocity of P relative to Q. Now 

If 0 is a fixed origin, r = OP — OQ and 


dr , dv' 

_ = V-VQ = V', ■^ = a-aQ; 


hence 


dH, 


dt 


^ = 2)?rarx(a — &q) = — (2)»/tr)xaQ. 


Since ^mx = (§ 181, 1), we may write this equation 

(1) ]^pcma = + (2)m)r*xaQ 

Also = (X^)a* (§181,4). 

From these equations we conclude that 
When r*xaQ = 0 the tnerita forces of a system of particles may be 
reduced to the 


f/H 

Force (2)m)a* at Q and Couple of moment 

If Mq denotes the moment-sum of the external forces about 
Q, = Mq by the basic Theorem II; hence from (1) 

(2) = Mq only when r*xaQ = 0, 


that is, when r* = 0, Sq = 0, or sq || r* (fiP*) 

Theorem on Moment op Relative Momentum The Ume 
rale of change of the motnent of relative momentum almit any point 
Q IS equal to the sum of the moments of the external forces about this 
point in three cases only: 

(а) Q is the center of mass P*, 

(б) Q has constant velocity (or is at rest), 

(c) the acceleration vector of Q passes through P* 

186. Kinetic Energy. The sum X\ mv* of the kinetic cnei^es 
of the particles of a system is called the kinetic energy of the 
system. 
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Thbobbm. The kinetic energy of a system of particles is equud 
to the kinetic energy of a parUcie having the total mass of die system 
and moving with its center of mass, plus the kinetic energy of die 
particles in their motion relative to the center of mass. 

Proof. The vdocity of any partide P equals v = v* + v', 
where v* is the velocity of P*, and v' the velocity of P idative to 
P*. Hence 

2i wv® — »i(v** + 2 v**v' + v'*) 

Also 

2)wv = + '^0 “ (2 )to)v* + 

so that 5)mv' = 0 in view of (§ 181, 3). The above expression 
for kinetic energy thus reduces to 

24 TWV® = i(^Wt^V*® + WIV^. 

186. Work and Energy. The equation of motion of any partide 
of a system is 

+ 2^' (§ 179). 

Multiply this equation by V*; then smce 

dv d ,, ,v 

’"•3<"3i<4”*’’)' 

|(imv*) = 2^-T + 2r''’- 

On adding the set of such equations for all the particles of the 
system we obtain 

|24>«^-22^’'' + XS>f'''' 

Int^rate this from t »= <i to < = fe; then 

(X^»nv®)2 - = 22/>‘“ + XS/><*«- 

This expresses the 

Principle of Work and Energy. The change in the kinetic 
energy of a system of particles in any time interval is equal to die 
total work done hy both extemcd and internal forces in this intervdL 
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In applying this principle it is often necessary to find the work 
done by gravity on a system of particles of total weight W as it 
moves from one position to another. The work of gravity on a 
pcaiide of weight lo as it moves from ti to r2 is 

w*(rs - ri) = k-(MT 2 - toTi) (§ 163, 4), 

where k is a unit vector in the direction of gravity. Hence the 
work of gravity on the system is 

k*(5jior2 — ^wTi) = k‘(WT2* — Wti*) = Wk-ir^* — ti*) 

(§ 181 , 1 ). 

Here ri* and r2* give the imtial and final positions of the center of 
gravity. Smce r2* — ri* is the displacement of the center of 
gravity, k*(r2* — rj*) is the distance A* through which it fdUs. 
Therefore the 

( 1 ) Work of Gravity = Wk*, 

the weight of the system times the vertical distance through which 
its center of gravity faUs. 


Example 1. A flexible rope, weighing w lb /ft. hangs from a 
smooth peg with a ft. on side, b ft. on the other, when released. Find 
the woik done by gravity up to the point when one end clcuis the peg. 
The center of giavity of the rope, originally 

wa 1 a + wh i 6 , a* + 

} — ,-v — = I r-x ft. below the peg, 

iv{a +0) a + 0 * 


falls to a(o + b) ft below the peg as one end passes over Hence 
the woik done by giavity is 

w{a + + ft) — 1 "lb. 

If the short end of the lopc, weighing wa lb , were cut off, dropped h ft , 
and attached to the long end, the work done would be mab ft -lb — a 
bnef method of obtaining the result aliove 

Example 2. A rope passing over a smooth pulley suppoi ts a stone 
and a monkey of the same weight TF at its ends If the monkey 
climbs up to the pulley, how much work has ho done? 

At the outset the tension of the rope is W. As the monkey pulls on 
the rope to chmb upward he increases its tension to W + F. This 
downward force on the rope is paired with a numerically equal force 
acting upward on the monkey. His acceleration Om is therefore given 
by 


a) 


ja,„ = IF d-F - TF-F. 
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At the same time the rope transmits the upward force TY + jP 
to the stone ^ its acceleration Qs is thus given by 

W 

(ii) jas + F 

From (i) and (li) we have Om *= as. Now monkey and stone start 
from rest on the same distance A below the pulley and both have the 
same upward acceleration at each instant. They must therefore 
arrive at the pulley at the same instant. (Let the student give a 
detailed proof.) 

Consider now the system composed of monkey, stone, and rope. 
Neglectmg the weight of the rope, the work done on the system by 
gravity as the monkey climbs up is -2 Wh. As the system is at 
rest at the beginning and end, the change in its kinetic energy is 2 ero. 
Hence, by the prmciple of work and energy, the total work done by 
both external and mternal forces is zero. Smce the former work is 
—2 Why the work done by the internal forces (the muscular forces of 
the monkey) is precisely 2 Wh. 

PROBLEMS 

1 . An 18-ft, flexible rope hangs from a smooth peg, 12 ft. on one 
side, 6 ft. on the other, when released from rest. What is the speed 
of the rope as one end just passes over the peg? 

2. In the Atwood^s machine of Fig 159a, W = 3^1b , TF = 1 lb. 
If the weights start from rest, what will be their speed when W has 
i alien 2 ft? 

3. A cable, weighing w Ib./ft., passes over a drum and hangs with free 
ends a ft. and b ft. long. If the cable is wound up so that the free ends 
become a — a: ft. and b + x ft., show that the work done against gravity 
is wx{a — 6 - x) ft.-lb. How is this result to be interpreted when 6 > a? 
when x>a — b*^ 

187. Summary, Chapter XHl. For any isystem oj pai tides the 
sum of the mass-accelerations and of their moments about any point 
are equal respectively to the sum of the external forces and of their 
moments about that point These theorems give the basic dynami- 
cal equations; 

(1), (2) 2”^ = " 2^^- 

The mass-accdeiations (“ inertia forces ”) and external forces are 
equivalent sets of vectors (D’Alembert’s Principle) 
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The center of mass P* of a system of particles has the position 
vector r* defined by 

= 2)nu:; and 

Equation (1) may be replaced by 

(3) (S»n)a* = 

hence P* moves like a free particle having the total mass of the 
system and acted on by the sum of the external forces. If this 
sum is zero, P* remains at rest or moves with constant velocity. 
Defirdtions: For a system of particles P 

Momentum = "^my = (Xw)v*, 

Moment of Momentum Hq = Xr>«mv, 

Moment of Relative Momentum Hq' = ^^omy' 

where r = QP and y' is the velocity of P relative to Q. 

The moment of the mass-accelerations about Q 

when v<j>cv* = 0, 

when slqxQP* = 0. 

In these cases the inertia forces are equivalent to 

(а) a single force (Xw)a* at Q, and 

(б) a couple of moment (ISg/dl or dHg'/df respectively 

If Mq denotes the moment-sum of the external forces about Q, 
(2) may be replaced by 

(4) = Mq when Vq = 0, v* = 0, or vq || v*; 

(5) ^' = Mq when a<2 = 0, QP* ^ 0, or aoH^*. 

In particular both (4) and (5) hold when Q is at rest or at the 
center of mass. 



§187 


STJMMAKY, CHAPTER XHT 


419 


The kinetic energy of the system, is 

where v' is the velocity of P relative to P*. The change in kinetic 
energy in any interval is equal to the total work done by both 
external and internal forces in this interval. 



CHAPTER XIV 

DYNAMICS OF RIGID BODIES 


188. Bodies as Continuous Mass Distributions. A body is 
any definite portion of matter. Bodies, according to modern 
physics, consist of an aggregate of atoms, which in turn arc minia- 
ture solar systems consisting of a central nucleus or proton about 
which the planetary electrons revolve. Thus in a very real sense 
bodies are aggregates of particles — electrons and protons. The 
number of such particles in ordinary bodies is enormous, but 
nevertheless finite. In order to deal with such distributions of 
matter we treat the matter as if it were continuously distributed and 
replace the sums of the last chapter by integrals. Thus the basic 
Theorems I and II become 

C a dm = 2)F, C rxa dm = ]^rxF. 


For a body of mass m, the 

Momcni,um = j^vdrn == ?wv*, 

Moment of Moment, um H = dm^ 

Kinetic Energy — \ j dm. 


The ideal rigid body has been defined as one that, suffers no 
deformation from the forces acting on it,. Wo shall now also 
assume that the distances between the particles of a rigid body remain 
constant. This assumpt.ion is at variance with the state of affairs 
described above; but this is to bo expect<(^<l sinci' p<'rfc'ctly rigid 
bodies do not exist. 

189. Principle of Work and Energy for a Rigid Body. L(‘t 
the particles A, B of a rigid body have the velocities v^i, v^; and 
let F' at A and — F' at J5 bo the pair of internal forces between 
them. Then 

F'-v^ + ( — F')‘Vb = F'*(v^ — v^) » 0; 

420 
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for if 0 is a fixed point, 

= ol - OB, * Va -v* 

and since BA has constant length, dBA/dt or — vs is perpen- 
dicular to AB (§ 84) and hence to Since all the internal 
forces occur in pairs F', — F', we see that ^F'*v = 0. The toted 
work done by aU the vntemcd forces in any disjdacement of the body 
is therefore zero: 

* = 0 . 

Hence from § 186 we have the following 
Principle op Work and Energy, The change in the kinetic 
energy of a rigid body tn any interval is equal to the work done by the 
external forces acting on ii. 

As a body, rigid or deformable, may be regarded as a system of 
particles, the result (§ 186, 1) shows that 

The work done by gravity during the motion of any body, is equal 
to the ‘product of its weight and the vertical distance through which, its 
center of gravity falls 

190. Kinetics of Translation. In a translation of a rigid body 
the velocities of all of its particles are the same at any instant 
(§ 121). Consequently we may speak of the velocity v of the 
body, and also of its acceleration dr/dt = a. Since all the par- 
ticles have the same acceleration a at any instant. 


^ a dm = ma, rxa dm — r dm^^a = mi**^, 


where r* is the position vector of the center of mass referred to 
any origin O, fixed or moving. Thus the inertia forces are equiva- 
lent to a force m& at the center of mass; for their sum is ma. and 
their moment-sum about 0 IS r*x772a. Inbnef: 

The inertia forces of a body tn translation have the resultant ma 
at center of mass. 

Hence, by D’Alembert’s Pnnciple, 

The external forces on a body in translation are equivalent to the 
vector ma. at the center of mass. 

If F and Mo represent the force-sum and moment-sum of all 
the external forces acting on the body, we have the d 3 mamical 
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equations 

(1), (2) ma = F, T*xma. - Mo- 

These equations state the basic Thoorpuis I and II applied to a 

translation. 

Problems in the kinetics of translation should bo solved as 
follows: 

Draw a free^ody diagram showing dll the external forces and the 
resvUani me of the inertia forces acting at the center of mass. Then 
express the equivalence of me to the external forces hy taking compo- 
nents in any direction or moments about any axis so that the resuU- 
ing equations are as simple as possible. 

In the cases of translation that occur in practice th(> motion is 
usually plane. Such problems are simply solved by writing three 
scalar equations, two by equating components along ix'rixmdiculiur 
axes in the piano, the third by equating moments about an axis 
normal to the plane. In particular, the ext,ernal force's have' zero 
moment about an axis through the center of niiuss. I n t.h(' examples 
that follow we shall refer t.o moments about an axis normal to the 
plane as moments about the point when* tlu* axis (!ut.s th<‘ plane. 

The momentum and kinetic energy of a body m translation are 

mv and J //«»■ In any 
interval tlu* change in 
wv is ('qunl to tin* sum 
of till' im])ul.s('s of the 
extt'rnal forces (§ 180), 
and the elninge in J 
iseciual to the work done 
by tlie external forces 
(§ 1H9) 

lixnmplv 1. A loadc'd 
oie-liuck weighing 1 ton 
Fki 190o. is diawn uiuforiuly along 

its tiack by a lioiizontal 
pull P of 80 lb Find the reactions on its wheels it its cent ei ofgiavity 
is at Q in Fig 100a 

When the honzontal pull P is 160 lb , find the aocc'lcration of the 
truck and the reactions. 

Uniform motion. Resolve the reactions into horizontal and vortical 
oomponents. Since P = 80 lb., a « 0, we have* from (1): 

SO - P, - P, - 0, Ni + Nt- 2000 - 0; 
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and from (2), on taking moments about G, 

1 X 80 - 4 (Fx + P,) + 2 AT* - 2 JVx = 0. 

Hence iVi + JV, = 2000, Ni - Ni 120; 

Nt - 1060 lb., Ni = 940 Ib. 

The separate values of Fx and Ft cannot be found; but their sum is 
801b. 

Accderated Motion. With P - 160 lb., 

2000 

160 - Fx - Ft = ATx + AT, - 2000 - 0; 

and on takmg moments about G, 

1 X 160 - 4 (Fx + Ft) + 2 AT, - 2 ATx - 0. 

If the frictional resistances are the same as before Fx + Ft = 80 lb., 
and 

80 X 32 . 

“ =■ ~ o/wx = 1*28 ft./sec.>. 


Also A^i + ATj = 2000, AT, - - 80; 

Nt = 1040 lb., Ni = 960 lb. 

Example 2. The side rod of a locomotive of weight W has its end 
pin a at a distance r from the center of the drivers of radius R (Fig. 
190A). When the locomotive 
is running at uniform speed t 

V find the reactions exerted ! — »■ 

by the pins on the rod 

Each point of the side rod / x, ^ \ /f 

describes a circle of radius r I ] /I * J 

with the constant angular \ J 

velocity of w = V/R of the \. y' 

drivers. The acceleration of — 

the center of mass G is purely Fig 1905 

normal and equals r«*. Hence 

if we resolve the reactions into horizontal and vertical components, 
we have 

rr 

X, + X, = - — r«’ cos B, Fi + F, - W — ru* sin B, 

9 ^ 

and on taking moments about G we find that Fi = Fi. Hence 
7x -F, =iw(l -ysinfl) 

Zi and Xi cannot be found separately, but their sum is given above. 


Fig 1905 
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Thus when the rod is in its lowest position e =■ 270®, and 

X, + X, = 0, Yi + y). 

If y => 60 mi./hr. => 88 ft./sec., r = 14 in., 22 <= 3 ft., 

7, = F, = j F(1 + fj (¥)• 1*5) = 16 2 TT. 

Thus the vertical reactions, which are J IT when the locomotive is 
at rest, become 32 times as great at 60 mi./hr. 

Example 3. A block of weight W rests on a truck. Assuming 
that the block does not slip, what is the greatest acceleration that 
may be given to the truck before the block tips over (Fig. 190c). 

The reaction R on the block and its weight W have the resultant 
ma passing through 0. Since W acts through O, R does likewise. 
On resolving horizontally and vertically we have 

W 

22 cos 9 = — a, 22 sin 9 — TT = 0; 
ff 

hence tan 9 = ff/a. Just before the block tips over 22 will act at its 
left edge. In this position tan 9 ^ h/d. Hence if 

d^a 

the block will not tip. Thus if d = 3 ft., A = 6 ft., o must not exceed 




Example 4. What horizontal acceleration applied to a lod juggled 
at the end of a finger will maintain it at a constant angle p to the 
vertical (Fig. 190d) 

The pressure R of the finger on the rod must be in the direction of 
the rod in order that the resultant of R and W pass through G. Hence 

W 

22 sin /3 = — o, 22 cos /S — W =0: 
g 

a 
9 ’ 


tan fi 


a g tan 0. 
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Example 6. Car Driven by Torqv^ on Rear Axle, If the engiiie 
exerts a turning moment or torque M on the rear axle, the friction F 
of the road acts forward to prevent the rear wheels from slipping 
backwards (Fig. 190e). Consider the rear wheels and axle as a free 
body acted on by the torque M 
and the friction F„ On taking mo- 
ments about the axle, Fr — M *0 
if we neglect the moment of the 
mass-accelerations (Theorem II) 
and F - M/r. 

If the car is moving straight 
ahead with the acceleration a we 
have from (1) 

F - —a, Ni + Nt -W 0; 

and from (2), on taking moments about 0, 

Fh + N%e% — NiCx = 0. 

Hence from the second and third equations 

Wc^ + Fh — Fh 

c ^ 



Nx 


N. 


where c = Ci + c^. Since Nx - Wc^lc, Ni = Wci/c when F = 0, 
the torque M on the rear axle increases the pressure on the rear wheels 
and decreases that on the front wheels by Fh/c, 

If the coefficient of friction (coef. of adhesion; cf. §158) between 
road and wheels is the rear wheels will not slip as long as F does not 
exceed fANi. The condition for no slip is therefore 




"Wcz “h Fh 


or 


F ^ 


tiWCi 
c — nh^ 


and the greatest acceleration is 

F nCi 

flmax - - C _ ^ 9 - 

When the power is off and brakes are applied to the rear wheels, 
the car will suffer a retardation a'. The friction F' now acts back- 
ward to prevent the rear wheels from slipping forward and F' = 
Wo! I q, The moment equation now becomes 

— F^h + — 0 , 

and the above results all hold if we replace A by —A. The braking 
thus decreases the pressure on the rear wheels and increases that on 
the front wheels by F'A/o; and 
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As an example consider a touring oar which has a 9-ft. wheel-base and 
which, at rest, has two-thirds of its weight on the roar wheels. Then 
Cl = 3 ft., Ct ™ 6 ft , and if A a 3 ft., m = 0.6, 

Ciinax “ § Ol'max “ 4 ff- 

Example 6. Car Turning a Curve. Consider first a car on a level 
track; and let its center of gravity 0 describe a circle of radius r with 
uniform speed v. We treat the motion as a 
circular translation. Then in order that O have 
the normal acceleration v^/r, the road must give 
a transverse thrust P to the wheels (Fig. 190/) 

J “rl — G — 7 such that 

^ t 9 r 

NsP * HNi 


W 


To 


Center 

W 

ig 7 


Lei Ni and Nz denote the upward pressures on 
Fia, 190/ the inner and outer pairs of wheels and b their 

tread. On resolving vertically and taking mo- 
ments about an axis joining the points of contact of the outer wheels, 
we have 

N, + Ni-W=0, Nib - wi 


hence 


Wv^, 

g r 




Thus the normal acceleration v^/r of the car decreases the pressure 
on the inside wheels and increases that on the outside wheels by 
Wv%/grbi and the moment of these forces about a longitudinal axis 
through 0, namely Wv^i/gr^ just balances 
the moment Ph of P about this axis tend- 
ing to tip the car outwards. When Ni =0, 
that is when 

2/4' 

the inner wheels no longer bear on the 
road and the car is just on the point of 
upsetting. Thus for a motor-car turning 
on a curve of 20 ft. radius and for which 
6 = 66 in., h * 30 in , the overturning velocity is 



V 


^32 X 20 X 56 


2 X30 


' 24.6 ft./sec. = 16.7 mi./hr. 


Consider now a car on a track sloping toward tho center at an 
angle & to tke horizontal (Fig. 190;). The angle /3 can be chosen so 
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that the thrust P = 0 at a given speed o; for on resolving parallel to 
the slope of the track we have 

T> , -nr . _ Wv* , 

P + TTsiniS =y-cos/J, and 

tan p =» “ when P = 0. 

Qr 

In this case Ni = os we see on taking moments about a longitu- 
dinal axis through 0, 

The outer rail of a curved railway track is always given a super~> 
elevation e above the inner rail so that the flanges of the inner wheels 
will not exert a side thrust on the rail at a certain speed v at which 
trains are supposed to take the curve. If the gage of the track is 
6 (standard gage — 4 ft. 8} in.), the superelevation is b sin p or, 
since p is small, 

, . ^ bv^ 

a = 0 tan iS = — . 

ffr 


Thus for a curve of 800-ft. radius on a standard gage track, the 
superelevation for 30 mi. /hr. or 44 ft. /sec. is 


56 5 X 44> 
" 32 2 X 800 


4.26 in. 


PROBLEMS 

1. In the ore truck of Fig 190a, PT = 2 tons, P = 100 lb. Neg- 
lecting friction, find the reactions Ni, on each pair of wheels. 

2. A 1000-lb. box, 4 ft high, 
slides down a plane inclined 30® 
to the horizontal. If ju = i, find 
its acceleration and the magni- 
tude and position of the normal 
reaction 

3. A man is running on a hori- 
zontal floor at the rate of 20 
ft. /sec. If M =* i between his 
shoes and the floor, find his 
shortest turning radius and his 
inclination to the vertical on this 
curve. 

4. What force P apphed to the Fia 190/i. 

1 60-lb. hanging door of Pig. 190A 

will give it an acceleration of 2 ft. /sec if /x = J between shoes and 
track. Find the normal reactions of the track on the shoes. 
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6. An iron pipe 4 ft in diameter, lying across the floor of a truck, 
is held in place by two blocks of height h in front and back. What is 
the least value of h in order to keep the pipe from rolling when the 
truck is stopped as quickly as possible with rear-wheel brakes? 
Assume /< = 0.6 between tires and street and that 60 per cent of the 
weight of the loaded truck is on the roar wheels. 

6 A motor-car is running on a level road around a curve of 50-ft. 
radius Its wheel-base is 56 in. in width and its center of gravity 28 
in. above the ground. Assuming that no skidding occurs, find the 

greatest speed the car may have 
without tipping 

7. If the car in Fig lOOe is 
pulled to the right by a force P 
acting in a horizontal line a 
distance d below O, show that 
the front wheels will leave the 
ground when P > CiW/d. 

8. In Fig. 190f the car weighs 
1 ton, the block 700 lb and their 
centers of gravity are at G and 
G'. If the block does not slide, 
find the greatest force P that 

Fio. 190i. applied to the car with- 

out tipping the block What 
are the reactions Ni, Nt on each pair of wheels? 

9. A particle of weight W' slides down the smooth inclined face of 
a wedge of weight W resting on a smooth horizontal plane (Fig 190^). 
Find the acceleration a of the wedge, the ac- 



celeration Of of the particle relative to the 
wedge, and the reactions R, N on the particle 
and wedge. [The acceleration of the particle 
is a + Of (§ 134, 2) ] 

Compute o and Or when W = 10, W' = 4 
lb , /J = 30°. 



Fio lOOj 


191. Rotation about a Fixed Axis. A rigid body of mass m 
rotates about a fixed axis (z-axis) under the action of certain 
^eternal forces F. If the angle of rotation is 0, its angul ar ve- 
locity and acceleration are 

_ dff _ 

" “ “flir 

the positive directions of 8, a, a bemg given by the positive di- 
rection on the axis (§ 108). 
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If p is the perpendicular distance of any particle from the 
axis, its acceleration 

a = o/T + =* p</r + p«*ir 

provided the unit of angle is the radian (§ 109). The moment of a 
about the axis (Kg. 191) is therefore the sum of 

Moment poT = p®a and Moment pw*N = 0. 


The moment of the mass-accelerations a dm of the entire body 
about the axis is therefore 


a 



* dm = al. 


The positive number I = J p^ dm is 

called the moment of inertia of the body 
about the axis; it represents the sum of 
the products obtamed by multiplymg the 
mass of each particle by the square of its 
distance from the axis. The moment of 
inertia I may be determined by experiment 
(§§ 197, 200) or, if the body has a simple 


geometrical form, calculated as 






This calculation in 


certain important cases is given in §§ 193-196. 

To determme the angular motion of the body we now apply 
D'Alembert’s Prmciple This states that the mass-accelerations 
of the body form a system of vectors equivalent to the external 
forces. The sum of the moments of these ^tems of vectors 
about the axis are therefore equal. If Af* denotes the moment- 
sum of the external forces about the g-axis, we have the equation 


( 1 ) 


la = M, (amrad./sec.®). 


Given the initial conditions 

6 = $ 0 , w = a>o when t = 0, 


equation (1) determines the motion. In particular if Mg is con- 
stant, a IS also and the rotation is uniformly accelerated; we may 
then apply equations (1) to (4) of § 117. 

Since the speed of a particle at a distance p from the axis is 
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V = top, the body has the kinetic energy 

i dm = i 10 ^ J* p^ dm = i <oH ; 

(2) Kinetic Energy = i 7«* (« in rad./sec.)- 


hence 


To obtain the energy eqtration from (1) multiply it by «, ob- 
taining 


Jco^ = M/o, 


and integrate from to 4: 


^ /t02* — 3 J«l* = ^ M,(0 ( 


If Jlf , is a function of 6 alone we may write to cte = dtf and mtegrate 
from 6i to 9z] then 


|W-iJcoi*= 

*/ft 


Since the left member is the change in kinetic energy, the right 
member must represent the work done by the external forces 
(§ 189) 

This expression for the work may be deduced directly. Let 
the force F act at the point 7* of a body rotating with the angular 
velocity to about the 2 -axis The vector angular velocity is 
« = cok and the velocity of P is 


V = <o>tt where r = OP 
In the interval from h to < 2 , F does the work 


(§ 109). 


F'VcB 


F-ctfxf dt 




F*<o dt. 


If F depends only on the angle of rotation B, we may put 


= kdO 
dt 


and integrate with respect to 6, then 


rxF'k dB = I M. dB 


(3) 


Work = 


(§66, 1). 
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The work of aJl the external forces is given by the same expression 
provided M, denotes the sum of their moments about the 2 -axis. 

The moment M j is often called a torque about the 2 -axis, and the 
integral in (3) the work done by the torque. When the torque 
Mg is constant 

(4) Work = MtiBi — 6{): 

the work done by a constant torque is the produd of ffie torque and 
the angle of rotation expressed m radians. The work is positive 
when the turning effect of the torque is in the direction of rotation, 
negative m the contrary case. 

192. Comparison of Translation and Rotation. Before pro- 
ceeding to the solution of problems in rotation let us compare a 
rectilinear translation with a rotation about a fixed axis. For 
a translation along the »-axis let F* denote the sum of the ic-com- 
ponents of the external forces. For a rotation about the 2 -axis 
let Mg denote the sum of the moments of the external forces about 
this fivia- We then have the following correspondences. 


TRANSLATION ROTATION 


X 

V 

a 


dx 

dt 

dv 

dt 


Kinematics 

e 

de 

dt 

dv do) 


(a 


dco 

de 


Uniformly 
a constant 


Accelerated Motion 
a constant 


V = cd 

a; = M i (d? Jxo = 01 
^2 — -|- 2 aa; ~ OJ 


CO = Wo 

0 = cooi + 2 

co^ = coo^ + 2 


F» = nm 

F. 


m 

I mv^ 


r 


F,dx 


Dynamics 


Kinetic Enei^ 
Work 


Mg = la 
Mg 

I 




432 


DYNAMICS OF RIGID BODIES 


§192 


Thus when we replace the quantities 

X, V, a, m, Fx by 6, a, a, I, JIf , 

the formulas for translation go over into those for rotation. In 
the dsmamical formulas for rotation, ihe radian must he chosen 
as the unit of angle. 

In rotation the moment of inertia of the body about the ads 
plays the part of mass m translation. From the definition I « 

J* dm, I has the dimensions of mass X (length)^. If the entire 

mass of the body were concentrated at a distance k from the axis, 
the moment of inertia would be mh?; and if h is chosen so that 

» 1 (the actual moment of inertia) 


k IS said to be the radius of gyration of the body about the ads. 
The moment of inertia of a body is often specified by giving its 

mass and radius of gyration. 

Example 1. A force P, applied to 
the brake of a cylindrical drum mak- 
ing 150 r p.m. brings it to rest in 10 
sec. (Fig 192a). Find the number 
of revolutions made by the drum in 
coming to lest. If the drum weighs 
IV = 800 lb., its radius r = 1 ft., its 
radius of gyration k = 0.9 ft. and 
M = 0 2 IS the coefiicient of brake 
iiiction, find the force P. 

First Solution Considei first the 
kinematic problem. In 10 sec. the 
angular velocity changes from 

150 X 2 X , 

uo = — jjQ “St rad /sec. to 0; 

hence 

0 -5t 

“ "* — 10 — = — j T rad. /sec.*. 

Fia. 1920. While coming to rest the wheel will 

turn through an angle e given by 
0 “ Ma* + 2 ce0 (see table above); hence 

25 T* 



V — — 77" 


25 T rad. “ 12.5 rev. 
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In the free-body diagrams N and nN are the normal and tangential 
forces between brake and drum. R is the reaction at 0. • 

The brake is in equilibrium; hence on taking moments about 0 

14 JV - 35 P = 0, P = 0.4 N, 

The forces N, nN and W acting on the drum have the moments 
0, —II Nr, 0 about its axis. 

Hence from (1) 

la^-nNr, N , 

soo 

Since I - ^(0.9)* - 26 X 0.81, 

jf = ~ “ ^ = 0-4 X “ 63.6 lb. 

Second Solvtion. The work done by the frictional moment —uNr 
as the wheel comes to rest is —uNre. Hence from the Principle of 
Work and Energy 

0 _ N=^^, 

from which N may be computed. Since 0 = «o® + 2 this ex- 
pression for N may be reduced to the one given above. 

Example 2. A flywheel, keyed to a shaft free 
to turn in smooth horizontal bearmgs, is set in 
motion by a falling weight w attached to a cord 
wrapped around the shaft (Fig. 1926). If the 
combined wheel and shaft, of weight W, have a 
radius of gyration k, and the radius of the shaft 
is r, find the falling acceleration a of the weight. 

The acceleration a is equal to the tangential 
acceleration ra of a point on the surface of the 
shaft. The angular acceleration of wheel and 
shaft is therefore « = a/r. 

Cut the cord and introduce the tension T at 
the cut ends. Then the weight to is a free body 
having translatory motion and 

V) 



The wheel and shaft form a free body rotating about a horizontal 
n.Ti‘« and acted on by the forces T, N, W (neglecting the journal 
friction). Their moments about the axis are Tr, 0, 0; hence from (1) 
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From these equations wc have 

Equate these values of T and solve for a; then 


^ + M) r» 

If, for example, W = 100 lb., ic = 10 lb., A = 6 in., r = 1 in., 

32 

® ” 1 + 10 X 36 “ 

Example 3. A thin uniform rod of length I is free to turn about a 
horizontal axis at one end. If it is released from a horizontal posi- 
tion, find its angular velocity when vertical 

-,-4 4.-,r-| (KS.192=). 

I p Wo first find the moment of inertia of the 

y dp j rod. If its weight is W, an element of the rod 

”* / of length dp has the mass ^ ^ and its moment 

of inertia about a transverse axis through 0 is 

Fig 192c I = f p* dm =» J/V’ ^ 3 • 

The square of the radius of gyration is J Z*. 

As the rod falls from rest to its lowest position its center of gravity 
G drops a vertical distance J I and the work done by gravity is i Wl 
(§ 189) On the other hand, its kinetic energy 
changes from 0 to J /to* Ilencc, from the Principle ^ 

of Work and Energy, 

2?3 "‘ - 0 “ i 

Example 4. The rod in Example 3 is displaced 1 \q 
slightly from its lowest position and released (Fig. j A 

192d). Find the character of its oscillations 1 vv \ 

If we neglect bearing friction and air resistance, j 

the only forces acting on the rod arc the reaction R i — 

at 0 and the weights of its particles The resultant jg2f/ 

of the latter is the total weight W acting through 0 
and their moment about 0 is —i Wl sin d when the positive sense of 
rotation is counterclockwise The equation of motion (1) thus be- 


0 = i WZ, 


-v/¥- 


I — ' 
Fig. 192«/ 


a =s — i Wi sin 9 
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This is precisely the equation of motion of a simple pendulum of 
length I Z (§ 171, 3). The rod toU therefore swing to and fro with the 
constant period 2 l/g (§ 171, 4), 

Example 5. A cord passing over a pulley of radius r and weight P 
has the weights TTi, W% attached to its ends (Fig. 192e). Find the 
acceleration of the weights and the tensions in the two parts of the 
cord, neglecting axle friction. 

If a IS the acceleration of the weights, a « a/r is the 
angular acceleration of the pulley. From the free-body 
diagrams for the weights and pulley we have 

(i) (forTTi), 

(ii) (forTT,), 

(ui) (Ti - r»)r (for pulley), 

where fc is the radius of gyration. To eliminate Ti, Tt, divide (iii) 
by r and add to (i) and (u); thus 

W^-W,= (Wr + TT, + 

from which we can find a. Equations (i) and (li) now give Ti and 


/Q^ 




□ □ 
w, W, 

Fig. 192e. 


PROBLEMS 

1. Find the dimensions of moment of inertia in F, L, T. Apply the 
check of dimensions to formulas (1), (2), (3) of § 191. 

2 A thin uniform rod 4 ft. long and weighing 12 lb. is suspended 
from a smooth horizontal axis at one end. Find its instantaneous 
angular acceleration when acted on by a horizontal force of 10 lb. 
at its mid-pomt. [k^ = i Z® from Example 3.] 

3. A 2-lb gyroscope is spun by pulling on a string 2 ft. long, wrapped 
around its axle, with a tension of 9 lb. If Ife = 2 in., find the angular 
velocity generated in rev /sec. 

4 A grindstone with ft = 1 ft. is making 120 rev /min. Left to 
itself, it comes to rest under axle fnction after 80 rev If the axle is 
1 5 in. in diameter, find the coefiScient of axle friction. 

6. A flywheel, keyed to a shaft free to turn in smooth horizontal 
bearings, is set in motion by a falling 10-lb. weight attached to a cord 
wrapped around the shaft (Fig 1926). Wheel and shaft weigh 200 lb. 
and the axle is 3 in. in diameter If the weight falls 5 ft. from rest in 
10 sec., find the radius of gyration of wheel and shaft. 
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6 Solve Example 5 if r = 6 in., P ■= 3.6, Wi >= 7, TT* ■* 6.5 lb., 
and the pulley is dynamically equivalent to a weight of 3 6 lb. con- 
centrated 6 in. from its center. 

7. A flywheel and shaft slow down from 200 to 180 rov./min. in 
42 sec. under axle friction. Under a braking torque of 18 ft.-Ib. 
it slows down from 200 to 180 rev./min. in 18 sec. Find the moment 
of inertia. 

8. If in Fig. 159e the string passes over a pulley of radius r, radius 
of gyration k, and weight P, show that the acceleration and tensions 
are 

® “ W ^W' + Pkyr*^’ ^ “ i)’ + 1)’ 


w. 


where /i is the coefRcicnt of sliding friction. 

9. A 1-ton cylindrical drum, mounted on smooth horizontal bear- 
ings, has 160 ft of cable weighing 2 Ib./ft. wound upon it. The drum 
is 8 ft in diameter and k = 3.75 ft. The free end of the cable carries 

a weight of J ton hanging next to the 
drum. Find the angular velocity of the 
drum in rev. /sec. when the weight has 
fallen 100 ft. from rest. 

10. In Example 6 (Fig 192^) Wi « 100, 
= 75, P « 36 lb., r = 6 in., fc - 5 in. 

By means of the equation of energy find 
the speed of Wi after it has fallen 8 ft. 
from rest. Neglect axle friction 

Also solve this problem neglecting the 
inertia of the pulley. 

11. In the hoist shown in Fig 192/ the 
car Wj weighing 1000 lb., has a downward 
velocity of 8 ft /sec Find the biaking 

pressure P that will stop the car in 20 ft if ^ = i is tlie coefficient 
of brake friction and 



Wi = 360 lb., ki = 15 in., n « 1 5 ft ; 

Wi = 720 lb., ki = 22 in., n = 2 ft., Ri = 3 ft. 

Neglect axle friction and the weight of cable 


193. Moment of Inertia of Solids of Revolution. The moment 


of inertia of a body about an axis has been defined as 



where p is the distance of the element of mass dm from the axis. 
The moment of inertia of a body is essentially positive. If a body 
consists of several parts, the moment of inertia of the whole about 
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any axis is equal to the sum of the moments of inertia of its 
parts. 

If a body of mass m has the moment of inertia I about an axis, 
its radius of g 3 rration h about this axis has be^ defined by the 
equation 

I = mk\ 



Consider now a right circular cylinder of radius r, length Z, and 
of uniform density 5. To compute its moment of inertia about 
the axis we take a cylindrical sliell of radii p and p + dp as ele- 
ment of mass; then dm = S*2 irpl dp and 

J = J*p^ dm = 5’2 p® dp = 2 = m-^ 

where m = htrH is the mass of the cylinder. Hence fc® = i r®: 
ihe square of the radius of gyration of a circular cylinder about its 
cuds equals one half iJie square of its 
radius 

This result may be used to compute 
the moment of inertia of any homo- 
geneous sohd of revolution about its 
axis. Thus in Fig. 1936 the solid is 
divided into thin shoes by planes per- 
pendicular to its axis (a:-axis). Begard 
the slices as circular cyhnders of variable 
radius y; then the moment of mertia of 
a slice is, 

mass X (rad gyr.)® = Swy® da:*i y® 
and the moment of inertia of the sohd is 



Fia. 1936. 
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When a meridian of the solid is given by an equation y — /(x), 
this integral may be computed 

Example 1. HoUow Cvrcular Cylinder. Let n, r» be the inner and 
outer radii of a hollow cylinder of length Z. Its moment of inertia 
about the axis is equal to the difference of the moments of inertia of 
solid cylinders of radii n, ri. Hence 

1 = Sirfi^Z’J fi* — 5irrj*Z"J r** = 1 4irZ(ri* •- Ti*)^ 
m = SvTiH — SvTtH = dirl(ri* — ra*), 

, . I ri» + 


The square of the radius of gyralion of a hollmo cylinder %s equal 
to the mean of the squares of its radix. 



Example 2. Sphere. For a sphere of radius r 
the meridian is a circle a? + j/* >= r» (origin at 
center); hence 


I 


dx-l — x*)* dx 

hie r<'‘ - 2 + x^)dx = Sirr®, 


^ ^ tg 

m } Stit* 


rK 


Example 3. Ci and arc hoIkI oylindors of the same material; 
their lengths are the same and thou radii n, Tz (Fig. 193d). C*, 

originally at rest, is lowered and held in 
contact with Ci which is turning with the 
angular velocity «o. Find the angular ve- 
locities wi, <az of the cylinders when they aic 
rolling over each othci without slip. 

If F IS the friction between the cylinders 
their equations of motion arc 


Hence 


= Frif hotz = F'tz. 

oi ^ ^ ^ ^ 

0^2 



If ci>i, (02 are the angular velocities of Ci, after t seconds, 

coi = coo H- <02 = otzt. 


( 0 l — cop G!1 7 * 2 ® 

(02 €Xg 7 1 ® * 


Hence 

(i) 


TRANSFER THEOREM 
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When slipping ceases the peripheral speeds must be equal, that is 
«,r» » —ttiTi or «j = — — 

If we multiply (i) by this equation we find 

/, r2*\ 

coi - «o « or «o « ^1 

For example if ri s: 2r2 and oq —100 r.p.m. Then when slip- 
ping ceases 

“100 = I wi, Ml = —80 r.p.m., ci »2 = 160 r.p.m. 


PROBLEMS 

1. Show that = 3 r®/10 for a right circular cone about its axis; 
r is the base radius. 

2. An anchor ring is generated by revolving a circle of radius b 

about an axis at a distance a from the center. Prove that + 

I 6® about this axis. 

3. A top has the form of a solid generated by revolving a sector 
of a circle about one of its sides, that is, a cone capped with a spherical 
segment. The cone has a height of 4 in , slant height 5 in. Show that 
fc® = 2.8 in.® about the axis of revolution 

4. A 250-lb. iron sphere, 1 ft. in diameter, is making 300 rev. /min. 
about a fixed central axis. What force tangential to its equator will 
stop it in 4 see ? Neglect axle friction. 

6. A 320-lb. sohd disk, 2 ft. in diameter, is mounted on an axle 
turning in smooth bearings. Find the torque which would generate 
360 rev /min. in 30 sec. Neglect inertia of axle. 

6. A hollow cylindrical iron drum, weighing 2400 lb., is 2 in. thick 
and 48 in. in diameter. When making 120 rev /min. a brake applies 
a normal pressure of 200 lb to its surface If m - 0 2, how many 
revolutions will it make before stopping's^ Neglect inertia of spokes 
and hub 

7. A weight of 96 lb. is hung from a solid homogeneous cylindei by 
a light cord wrapped around it. The cylinder weighs 384 lb., is 4 ft. 
in diameter, and revolves on a shaft 6 in in diameter. Bearing fric- 
tion IS 48 lb. If the weight has an initial velocity of 10 ft. /sec. 
downward, how far will it have fallen when its velocity is 30 ft /sec ? 

194. Transfer Theorem. The moment of inertia of a body 
about any axis is equal to its momerU of inertia about a 'parallel axis 
through the center of mass plus the product of lis mass and the square 
of the distance between the axes. 



440 


DYNAMICS OF RIGID BODIES 


Proof. Let I and 1* denote the moments of inertia about an 
axis 8 and a parallel axis 8* through the center of mass P*. Then 

/ = dm, I* — dm, where p and q are perpendiculars 

p from P on 8 and s* (Fig. 194a). 

Since 

/ \ p* = p®=(d + q)* = d* + 2d*q + ?S 

V « V ■* r 

/ J = »id* + 2d-/ qdTO + /*. 


With P* 08 origin of position vectors 
and s* as a>-axis, we hove from 
(§ 181, 2) 



Fia. 194a. 


J*r dm = mi* = 0, J^x dm ^ mx* = 0, and 

J' q dm — J* (t — sA) dm — Ji dm — ijx dm = 0. 

Hence the above expression for I becomes 

(1) / = /* + md* 

The theorem shows that the moment of inertia of a body about 
an axis through its center of mass is less than tiiat about any 
parallel axis. If we introduce the radii of gyrulion, / = tnk^. 
I* = mk*^, and (1) becomes 

(2) + d®. 


Example 1. The radius of gyration oi a sphei c of radius ? about on 
axis at a distance d from its center, is 

is = i*s + d» = S r* + d» (§ 103, Ex. 2) 

Example 2. The radius of gyration of a right circular cylinder 
about a generator is 

ft* = J r’ + r* = a r*. 

Example 3. For a thin uniform rod of length I, - I Z* about a 
normal axis at one end (§ 192, Ex. 3). For a parallel axis through the 
center we have 

ft** = ft* - (J Z)* = J Z* - 1 Z* = I'j Z». 

Knowing k*, we may find k for any normal axis at a distance d from 
the center by the Transfer Theorem: 

(i) k* == re Z* + d*. 
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Example 4. Moment of Inertia of a Flywhed. Let Wi, Wt, W be 
the respective weights of the nm, hub and spokes (all) for the flywhed 
shown in section in Fig. 1945. Since the run and hub are hollow 
cylinders, their radii of gyration are given by § 193, Example 1. For 
the spokes, regarded as thin rods, k* is given 
by (i) above. Since moments of inertia are 
additive, we have for the entire wheel 

j Win* + El* Wjn* + Es* . W,, 



PROBLEMS 

1. A steel disk, 2 ft. in diameter and weighing 
200 lb., has six 2-in. holes whose centers are 9 
in. from the axis and a central 47-in. hole. Find 
its moment of inertia about the axis. 

2. Two spheres of radius r, connected by a Fig. 1945. 
horizontal rod of length I, revolve about a ver- 
tical axis through the rod’s center. Each sphere wdghs Wlb., the rod 
w lb Find their combined moment of inertia. 

3. A sphere of radius r, at the end of a rod of length I, revolves 
about a vertical axis through the end of the rod. The weights of 
sphere and rod are W and w respectively. If the rod makes an angle 

with the axis, find their com- 
bined moment of inertia. 


196. Moment of Inertia of 
Thin Flat Plates. We shall 
treat the mass of a thm, flat 
plate as if it were concentrated 
in a plane and had a uniform 
surface density <r (mass per unit 
area). Let x and y be perpen- 
dicular axes in this plane and z 
an axis perpendicular to both 



through their point of mtersection 0 (Fig. 195o). Denoting the 
moments of mertia about these axes by 7„ ly, It, 

7* = J' dm, ly = J' x^ dm, 7, = ^ (r® + j/*) dm. 


Hence we have the important relation 
(1) 7a + 7y = It, 
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or on introducing radii of gyration 

(2) k/ + ky^ = 

Example 1. Circle about a Diameter. If r is the radius we have 
fci* = J r* (§ 193). By symmetry kx = ky; hence 
2 kx* ^kz* =‘ I r*, kx* “ 1 r*. 

Example 2. Rectangle abovi a Base. For a rectangle of base 6 
and height h (Fig 1965) we have dm = cb dy for the shaded stnp. and 

j '*h 

^ dy - \ cbh^ * m y ; A® =» J A®. 


For a parallel axis x* through its center 
G the Traiivsfor Theorem gives 

Ajc® == k^x* + (5 A)*, A®-®* = ^2 A®. 
Similarly for an axis y* through (7, 

“ A 

Example 3. Rectangle about its Center. 
For an axis through O (perpendicular 
to the plane) 

A®g* * k^x* "H k^y* =* \2 "h 6®). 

Example 4 Triangle about a Base. 
For a triangle of base b and height A 
(Fig. 196c) we have dm = trl dy for the shaded strip of length / From 
similar tnangles 

i k - y j b 
b~ 'll • ^ - ft (* - P)- 

Hence 

J ** 5 /** h* 

y*-<rl dy = a y*{h — y)dy = ,** hh*<T = m ^ 



+ 




Example 5. An open door on vertical hinges is struck by a gust of 
wind which exerts a pressure of p Ib./ft.* (Fig. 195d). If the door is 
5 ft. wide, h ft. high and is standing nearly at right angles to OB, 
find the speed with which it will stiike B. 
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For a door weighing w lb./ft.» the moment of inertia about the hinge 
line is 

j wbh b* wh*h 
g s -TV' 

When the door makes an angle 8 with OB, the resultant wind pressure 
phb cos 0 acts at a distance J 6 cos 6 from the hinge; hence its moment 
about the hinge-line is 

i b cos e-phb cos ■= § pb*k cos* 0. 

The equation in motion is therefore 

-gy a = i pb*k cos* » or « » 2^ 


Put a = 
then 


a da/d0 in this equation and integrate from 0 
£2 /^j^cos* 0 d 0 , 


— i rtoO; 


Ci> 


2 




3jr pg 

4 wb* 


We may take p = 0 0032 where v is speed of the wind in miles 
per hour,* If w - 5 mi./hr., a door 3 ft. wide and weighing 5 Ib./ft. 
will strike B with the speed of 




3 TT X 0.0032 X 25 X 32 ^ 3 
4X6 


1.9 ft. /sec. 


PROBLEMS 

1. A trapezoid of height h has parallel bases of length 6i, 62. Show 
that 

^2 = j ^2 -L — about the base 61. 

0i + 62 

Consider the cases 61 - 0, 62 = 0, 61 = 62 

2 The vertices of a regular polygon of n sides are at a distance r 
fiom the center 0. Show that 

k* =1(2 + cos^^r* 

about a normal axis through 0. What does k* approach as n -» oo ? 

3 Find fc**, ky*, ft«* for the ellipse i*/o* -I- y*/&* = 1. 

4 An I-section is composed of two rectangular flanges 10 m X 
1 in. (base) and 8 in. X 1 in. (top) connected by a rectangular web 
8 m. X 1 in. Find its moment of inertia about an axis parallel to 
the base and 3 in. above it. 

* Smithsonian Physical Tables (1920), p. 151. 



444 


DYNAMICS OF RIGID BODIES 


8197 


6. An I-section is composed of two rectangular flanges 10 in. X 
2 in. (base) and 8 in. X 1 in. (top) connected by a r(i(jtangular web 
10 in. X 1 in. Find its moment of inertia about a gravity axis 
parallel to the base. 

6. Find for a rectangular prism of dimensions a X b X c about 
a central axis parallel to the edges c. 

7. Find for a right pyramid with a square base of side a about 
the axis. 

8. A thin rectangular vane b ft. wide and h ft. high, weighing w 
Ib./ft.®, revolves about a vortical axis through its center with an initial 
angular speed of wo rad. /sec. The resisting air pressure on any cle- 
ment of the vane is p » cv^ Ib./ft.*, whore c « 0.0015 when v is 
expressed in ft. /sec. As the vane slows down under air resistance, 
find (a) how a depends on the time t, and (b) how w depends on the 

angle 0 through which the vane has turnod. 

If 6 — 4 ft., A « G ft , u; = 2 Ib./ft.*, in what 
time will w be reduced fiom 30 to 15 rev./min.? 
How many revolutions will the vane make in 
this period? 

196. Application of Transfer Theorem. 
The use of the Transfer Theorem in com- 
puting moments of inertia is illustrated in 
the following 

Example, Momctil of Invitia of a Right 
Circular Cyhndei about a Diameter of Ua Eaue, 
Divide the cylinder into thin slices by pianos 
The radius ot gyral.ion of (‘aeh sluj(‘ about its 
own diameter is i r* (§ 195, lix. 1) and about tlie paralh^l diameter 
of the base J r* + The moment of iiu'itia of th(‘ slice about the 
base diameter is therefore Svr^ dz • (i + z'^), and lienee lor the entire 
cylinder 

lx = (1 7 2 _|, 2;2)d2; = r^h -|- 1 A’), 





Pia 196 

parallel to the base. 


A** 




1 ? 2 + i A^ 


PROBLEM 

1 . Find A* for a right circular cone of height A and base radius r 
about a diameter of the base. 

197. Physical Pendulum. A rigid body free to turn about a 
horizontal axis and performing oscillations under the influence of 
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gravity ^ caJled a. physical pendidum. Mg. 197 represents a 
potion of the body by a plane normal to the aods at 0 and passing 
through the center of gravity (?. The point 0 is called the 
of susp&mon. Let ft be the radius of gyration of the pendulum 
about the axis and 6 = GO. If we neglect fric- 
tion at the axis, the weight W is the only external 
force having a moment about 0; the equation 
of motion is therefore 


W 

9 


= -Whame or 




ft* 


sm0. 


This is the same as the equation (§ 171, 3) for a 
simple pendulum of length I = fc*/b. For this 
reason I is called the reduced length of the pen- 
dulum. For small vibrations the period of the 
pendulum is very nearly 

/f 

9 


( 1 ) 




where 


^ 6 ’ 



Fig 197. 


and IS independent of the amplitude. 

Let ft* be the radius of gyration about a parallel axis throu^ 
Q; then from the Transfer Theorem ft* = ft** + b* and hence 


( 2 ) 



Thus for a given body the period is the same for all parallel axes 
at the same distance from the center of gravity 
The point 0' on the line OG at a distance Z from 0 is called the 
center of oscillation Since b = GO, Z — b = GO' we have from (2) 

(3) GO-GO' = ft**. 

Suppose, now, that the pendulum is suspended from an axis 
through 0' parallel to the first; then if 0" is the new center of 
oscillation 

GO'-GO" = ft** and hence 0" = 0. 


Thus if O' becomes the center of suspension, 0 becomes the center 
of oscillation, more briefly, the centers of suspension and oscil- 
lation are interchangeable. This theorem is due to Huygens. 

If a physical pendulum has the same period about two parallel 
axes of suspension lying in a plane through 0, the axes being on 
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opposite sides of 0 and at different distances from it, the reduced 
length of the pendulum is precisely the distance between the axes. 
For if the distances are b, b', 


I = 




since the periods arc equal. Hence, on eliminating k*, 
bl-b^ = h'l - b'^ or (6 - b')l = 6* - 6'*; 


and on dividing this equation by & — 0) we have 1 = 6 + 6'. 

This is the principle of the reversible pendulum of Kcder, which has 
two-knife edges facing one another, one being adjustable so that 
the periods can be equalized by trial. 

When the reduced length of a physical pendulum is accurately 
known, its period in any locality will determine the local value of 
= 4,r^l/n 

The reduced length 1 of a physical pendulum may bo obtained 
by observing its period T; for from (1) Z = gT^/4 tt®. If wo now 
determine the distance 6 of the center of gravity from the axis by 
balancing the body on a knife edge parallel to the axis, we may 
compute 




and 


W 

I = --kK 
y 


This gives an experimental method of finding the moment of 
inertia of a body which can be swung as a pendulum. Thus if 
a connecting-rod is swung from a knife-edge passing through th(‘ 
hole for the crank-pm or wnstr-pin, its monumt of imu-tia about 
this axis may be found as above The monuuit of mi^tia about 
any parallel axis may then be computed from the Transfer Thi^orem. 


PROBLEMS 

1. Show that, for all axes patalh^I to a fixed diiection, the peiiod 
of a physical pendulum is least when b = 

What is the least period for a thin uniform lod 3 ft long? Com- 
pare with its period when hung fiom one end. 

2. A pendulum consists of a splun e of radius r and mass m attached 
to a thin wire of length V and mass m'. Provo that its reduced length 
is 

7 _ + Q! + 0''^! + i 

^ " mQ' + r) + i mT 
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3. A pendulum consists of a light rod with two heavy weights 
wif Wi at the same distance d from a central knife-edge. If the weights 
are regarded as particles and Wi > W 2 , show that the reduced length is 

Wi — w% 

Find the period if Wj - 2 lb., tOi = 2.1 lb., d »= 1 ft. 

198. Kinetics of Rotation. Let 0 be a fixed point on the axis 
of rotation Oz and Ho the moment of momen- 
tum of tho revolving body about 0. Then, ac- 

cording to § 183, the mertia forces of the body ^ 

may be reduced to a / p \ 

Force ma.*- at 0 and Couple of moment /\ 

r '* / 

We proceed to compute Ho s I dm. Let f J 

. ® y 

w = lok be the angular velocity at a certain 
instant. Then if p is a normal vector from the 
axis to the particle P (Fig 198a), its position and 
velocity are 

r = zk + p, V = ojxt = «xp (§ 

and rxv = (ak + p)x(»xp) 

= (ak + p)-p» - (ak + p)-«p (8 19) 

= p^<a — Z03p 

since p*k = 0 Hence 

Ho = dm = ta dm — w J'pz dm, 

or since Jp^dm = I, the moment of inertia of the body about 
the axis, 

(1) Ho = - «/p* 

If the integral Jpz dm = 0, the axis is said to be a principal 
axis of vfisrHa at 0. Then 

T dHo T 

Ho=Z», 


the axis. 


( 2 ) 
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where a is the vector Jingular acceleration ok. Wo thus have 
the 

Theorem. If the aans of revoltUion is a ■principal axis of tnertia 
at 0, ihe inertia forces may be reduced to a 

Force ma* at 0 and Couple of moment la. 

In particular, the inertia forces reduce to 

(o) the couple la ■when P* lies on the axis (a* = 0), 

(6) the force ma.* at 0 when w is constaivt (a = 0), 

(c) zero when P* lies on the axis and a is constant. 

Let the plane through P* normal to the axis cut the axis at 0. 
Then the axis is a principal axis of inertia at 0 in two cases of 
great practical importance 

Case 1. The mass distribution is symmetric -with respect to the 
plane through P* normal to the axis of rotation. Then for each 
symmetric pair of particles on opposite sides of the plane (Fig. 
1986). 




p« dm 4- p(— «) dm = 0 and hence j pz dm = 0. 

Case 2. The mass distribution is symmetric with respect to a 
line parallel to the axis of rotation. Then P* must lie on the lino 

of symmetry (§ 77). Let OP* = p*. Then for each symmetric 
pair of particles (Fig. 198c) we have 

piz dm 4- Ps 2 dm = 2 p*z dm. 
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Hence we may compute J*^zdm as j£ each particle contributed 
p** dm: 




z dm = p* wzg* = 0. 


In Cases 1 and 2 the axis is a priTunpal axis of inertia at the 
-poird where the normal plans through the center of mass ads it. 

Finally consider 

Case 3. The mass distribidion is symmetric wiffi respect to the 
axis of rotation. Choose 0 at pleasure on the Then for 
each symmetric pair of particles (Fig. 198d) 


p« dm + (— p)a dm = 0 and hence 



If the axis of rotation is a line of symmetry, dts a principal axis at 
ALL of Us points. 

By D’Alembert’s Principle the inertia 
forces arc equivalent to the external 
forces. Hence tf the axis is a principal 
axis of inertia at 0, and F and Mo denote 
the force-sum and moment-sum about 0 
of all the external forces actmg on the 
body, we have the d 3 rnamical equations: 

(3), (4) me* = F, /a = Mq. 

On equating the z-components of (4) we 
again obtain the equation of motion of 
§ 191, valid for any axis, whether principal Fig 198d. 

or not: 

(5) lot = Mj 

In Cases 1 and 2, problems in the kinetics of rotation should be 
solved as follows: 

Draw a free body diagram showing all the external forces, the 
inertia force ms* acting at 0 {where the axis is a principal axis) 
and the inertia couple la. Then express the equivalence of the ex- 
temad forces to the inertia force and couple by taking components 
in any direction or moments about any axis so that the resulting 
equations are as simple as possible. 
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Example Bearing Reactions, Consider a homogeneous body 
mounted eccentrically on a vertical shaft and free to turn in frictionless 

bearings at A and B (Fig 198e). 
If the body has the symmetry of 
Case 1 or Case 2, the axis will be a 
principal axis of inertia at the point 
0. Suppose now that the body is set 
in rotation and loft to the action of 
its own weight and the bearing reac- 
tions. Since th(sse forc(‘H have no 
moment about the axis of rotation, 
Ms = 0 and hence a = 0 from (6). 
The angular velocity « thus remains 
constant and the inertia forces i educe 
to a single “force at 0 (Of 

course in any actual case the besarmg 
friction, howcvei small, (ixcTts a retard- 
ing moment about the axis ) 

Fig 198e. By taking moments about B and A 

in turn, we find 

W W 

Hi(a +b) + Wp* = Ih(a + h) ~ Wp* - —o>^p*a. 

y y 

These equations give Ih and Hi, those horizontal reactions revolve 
with the body. Finally on taking vertical components, Vi — W - 0, 

PROBLEMS 

1 A uniform bar of length I is pivoted about a horizontal axis at 
one end. If it falls from lest when horizontal, show that 

a = 3 g cos 0/2 Ij w-* = 3 g sin 0/1 

after falling through an angle o. If the bai weighs 8 Ib., find the 
leactiou [fl, V\ at the pivot when 0 = 45° 

2. If the bar in Problem I weighs W lb , show that the radial and 
transverse components of tlie reaction arc “ wu 0^ i W cos o re- 
spectively. 

3 . A thin uniform rod 6 ft. long and weighing 30 lb hangs at rest 
from a horizontal axis at one end. If a horizontal force of 20 lb. is 
applied at its mid-point, find the horizontal reaction at the axis. 
Where must the force be applied so as to produce no horizontal re- 
action? 

4 . A thin rod 6 ft. long is held perpendicular to the edge of a rough 
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table (ti = i) so that 4 ft. projects beyond. If it is released, find the 
angle through which it turns before slipping. 

6. A uniform rod of length o and weight W is supported by two 
ec[ual wu^es of length I at its ends, the upper ends of the wires being 
attached to a point A on a vertical spindle. If the 
spindle is revolving uniformly at a rad/sec., find the 
tension T in the wires and the an^e 6 between the a 
axis and the line from A to the middle of the rod 
(Fig. 198y). At what value of u will the rod begin 
to rise? 

6. A thin, uniform rod of mass m and length 2 1 
revolves about an axis passing through its center 0 
and making an angle e with the rod. Show that the 
axis IS not a principal axis of inertia at 0. 

7. When the angular speed a is constant in Prob. Pia. 19^. 

6, show that the inertia forces of the rod reduce to a 
couple whose moment is numencally equal to§mci>*iBm0coB0. 



199. Center of Percussion. Consider now a body revolving 
about an axis not passmg through the center of mass P* and hav- 
ing an angular acceleration a 0. Then m Cases 1 and 2 of § 198 
the inertia forces are equivalent to a 

Force ma.* at 0 and Couple of moment la. 


The plane through F* normal to the axis cuts the axis at 0. 
Since a* hes in this plane and a is normal to it, the vectors ma.* 

and la are perpendicular; hence the 
inertia forces may be reduced to a 
single force R = ma* (§ 71, Theorem 
2 ). 

To locate R we form a couple of 
moment la by addmg forces —ma* at 
0 and ma* at a point C on the hne 
OP*. The inertia forces are thus 
reduced to the force R = ma* at C 
(Fig. 199a). To find the distance Z = 
OC we equate the moment of R about 
the axis to la. Replacing R by its radial and transverse projec- 
tions, of magnitude mT*u^ and mr*a respectively, we thus find 

ft* 
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where k is the radius of gyration about the axis. Thus C coin- 
cides with the center of oscillation of the body regarded as a 
physical pendulum (§ 197, 1). We state this result in the 

Thborbm. If the center of mass of the rotating body does not lie 
on the axis in Cases 1 or 2 and a 5^ 0, the inertia forces haioe a 
resultant ma.* which citte the line OP* produced at a distance k^/r* 
from 0. If the body is regarded as a physical pendulum, this point 
is its center of oscillation. 

The point C is often called the center of percussion. To show the 
meaning of this term, consider a physical pendulum of weight W 
hang in g in equUibnum from a horizontal axis 0 (Fig. 199!>) ; the bear- 
ing will then exert an upward reaction V = — W. If i,he pendulum 

has a piano of symmetry 
normal to the axis and is 
given a blow ropresenied 
by a horizontal force F 
in this plane, the bear- 
ing will in general exert 
a horizon1,al reiwstion H. 
By D’Alembert’s Prin- 
ciple the external forces 
F and H must have tho 
same rosuli.ant as tho 
inertia forces brought 
into play by the angular 
acceleration a of the pendulum (w = 0 at ins(,ant of striking) Wo 
have seen that the inert ia forces have a K'sultant. R = ma^r* act ing 
through C] hence F and H must be equivalent. i.o R. If the lino 
of F passes below C, H will have the same direction as F if F 
passes above G, H will bo opposed to F; but if F passes through 
C, H = 0 and F s R The horizontal reaction at the axis vanishes 
only when the line of the blow passes through the center of percussion. 

In any case H may be found by taking moment.s about C: 
Fip -1)- HI ^0. 



Example. Bearing Reactions on a Physicol Pendulum Let Fig. 
199c represent a physical pendulum which is symmetric with respect 
to a plane through P* normal to tho axis (the plane of the paper). 
Its inertia forees have a resultant R = ma* passing through its center 
of oscillation C. Resolve R into its tangential and normal projections 
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at C, and let P, Q be the corresponding projections of the bearing 
reaction. 

To find P equate the moments about C of the external and inertia 
forces: 

—PI + W(J. — b) sin 9=0, 

P = W sin 9(1 — b*/k*). 

To find Q equate components along 
OC. 

W 

Q — TT cos 9 — — bt>‘, 
ff 

Q = W (cos 9 - hu*/g). 

Knowing the angle where the pen- 
dulum comes to rest, we may com- 
pute c<i‘ from the equation of energy. 

PROBLEMS 

1. Find the center of percussion 
of a thin uniform rod of length h about an axis at one end. 

2. A boy strikes a ball with a cylindrical bat 3 ft. long. Aasiiming 
that the bat turns about an axis 6 m. from the end, where must the 
ball be struck so as to produce no normal reaction on the hands? 



200. Torsion Pendulum. Consider a body suspended by a 
vertical wire, clamped at the upper end. We assume that the 
body is attached so that the axis of the wire passes through the 
center of mass and is a pnncipal axis of inertia at this pomt. If 
the body is displaced through an angle 9, the twdsted wire will 
exert a restoring torque about its axis proportional to 9, say —C6. 
The negative sign indicates that the torque and the angle are 
opposite in sense. Since the mertia forces of the body reduce to 
the couple la (§ 198). 


dP 


-CB or 


m C 

di^ J 


Since the axis of the wire is a pnncipal axis the reaction at the 
clamped end simply balances the weight of the body and does 
not tend to throw the wire out of plumb. The body will therefore 
rotate about the wire as a rigid vertical axis. 

The equation above is the differential equation of a simple 
harmonic motion (§ 119, 1) with x replaced by 6 and »* = C/I, 
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The complete torsional oscillations therefore have the period 

m 

which, moreover, is independent of the amplitude. 

This result gives a second experimental method of finding 
moments of inertia. For this purpose we may use a torsion pen- 
dulum formed by two equal disks rigidly connected 
by vertical straps, the upper disk being attached to 
the wire at its center (Fig. 200). To detennine I for 
the pendulum place a circular cylinder of known mo- 
ment of inertia J# on the lower disk so that its axis 
coincides with the axis of the wire, and observe the 
Fici. 200 penod To of the loaded pendulum. Since the moment 
of inertia is now I + /o, we have from (1) 


= 4 7r*J, 

J.2 7 


W = 47r*(/-}-7o); 


To* I + Io 


and I = Jo-, 


TJ- 2’2- 


We may now find the moment of inertia 7i of a body having a 
plane of symmetry perpendicular to the axis of rotation Place 
the body on the lower disk so that the wire is normal to this plane 
at the mass center; the wire is then a principal axis of inertia 
of the loaded pendulum (§ 198, Case 1) If the period is now Tt 
we have as before 

_ 7'2 


7 = 


T* 

1- y yj : 


hence Ii = I 


ip2 


201. Uniform Rotation. We turn next to the important case 
of a body revolving about a fixed axis with constant angular ve- 
locity Cl) If 0 IS a fixed point on the axis, and p denotes the normal 
vector from the axis to a particle P of mass dm, the inertia forces 
— co*p dm reduce to the 


(1) Force: — J*(a^ dm = — «iw®p* at 0, and 

(2) Couple: - J* (kz •+■ p)xci)*p dm = -w*kx J* p« dm. 

This couple equals dHo/dt (§ 198) and may also be computed from 
(§ 198, 1). 
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Both force and couple are zero when, and only when, p* = 0 


and 



Then no bearing reactions are called into 


play by the motion; the bearing reactions then merely serve to 
balance the impressed forces, such as weight, on the rotating body. 
We therefore have the 

Theorem If a body rotates ahovti a fixed axis with constant angu- 
lar velocity, the bearing reactions due to its motion will vanish when, 
and only when, 

(а) its center of mass lies on the axis, and 

(б) the axis is a principal axis of inertia at one of its points. 


Suppose now that the axis does not pass through P*, the center 

of mass: p* 9 ^ 0. Then if J'pzdm = 0 fat & pomt 0, the axis 

is a principal axis at 0 and the mertia forces reduce to a smgle 
“ force ” —mu^* at 0. If the direction of 
thia resultant inertia force is reversed we 
obtain the so-called centrifugal force which 

at any mstant must just balance the external 1 wdm 

forces. 

If however J pz dm 0,0. is not a princi- 

pal axis at 0 and the inertia forces reduce to 
the force and couple given by (1) and (2). We 
then inquire whether the axis is a principal 20lo. 

flvia of inertia at some other pomt O'. This 

will be the case if J pz' dm = 0 where z' is measured from 
O' If 00' = a, z' = z - a (Fig 201a); then 


0 ' 




t 


(3) J' pz' dm = J' pz dm — aj'p dm = J*pz dm — amp*. 

Hence if J* pz dm and p* are parallel vectors, there is just one 

value of a that will make the nght-hand member zero Smee 
a = 00', this locates a point O' at which the axis is a principal 

axis of mertia, that is, Jpz' dm = 0. But if Jpz dm and p* 

are not parallel, the right-hand member of (3) will not va^ for 
any value of a. Therefore an axis, not passing through the center 
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of mass, mU either be a principal axis of inertia at one point only 
or at none of its points. 

If the axis passes through P* (3) becomes 

/ pz' dm = I pz dm since p* = 0. 

z Hence if Jtz dm = 0, then J* pz' dm = 0 for 

p any choice of O'. Therefore if an axis through 

Q. \ the center of mass is a principal axis at one 

point, it is a principal axu of all of its points. 

b' X B 

Example 1. Consider a thin, uniform rod OB 
z of length I revolving about the axis Oz (h’ig. 

Fig. 2016. 2016). Then if OP => s, 


p = 8 sin 0 1 , a = 8 cos fl, am = ^ ds, and 

J* pa dm = iysin fl cos ds = i mZ* sin $ cos fli. 

Since mp* = i mZ sm fl i, wo may make J* pa' dm = 0 by choosing 

a = i Z cos 8 in (3). Thus if 00' = ? OB', O' will be the only point 
on the axis at which it is a principal axis of inertia. The ineitia 
forces of the rod therefore reduce to the single 
“ force ” z 

— mp*«* = —1 mZw® sin $ i at O' 


In any case we can always apply the basic O" 
Theorems I and II of § 179 in the solution 
of problems, choasing any convenient point 
as center of moments. 


-H .y 

r I 


2Xpi--^ 


Example 2. A thin rod AB, hinged at A, I \ 

revolves about a vertical axis z with constant t \ 

angular velocity cj (Fig. 201c), Find the angle \b 

0 that it makes with the axis and the reaction 201c 

at A- 

The inertia forces — dm lie m the axial plane through the rod. 
With the positive directions indicated their sum is 

(i) wa* = 0] - [mw*(c + i Z sm e), 0] (§ 181, 4); 
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and their moment-sum about A is 

Ma = <o*ps COB e dm 

where s is the distance AP along the rod. Since 


p = c + s sm 9, dm -j da. 


(ii) Ma = j«®cos9jj(c +ssin»)sd8 =jn«>icose(ic+iIsina). 

The external forces are the weight [0, -F] and the reaction [H, 7) 
at A. Since these are equivalent to the inertia forces we have from 
(0 

(lii) H = y «*(c + ilsme), 7 - TT = 0; 

and from (ii) 


(iv) 


§ Wl sin d 


= — 6)*Z cos a (i c + il sin 6) 
g tan d 

^ c + sine* 


or 


When w is given, the angle e may be found from (iv); then H and 
V are given by (in). 

Thus if 2 = 3 ft,, c = 1 ft., w = 2 IT rad./sec , (iv) becomes 


tan e w® 4 TT® 

1 + 2 sin ^ ^ " 32 


1234. 


By trial we find that d - 74° 30'. Then from (in) 

H = 1 234 (1 + 1.5 X 0.9636) W = 3 02 W, 7 * W. 


PROBLEMS 

1. Using the result of Example 1, show that «* = 3 g/2 I cos e. 
If Z = 6 ft., 0 ) = 4 rad /sec,, 17-8 lb., find the angle e that the 

rod makes with the axis and the reaction at 0 normal to the axis 

2. In Example 2 locate a point on the axis at which it is a principal 
axis of inertia if Z = 6 ft., c = 1 ft., e - 30° 

3. The lower end of a thin uniform rod of length Z is carried round 
in a horizontal circle of radius c with constant angular velocity « at 
an angle d to the vertical. Show that 

_ S tan e 
” c — i Z sin ^ ' 

Find <0 when Z = 3 ft., c = 4 in., e = 5°. If the rod weighs 1 lb., 
what is the horizontal reaction at the bottom? 
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202. Balance of Revolving Masses. In § 73, Example 2, we 
found that when a number of weights TV, with vector occentriGities 
p, are fixed to a shaft, the condition for its standing balance is 

(1) XW,p, = 0. 

Remembering that pj is the normal vector from the axis of revolu- 
tion to the center of gravity of W„ this condition states that the 
center of gravity of all the weights lies on the axis (§ 77), 

Suppose now that each weight has a plane of symmetry normal 
to the shaft-axis or a hnc a symmetry parallel to this axis. Then 
if the shaft and weights revolve with constant angular velocity w 
the inertia forces of each weight TV, may be reduced to a single 
force 

TV 

(2) WA* at 0. (§198). 

The shaft ts said to be in running balance when these resultant 
inertia forces reduce to zero In this case the motion will not, pro- 
duce reactions at t,hc bearings The absence of such kinetic 
reactions is very important m high-speed machines, ot,h(‘rwiso 
the bearings are subject to periodic stresses (proportional to w®) 
which cause undue wear and often violent vibration Tlie vi- 
brations are especially severe when the period 2 tt/w of these* 
stresses nearly coincides with the natural period of vibrat.ion of 
the supports {resonance, § 175) 

By the Equivalence Theorem of § 74 the inertia force's (2) are 
equivalent to zero when, and only when 

(а) their sum is zero, and 

(б) the sum of their moments about any point is zero 
From (2), the sum of the inertia forces is a “ force ” 

(3) 

If 0 IS an arbitrary origin on the axis of ro<,ation and 00, = 2 ,k 
(Fig. 202a), the moment of the inertia forces about O is 

(4) Mo = - S2.k.TV.p. = - ^ kx2;8.TV.p, . 

V V 

The necessary and sufficient conditions for running balance, F = 0, 
Mo = 0, thus become 

(5) , (6) = O' = 0. 
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The first of these is precisely the condition (1) for standing bal- 
ance. 

Theobem. The weights W, are mounted on a shaft so (hat iheir 
centers of grcmty have the position vectors 

r, = z,k 4" p« relattve to an origin on the axis. 



Then the shaft is in running balance when, and only when, 

(a) the vectors W,p, form a closed polygon, and 

(b) the vectors 2,Tr,p, form a closed polygon. 

We shall call the polygons TF,p, and g,W,p, the force and moment 
polygons respectively. The corresponding sides of these polygons 
arc evidently parallel. 

The center of gravity of each weight W, lies in a defimte plane 
normal to the axis and in a definite plane through the axis; these 
are the normal and axial planes of W,. 

When the weights all he m the same normal plane, 2 , is the same 
for all and the force and moment polygons are similar. The 
closing of force polygon therefore implies the closing the moment 
polygon. Hence when aU the weights he in the same normal plane, 
their static balance also assures their running balance 

Two weights can bo in running balance only when they lie in 
the same normal and axial planes and on opposite sides of the axis. 
For both force and moment polygons consist of a line segment 
described twice, say obo, and ABA', hence pi and pi have opposite 
direction.s and 2i = ABjdh = BAjba = 22 . 

Thee loeights can be in running balance only when they he in 
the same normal plane or in the same axial plane. For the two 
polygons abca, ABC A axe either similar triangles or they form a 
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rectilineax segment described twice. In the former esse 

Zi — Zi — Zs 


§202 


= Bothat 


ab be ca 

and the weights he in the same normal plane; in the latter pi, p2, p^ 
are parallel and the weights lie in the same axial plane. 

Example 1. A shaft carries two balanced flywheels whoso pianos 
are 1 ft. and 2 ft. respectively from the normal plane of a crank be- 
tween them (Fig. 2026). If the crank has a radius of 9 in and is 

equivalent to a mass of 100 lb. at its 
crank-pin, balance the shaft by means of 
two weights TTi, W% in the planes of the 
flywheels and at the same distance p 
from the axis. 

As the flywheels alone are in running 
balance, we must balance three weights 
of 100, W'l, W% lb. Since those must lie 
in the same axial plane, we may take 
their eccentricities as 9 j, — pj, — pj in. 
Then with 0 as origin wo have from (5) 


100 lb. 


i 

X l' > 


J ' 


—————— —o 


w, 


w* 


Pro 2026 . 


0, 1 X 100 X 9 j + 0 - 3 W 2 P] « 0. 


where j is a unit vector, 
and (6). 

100 X 9 j - Wm - TT^pj 
Hence 

Wip = 300, Wip = 6001b.-in. 

If we take p = 24 in , W% ^ 12.5 lb , Wi » 25 lb 

Example 2. A shaft has a number of cranks of woight.s equivalent 
to Wt at the crank-jiin radius p, // the Jorcc ( IKp) polijgon cloara but 

the moment (zWp) polygon does not (Fig 203rf), lot AH = 

Then the inertia forces of the shaft at speed w reduce to a couple of 
moment (4), 

cr 0 

Since the unit axial vector k is normal to AB the magnitude of this 
unbalanced torque is (oi^/g)-AB. Note that AB will be the same 
for any center of moments 0 (§ 68, Theorem 2) 

Thus for a shaft with thieo equal cranks at 120^, each equivalent 
to W Ib. at a radius r ft. and spaced d ft apart, wc find 
A5 = 2 dlFr cos 30“ = VJ dWr. 

Hence the torque on the bearings amounts to 

- W 

V3 — «>rdlb.-ft. 

9 
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203. Balandng by Two Masses in Given Normal Planes. In 
order to balance a number of eccentric weights TF", having ^ven 
eccentricities Pi and in given normal planes Zi, we construct the 
vector sums and 5 )a,Tr 4 )„ say 



If od is parallel to AD (which is always the case if the weights lie 
in a common normal plane), balance may be effected by 
one extra weight W chosen so that 

TFp = da, zWp = DA. 

The first equation gives Wp, the second z. 

In general ad will not be parallel to AD. Then, since corre- 
sponding sides of the polygons must be parallel, balance can not be 
effected by adding one weight. In this case vre can always balance 
the given weighis by adding two weights placed in different normal 
planes chosen at pleasure. Let Wi, Wi be the added weights, Wt, 
Wi, . . . , W„ the given weights. Then if the origm of z is taken 
in the normal plane of Wi, Zi — 0 and the equations for balance are 

(1) , (2) TTipi 4- IFjPj + 2)TF,p, = 0, ZiWipt + “ 0- 

3 3 

Since 22 is given, the second equation determines W 2 Pi and the 
first Wipu 

The force equation (1) may be replaced by a second moment 
equation for an ongin O' in the plane of Wz', then Zz' = 0 and the 
equations for balance are 

(3), (4) zi'Wipi + X^'W.p, = 0, 22 TF 2 P 2 + XziW,p, * 0. 

T 3 

These give TTipi and TF 2 P 2 respectively. Equation (1) may now 
be used to check the solution. 

To solve the problem analytically we replace the equations (1), 

(2) or (3), (4) by four scalar equations. Thus if the angle between 
a fixed axial plane and p, is we have on resolving parallel and 
normal to this plane 

pt = [Pi cos <t>tf Vt sin <l>i]j 

and each vector equation yields two scalar equations. 

The corresponding graphic solutions are obvious. Thus m 
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the second method we draw two moment (zFTp) polygons: A BCD 
for an origin 0 in the plane of Wi, A'B'C'D' for an origin O' in 

the plane of Ws (Fig. 203a). If the +z directions arc 00' and 
0*0 respectively and the distance 00' = a, 

J 5 i = 0, Z 2 — a for ABCD; zi = a, 22' = 0 for A*B*C*D* 




Fio. 203a. 


The closing vectors 

DA = aW'2P2, D'A' = aWipi 

determine W 2 ^%y T7ipi. We may now check the solution by the 

closure of l.ho force 
(>rp) polygon. 

Example, 1 . A crank- 
shaft has four o(iui- 
disiant Clanks of the 
same ladiiis. If the 
middle pair are in 
poipendicular axial 
planes and arc o(|uiv- 
alcMit to 120 11). at the 
crank-pin, dcterininc 
the weights and posi- 
tions of the outsiclo 
pair for running bal- 
ance. 

Number the cranks 
1, 3, 4, 2 in order (Fig. 

2036) and take the equal distances between them as unity. Denote 
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the equal crank radii by p and let W - ion w 

the following table: W -120 lb. We may now form 


Crank 

z 

2' 

w 

V 


zWp 

z'Wp 

Wp 

3 

1 

2 

w 

V 

0® 

Wp 

2 Wp 

120 p 

4 

2 

1 

w 

p 

90® 

2Wp 

Wp 

120 p 

1 

0 

3 

Wx 

p 

4>i 

0 

3Wip 

89.5 p 

2 

3 

0 

w, 

p 


3 W%p 

0 

89.5 p 


The moment polygons for the points 0 and O' are drawn as shown 
Their closing Hides give the directions of cranks 2 and 1 and also 

3 Wtp = V5 Wp, 3 Wip - V6 Wp; 

hence W, - Wj = 40 ^5 = 89.5 lb. 


Or wc might have drawn the closing sides of the force ( Wp) polygon 
paralh'I to the known directions of 1 and 2 and then found Wi and W* 
by moasun'inont The angle between cranks 1 and 2 is about 37®. 

Example 2 Thiee weights Wj, W4, Wt are mounted on a shaft 
as Hhowii in b'lg 203c and m the table below Find the value and 
position ot tlie weights W,, Wj to be placed in normal planes through 
O and O' so that the shaft will be in running balance. 


(hunk 

z 

2' 

W 

B 

4> 

zWp 

z'Wp 

Wp 

3 

-1 

1 




-100 

400 

100 

B 


2 

100 

1 

150® 

100 

200 

100 

H 

2 

1 



270® 



150 

1 

0 

3 

Wi 

Pi 

^1 

0 



2 

3 

0 




3 W2P2 

0 

115 
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The moment polygons for the points 0 and O' are drawn as shown. 
Their closing sides 2 and 1, give on measurement (from large-scale 
diagrams) 

3 WiPi - 346, <h =60®. Wipt “ 115; 

3 Wipi = 229, •= 221®- W,pi » 76. 

The force (TTp) polygon may now bo drawn; its closure checks the 
solution. 

If we take pi = p* - 3, Wi *■ 26.3 lb., lYj = 38.3 lb. 



Example 3. An unljalaiiccd ciank-.sIiafL is to be Imlaiicc'd bv 
two weights Wi, IKj II llio force (IKp) polygon ol the unbalanced 
cranks closes, what can bo said about the position of the balance 
weights? 

Since the Wp polygon for the cranks and tlu- balanci' weights must 
close for running balance, the VFp polygon for the two balance weights 
must close, i e. 

(i) Wipi -I- Trjp2 = 0 

Hence pi and ps have opposite directions, and Wi, Wt must he in the 
same axial plane. 

Smee the moment (zWp) polygon for the cranks does nut close, let 
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BA denote the closing side (Fig. 203d). If we construct the moment 
polygon for the cranks ond balance weights relative to the same point 
0, it must close for running balance; that 
is 

(li) ZiWipi + SjWaPa = BA. 

Hence pi and ps are parallel to BA. 

Let us choose, for example, Wi = Wt 
Then pi = -p, from (i); and from (ii) 

(2l - 2j)WiPi = 

Now zt and Zi (which define the normal 
planes of Wi and Wt) may be chosen at 

pleasure provided Zi sj. The equation above then gives Wipi, 




Force and moment polysons for 
unbalanced shaft. 

Fig. 203d. 



PROBLEMS 

1. A crank-shaft has four equidistant cranks of the same weight 
and radius. The inner cranks have the same direction, the outer 
cranks are opposed to these. Show that the shaft is in running balance. 

2. A locomotive crank-axle has two perpendicular cranks of equal 

weight and radius. These are to be 
balanced by weights on the driving 
wheels (Fig. 2Q3e). If the distance 
between cranks is d, between wheels 
Ij show that the central angle d sub- 
tended by the balance weights is 
2 tan“i d/l Apply this result to 

Example 1 above 

3. A crank-shaft has three cranks of equal weight W and radius 
p at anglcvs of 120° with each other The middle crank is at the same 
distance d from the others. Show that the shaft may be balanced by 
two equal weights Wi = 172 in the axial plane perpendicular to the 
middle crank and that pi - — p 2 If the balance weights are on 
opposite Hides of the middle crank and at the same distance Z, show 
that IWipi - dWp cos 30° 

[Draw the moment polygon relative to the middle crank See 
Example 3.J 

4. A crank-shaft has five cranks (i, 2^ 5, 4, taken in order from 
left to right) of equal radius, spaced at equal distances along the 
shaft. Cranks 2 , 3 , 4 are at 120° and are equivalent to 100 lb. at the 
crank-pin Find the equivalent weights for cranks 1 , 6 and the angles 
between I, 2 and 4 j ^ for running balance [See Example 3.] 

6. In Example 1 find the weights and positions of the outer cranks 
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1, S il tho crankfl S, 4 havo woightK equivalent to 50 and 75 lb. at the 
crank-pin. 

6. A shaft 7 ft long carries two flywheclH at its oikIh and four cranks 
at distances of 2, 3, 4, 5 ft. from the left-hand wheel. Each crank is 
90® in advance of tho one on its left and is equivalent to 70 lb. at a 
radial distance of 10 in. Find the position and magnitude of two 
weights in the planes of tho flywheels and 20 in. from their axis that 
will balance the shaft, if the flywheels themsolves arc balanced. Sketch 
the balanced shaft. 

7. A shaft has four equal cranks at 90® spaced d ft. apart. Tho 
cranks arc numboicd 1, S, S, 4 from loft to right and each is eijui valent 
to TT lb at a radial distance of r ft. Compute the toniue on the bear- 
ings duo to tho inertia forces in each of the three arrangc'inonts shown 
(Fig. 203/). [See § 202, Ex. 2.1 


■X. 4- 



♦33 

Fim 2o:y 


204. Balance of Masses in S.H.M. We have sc'en in § 119 
that s h.m. is the projection of uniform circular mol.ion on a diam- 
eter. If a particle Q revolves in a circle of radius p with l.ho con- 
stant angular velocily w, its accclera- 



Fio. 204a. 


tion IS 



a^ = — w*p where p -- <Xi 

Tjct P be the project ion of Q on a di- 
ameter Then tli(> accelerat.ion of P is 
tho projection of on this <lianiet,er 
(§ 106) 

If P is th(‘ center of gravity of a re- 
ciprocating body of weight IF perform- 
ing this s.h.m , it,s inert ia forci's havo a 
resultant at P equal to 


W . 

a<j = — y proj Wp. 


(§ 190). 


Consider, now, a number of weights W, whose centers of gravity 
P' describe simple harmonic motions of the same period T q long 
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BALANCE OP MASSES IN SH.M. 

a series of coplanar parallel lines (Rg. 2046). Bach m of 
amplitude p„ may be regarded as the projection of a unifftTm 
motion of a point Q, in a circle of radius pf with the aT.g„To> 
velocity « = 2 w/T rad./sec. H pj is the vector radius to Q,, 



Fig. 2046 


When these inertia forces reduce to zero for all positions of the 
reciprocating masses, the masses are said to be in running balance. 
Hence if e is a unit vector along an axis of reciprocation, the con- 
ditions for balance are 

e-X^«P« = e.2)2.F,p, = 0; 

that is, the sum of the forces and of their moments about O vanish. 
These equations must hold for all positions of the vectors p, as 
they make a complete revolution Otherwise expressed, they 
must hold if the vectors p, are held fast in one position and the 
unit vector e is revolved in their plane. But if the equations are 
true for all values of e, we must have 


( 1 ) 
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These ore precisely the conditions for the running balance of the 
weights PT, mounted on a shaft with eccentricities p, (§202). 
In brief: 

In order ffiat a set of reciprocating masses describing paraUd, 
coplanar simple harmonic motions of the same period be in rurir 
ning balance, it is necessary and suJficietU that these masses, when 
transferred to the corresponding particles revolving cibovi a common 
aaris and in similarly spaced normal planes, be in running balance. 

205. Balance of Reciprocating Masses. When the crank of an 
engine (shdcr-crank) mechanism is revolving at the constant rate 
of (0 rad./sec., the acceleration of the crossliead and piston are 
given approximately by 

a = — rw*^cos ^ (§ 112, 9), 

where n = l/r, the ratio] of the length of the connecting-rod to 
that of the crank. If we write this as 

a == — rw* cos ^ — (2 w)* cos 2 A, 

4 a ’ 

each term on the right may be regarded jus acceleration m s li.m. 
The first corresponds to motion in a circle of radius r and Jingular 
speed CO, the second to motion in a circle of radius r/4 n and of 
angular speed 2 co. 

For an infinite connoct.mg-rod the second term is zero; the 
crosshcad then has the s h ni corresponding to the first term For 
a finite coniiccting-rod both terms contribute to tlie resultant 
inertia force of the reciprocating parts; if their total weight is W, 
those contributions are the 

W 

Primaiy inertia force rco^ cos il>, 

W r 

Secondary inertia force = — ^ 

Consider now an engine having several cylinders with parallel, 
coplanar axes and located on the sjuiie side of tlie cnink-shaft. 
Its reciprocating parts (piston, piston-rod and cross-head) are 
said to be in primary balance when its primary iuer(.inrforces 
reduce to zero, in secondary balance when its secondary inertia- 
forces reduce to zero. Now the pnrnaiy and secondary inertia- 
forces are assignable to parallel, coplanar, simple hannonic mo- 
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tions of the periods 2 t/w and ir/« respectively; and the necee> 
saiy and sufiScient conditions that each set separately be in bal- 
ance are given by the equations ® 204, 1). Thus if the vectors 
P» give the crank radii in any position of the crank-shaft, the 
conditions for primary balance are 

( 1 ), ( 2 ) = 0 , = 0 . 

Let <l>t be the angle measured m a de&tute sense fr om a fixed 
axial plane to p,. Smce the angular speed and radius correspond- 
ing to the secondary simple harmomc motions are 2 to and r/4 n,, 
the vectors p, must be revolved through an additional 
to get the relative crank positions for these (imagmaiy) motions, 
and their lengths then multiplied by 1/4 n,. Thus if the vectors 
p, become p,' when shifted ahead an an^e 4Ht the conditions for 
secondary balance ^ 

If the lengths of the connecting-rods and cranks are the same 
for all cyhndcrs, n, is constant and a common factor of all the 
terms m these sums. The conditions for secondary balance then 
reduce to 

(3), (4) = 0' = 0. 

The distances 2 , arc measured from some convenient normal plane 
to the axes of the several cylinders (Fig 2045). 

The only difference between conditions (1), (2) and (3), (4) is 
that the vectors p/ make twice the angle with the fixed axial plane 
as the vectors p,; that is, if ^ is the angle of p„ 2 (^, is the angle of 

P/- 

If the reciprocating masses are all equal the factors W, may be 
dropped from equations (1), (2), (3), (4). 

In the following examples the upper diagram shows the actual 
crank arrangement, the lower the correspondmg arrangement for 
the secondary simple harmonic motions. The reciprocating 
masses, the crank-arms, and the lengths of the connecting-rods 
are assumed to be the same for all cylinders. Moreover the 
axes of the cylinders are spaced at equal distances. The letter 
O indicates the center of moments. 
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Example 1. In the three-crank engine of Pig, 205a, the primary 
and secondary force polygons both close, but the moment polygons 
do not. Thus both primary and secondary inertia forces reduce to 




Fig 205a. Fig 2066. 


Example 2. In the four-crank engine of Fig. 2056, the primary 
tkjToe polygon and the primary and secondary moment polygons close; 
the secondary force polygon does not. The secondary forces reduce 
to a single force at 0. This resultant secondary force is equal to the 

projection of a vector of length 
4 Wro^lgn revolving at twice 
the rate of the crank. 

Example 3 In the six-crank 
engine of Fig 205c the primary 
and secondary force and mo- 
ment polygons all close It is 
therefore in perfect primary and 
secondary balance. This does 
not mean, however, that the 
inertia forces arc perfectly bal- 
anced; for these forces were 
calculated from the approximate 
formula (§ 112, 9). Nevertheless this engine is one of the most per- 
fectly balanced engines that can be constructed. 

PROBLEMS 

1. An engine has four cranks of equal radius* 1, B, S, 4 from left 
to right (Fig. 20Sd). Cranks B and S are at 120® and he in the same 
normal plane. Cranks 1 and 4 make angles of 120® with both B and 
S; they lie in the same axial plane and at distances di, di from the 
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plane of S. Show that the engine (not practicable) has perfect pri- 
mary and secondary balance when 

W2 “ Wz ^ Wi + TF4, WilW^ « djdu 

2. An engine has five equidistant cranks of equal radius (f , 5, -f, B 
from left to right) having the angular positions shown in Fig. 205s« 
If the corresponding reciprocating masses are proportional to 1, 2, 3, 
2, 1, show that the engine has perfect primary and secondary balance. 



4 



Fio. 205gr. 


3. Figs. 205/, g show the crank arrangement on two five-crank 
engines with cranks at 72®. The cranks, numbered 1, S, S, 4> ^ from 
left to right, are equidistant and of equal radius. If the reciprocating 
masses are all equal, show that primary and secondary force polygons 
close for both arrangements, 

but that the moment poly- ^ | 

gons do not. Which ar- 
rangement gives the smaller 
unbalanced primary couple? 

Secondary couple? 

4- In the four-crank en- 
gine shown in Fig. 205A, 

Wi =a Wi, W 2 « Wzj and the 
ratio r = a/6 is given. Show 

that the angles a, must be computed from the equations 

4 cos^ a -h (r® — l)cos® a — r® *= 0, cos a cos i3 = J, 



- 


b \—a- 
1 



Fig. 205h. 


in order that both primary polygons and the secondary force polygons 
close, then W 2 /W 1 = 2 cos’* a. 

[From the closure of the thiee polygons we find Wi cos a — W 2 cos / 3 , 
rWi sin a = W 2 sin a, Wi cos 2 a = - W 2 cos 2 p. Eliminate Wi, W2 
from these equations ] 

6. When a/6 = 2 in Problem 4 compute a, p and W 2 IW 1 . 


206. Governors. A prime mover such as a steam or gas en- 
gine, a steam or hydraulic turbine, is m practice often subjected 
to a power demand which varies within certain limits In order 
to adjust automatically the driving force to the load on the prime 
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mover it must be equipped with a gov&mor] and the ideal of 
operation is to design the governor so that the prime mover works 
at about the same speed over its entire range of load. The 
governor is essentially a mass connected to the engine so that it 
revolves at the same or at a proportional rate. A decrease in the 
load on the engine increases the driving force available for the 
acceleration of its moving parts; the engine speed thus increases 
and with it the governor speed. The governor then changes its 
position and actuates a mechanism that decreases the supply or 
effectiveness of the working fluid. An increase in load produces 
the contrary effect. 

The action of the governor may depend solely on a change 
Aco in angular speed or on such a change coupled with the rate of 
change da/di. In the former case we have a ceninfugtd gooemor, 
in the latter, an inertia governor. Governors are also classified 
according to the arrangement of the revolving masses. If these 
form essentially a conical pendulum (§ 167, Ex. 4), the governor 
is called a pendulum or a flyhdU governor) as the speed changes the 
balls revolve in different normal planes. If the governing masses 
are pivoted to the flywheel or some other rotor keyed to the crank- 
shaft, the governor is called a shaft governor] as the speed changes 
the masses are displaced in the same normal plane. Centrifugal 
governors may be either pendulum or shaft governors; inertia 
governors, however, are all of the shaft type. 

We shall consider m the following articles the steady states of a 
governor, namely, the positions in which it can run at constant 
speed. In such positions the governor is said to be in equi- 
librium. The study of the dynamical stability of a governor and 
the oscillations about a steady state necessitates treating the 
governor and engme as a single dynamical system. This more 
difficult problem will not be considered. 

207. Pendulum Governors. In dealing with the equilibrium 
of governors we must first consider the inertia forces generated 
by a uniform rotation w. If wo neglect the inertia of the links 
connecting the balls with the governor shaft, wo need only con- 
sider the inertia forces of the balls and of the axial sleeve, which 
IS usually weighted to secure certain desirable characteristics in 
governor action. Smee the sleeve has always approximate axial 
symmetry, its inertia forces reduce to zero (§ 198, Theorem). 
The inertia forces of each ball, of mass m, reduce to the resultant 
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Twa* at its center (§ 198, Theorem). These resultants reversed are 
the centnfugdL forces of the balls; each equals C - mw*r and is 
directed away from the axis. ^iHien the governor is revolving 
steadily the centrifugal force on each ball must equilibrate all the 
external forces on the corresponding pendulum. These external 
forces are 

(a) the wei^t W of the ball (ne^ecting the t roight . of the 
pendulum rod), 

(&) the reaction R at the point of suspension, 

(c) the stress S in the link joming the pendulum to the sleeve, 

(d) and if springs are employed, any spring load T acting on the 
pendulum. 

The equilibrium of pendulum governors is thus reduced to a prob- 
lem in plane statics involving the equilibrium of C with the forces 
listed above. Such problems may be solved graphically or 
anal 3 rtically by the methods of Chapter IV. In the anal 3 rtieal 
method the condition for equilibrium is obtained by taking mo- 
ments about the point of suspension 0. The equation so ob- 
tamed relates the speed to the position of the governor. 

A pendulum governor is actuated entirely by the normal in- 
ertia forces; for the tangential inertia forces due to angular 
acceleration are perpendicular to the plane of the governor and 
play no part m changmg its position. 

Pendulum governors are classed as gravity or spring governors 
according as the centnfugal force C is prmcipally balanced by 
weights or by apnng loads. Both types are considered below. 
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Example 1. Loaded Watt Governor. In tho governor of Fig. 207a 
the weight of the ideeve Q is balanced by the tensions S in the links 1; 
the vertical component of iS is therefore equal to i Q. Each pendulum 
is in equilibrium under the centrifugal force C => (,W/g)<a*r and the 
external forces W, 8, B. 

In taking moments about 0 it is convenient to shift S along its line 
of action to a point on the same level as 0 and there replace it by its 
vertical and horizontal projections, i Q, H. The moment of 8 about 
0 then reduces to } Qx, since the moment of H is zero. The moment 
equation therefore reads Ch — W(r — c) — iQx => 0 or 

(1) ~w*rA = TF(r — c) + 

From (1) we may compute u for any governor position. In the right- 
hand member the distances r — c and x are measured from the point 
of suspension 0; hence a shift in the position of the governor axis 
does not alter their values. Equation (1) now shows that for any 
given position of the pendulum, <a*r has the same value for all positions 
of the governor axis. By shifting the axis to tho right we decrease 
r and therefore increase the « corresponding to the given position 

Suppose now that an increase Au in speed is required at a given 
position of the governor before it will rise. This means that the 
frictional resistance of the sleeve and linkage is equivalent to an addi- 
tional weight aQ such that 

(m + Aw)* rA = W(r — c) + i (Q -t- aQ)x. 

If we subtract (1) from this equation and neglect the term in (Aa>)’ we 
obtain 

W 

2 — w AwtA =» J ® aQ. 

Divide this by (1) member for member; then 
9^ jxAQ 

^ <0 ~W(r-c) +iQx’ ” 

In order to overcome friction tho governor must exert a force aQ 
on the sleeve as it begins to rise. Since this lift becomes zero in the 
new position of equihbrium, its mean value is i aQ during the motion. 
JaQ is sometimes called the effort of the governor. The equation 
above shows that the effort is increased by an increase in the sleeve 
load Q. 



§207 


PENDULUM QOVEBNORS 


475 


Example 2. Spring Oovemor. In the governor shown schematically 
in Fig. 2076 the balls are attached to 90® bell-oranks. The rollers on 
their innw ends press against a plate fastened to a compressed spring 
fixed at its upper end. As the balls swing outwards the plate is 
forced up against the spring, and the sleeve connected to the regulating 
mechanism rises. 




If T is the force exerted by the spring and Q the weight of the sleeve, 
each roller carries the load i (T + Q), The bell-crank is in equilib- 
rium under the centrifugal force C, the loads TT, i (T -h Q) and the 
reaction at 0. On taking moments about 0 we have 
J ( T -t- Q) o cos e ’m Cb cos B -f- Wb sin B, 
or on division by 6 cos B, 

(2) “ J g (T + 0) — TT tan B. 

In practice Q and W are small compared with T and the angle B is 
small. Theieforc the terms Qa/2 h — W tan B on the right may usu- 
ally be neglected, especially as they tend to cancel each other. The 
equation for governor equilibrium is therefore 

W a 

(3) — = § r r approximately. 

Q 

If the increase Au in speed is required to make the governor rise, 
the frictional resistance is equivalent to an additional force aT ex- 
erted by the spring, where 

A«)*r =il{T + AT) 

If we subtract (3) from this equation and neglect the term the 
we obtain 

2 — «A«r *= irAT. 

g ^ 
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Dmde this equation by (3) member for member; then 

„ Aw AT* , I . m A<i) „ 

2 — =*“m; and iAT =» — T 

ta JL CO 

is the effort of the governor. Thus if a 1 per cent change in speed is 
required to make the governor rise when in a given position, its effort 
is 0.01 T. 

208. Characteristic Curve of a Governor. The characteristics 
of a flyball governor are shown by its C-r curve obtained by plot- 
ting the centrifugal force C of the ball as ordinate against its 

radial distance r from the axis (Fig. 
208o). For a given r the value of C 
Q may be computed from the equilibrium 
equation; or C may bo found graphi- 
cally so that it balances the external 
forces 

Stability. A governor is said to be 
sUMe m a given position of equilibnum 
'' if it will return to this position when 
Fia 208a given a slight displacement while run- 

ning at constant speed. To find the 
condition for stabihty let the moment Ch of C about the point of 
suspension be given as a function of r by the equihbrium equation, 
say Ch — f{r). For the positions n and r 2 , where r-z > ri, we then 
have 

wwiViAi = /(ri), nmh'th = J{r^. 

Here /(ri) and f{r^ denote the balancing moments of external 
forces. Now if at speed wi the governor is displaced to position 
rs, the moment rrua^ih^ tends to swing the ball further out, while 
the moment S{r^ tends to restore it to its former position. The 
latter moment will prevail if 

ntoiWAj! > JMW 1 V 2 A 2 , i.c., if m 2 > wi. 

Therefore the governor is stable if u increases with r: du/dr > 0. 

This condition has a simple geometric meaning on the C-r 
curve Draw a line OP from the origm to any point P of the 
curve If OP makes an angle <l> with the r-axis-, 


tan A = — = 
r 


= jwm*. 
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Hence <o increases when ^ increases. The governor is therefore 
stable at a point of the C-r curve provided 4> increases with r at 
that point. Thus in Fig. 208a the governor is stable above A, 
unstable below A. The transition point A, where OA is tangent 
to the curve, is called an astatic point. 

If the hne OP cuts the C-r curve in a second point Q, the gov- 
ernor win run at the same speed <o at both P and Q. If, in par- 
ticular, the curve is a straight line through the origin, the governor 
will run at the same speed m aU positions. Such a governor is 
said to be isochronous. Although early efforts in governor design 
aimed at secunng isochronous governors, a strictly isochronous 
governor would be of no practical utihty. For if the speed in- 
creases above the normal the balls will fly out to their outermost 
position ; the regulatmg mechanism then reduces the engme power, 
the speed eventually falls below normal and the bails will collapse. 
The repetition of this cycle gives nse to the objectionable oscil- 
lations in speed known as hunting. 


Example. 
rium is 

( 1 ) 


In the spring governor of § 207 the equation of equilib- 




approidmately. 


To investigate the stability of this governor let To be the compressive 
force of the spring when the ball-arm is vertical. When this arm makes 
an angle e with the vertical the spnng is compressed an additional 
amount y] and from similar triangles 


y 

a 



or y 



- c). 


If y is expressed in niches and v is the stiffness of the spring (the 
number of pounds rciiuned to compress it one inch) 

T = To + - To -h - c). 


Now from (i) we see that u® is proportional to 

a 


T a 

— = r + ' 

r 0 


Hence « will increase with r provided the last term is negative, that is 


a 

V 
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This, then, is the condition for stability. The condition for isochro- 
niszn is 

To =|c.r. 

As a numerical example consider a governor of this type having 
8-lb. balls and designed to make 240 r.p.m. when the ball-arms are 
vertical; also a » 4 in., 6=5 in., c = 6 in. In this position r = J ft., 
tf = 8 9- rad./sec., and from (i) 

r, = = 2 X i X A X 64 V* X J = 197 Ib. 

If we neglect friction, the stability of this governor requires that 
the spring have a stiffness 

hT 

<r > — ■" or <r > 41 Ib./in. 


PROBLEMS 

1. Neglecting friction, find the angular speed at which the sleeve 
of the governor of Fig. 2086 begins to rise. 

2. Owing to fnction the governor in Problem 1 does not rise until 
its angular speed is 1 per cent higher than the theoretical value. 
Find the effort of the governor. 




S.^Inthespringgovernorof Fig. 2076 the balls weigh 10 lb., a « 6 =* 
5 in., and c = 6 in The compressive force on the spring when the 
ball-arms are vertical is 500 lb. Find the angular speed of the gov- 
ernor in this position. 

If the stiffness of the spring is 100 lb. /in., find the angular speed 
when the sleeve has risen 1 in. 
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4. The spring governor of Rg. 208c begins to act at 120 rev./min. 
when the ball-arms are vertical. If the stiffness of the spring is 41b. /in. 
find the angular speed when the sleeve has risen li in. 

B. In the governor of Fig. 207o show that the limiting ratio of the 
nse of the sleeve to the vertical rise of the ball 


is a:/(r — c) [Find the instantaneous center of 
the link 1.] 

6. Show that du/dr = 0 at an astatic point from 
its defining property on the C-r curve. 

7. Fig. 208d shows one-half of a loaded Watt 
governor in which the links AC and BD are of 
lengths I and I + a. Show that 

(а) if the axis of rotation is to the of AB the 
governor is stable in all positions, 

(б) if the axis is at a distance c to the nghi of 
AB, the governor is stable only when 




Fro. 208d. 


[Since r increases with e we may take da^/dB > 0 as the condition of 
stability.] 


209. Shaft Governors. A shaft governor is attached to the 
fl 3 rwheel or some other body which revolves with the crank-shaft. 
The mass which causes the govemmg action moves in a plane 
normal to the shaft. We shall assume that this mass is sym- 
metric with respect to a plane normal to the axis and regard the 
entire mass as concentrated in this plane. 

If the miiss is constrained to move along a radius of the fly- 
wheel (in a slot for example) only normal mertia forces r<o* dm 
are available for governor action This is the basic arrangement 
of the true centrifugal shaft governor Such governors are rarely 
used. 

If the mass is pivoted to the flywheel at its center of mass, its 
centrifugal force is balanced by the pm reaction and only tangen- 
tial inertia forces ra dm arc available for governor action. This 
arrangement would constitute a true inertia shaft governor. 
Such a governor, however, does not fix the speed « at which the 
engine should run; for the tangential inertia forces depend only 
on the rate ex = du/dt at which the speed changes. 

Practical shaft governors depend on both normal and tangential 
inertia forces for their action. According as the former or latter 
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predominate in the governing action, they arc called cer^fv/gal 
or inertia governors. It should be remembered, however, that all 
governing action is due to inertia forces and that the direction of 
these forces is at the root of the above classificaiion. 



Consider now a shaft governor in which the effective body 6 is 
pivoted at the pomt Q of the flywheel revolving about the axis 
0 (Fig. 209a). P* is the center of mass of b, and P one of its 
particles of mass dm. Now let 

a, a = angular velocity and acceleration of wheel, 

Uf,ar = angular velocity and acceleration of b relative to wheel, 
v„ Of = velocity and acceleration of P relative to wheel, 
a, a» = absolute and body accelerations of P, 
p, p* = position vectors of P and P* referred to O, 
r, r* = position vectors of P and P* referred to Q. 

From the Theorem of Conolis (§ 134, 2) 

a = a* + 2 «xv, + a,. 

We proceed to find the moment of the inertia forces a dm about Q, 
taking in turn these three parts of a. 

Body Acederedums. The inertia forces aj dm are due to a and a, 
regarding 6 fixed relative to the wheel. By the Theorem proved 
m the next article, these forces are equivalent to a 

Force ma** = — 7n«®p* + ??iaxp* at P* 
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and Couple I*a, where I* is the moment of inertia of b about P*. 
Their moment about Q is therefore 

r**(— + maxg*) + I*ot == + ma p**r* + I*a. 

Coriolis AccderaUons. Since 

2a>«v> = = — 2w«^r 

the Coriolis accelerations all pass through Q, and the moment of 
the corresponding inertia forces about Q is zero. 

Rdatwe Accderaiions. The inertia forces a, dm are due to u, 
and Of, regardmg b as a body revolving about the fixed point Q. 
By the Theorem of § 198, these may be reduced to a 

Force ma,* at Q and Couple la,, 

where I is the moment of inertia of b about Q. Their moment 
about Q is therefore la,. 

Total Accderaiions. The total moment of b’s inertia forces 
about Q is therefore 

C Txa dm = m«®p*xr* + map**r* + I*tx + la,. 


In a governor the external forces on b are its weight W at P*, 
the reaction of the pm at Q, and the tension T of a sprmg attached 
to b and to the flywheel. If M denotes the moment of T about Q, 
we have from the basic Theorem II 

(1) mci)^*xr* + »wap**r* + I*a + la, = M + r*xW. 

Suppose, now, that the moment of the weight is small in com- 
parison with M, so that it may be neglected When the flywheel 
is running at constant speed, a and a, are zero and 

(2) 7rt«®p*xr* = M, 


that IS, the moment of the spnng tension is just equal to that of 
the normal inertia forces. As the wheel begins to accelerate the 
tangential inertia forces come into play, and from (1) and (2) 


(3) 


tnap*’T* + I*a + la, = 0, 

p*-r* + fc*® 
ov= p 


This gives the initial angular acceleration a,; after « has changed, 
a, is given by (1). 
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The first three terms m (1) represent the moments of inertia 
forces about Q arising from the body accelerations, namely — w«®p* 
and wujtxp* at P*, and the couple I*a. The sense of these mo- 
ments depends on the location of P*. Draw a circle on QO as 
diameter; this circle and the line QO produced divide the plane 
into four regions marked I, II, III, IV. Now M is balanced by 
the moments of the reversed inertia forces; the sense of these 
moments for different positions of P* is given in the following 
table. 

Positive a 

Location of P* I II III IV 

+ + — — 

— map**r* — + + — 

-I*a - - - - 


When the wheel is running at constant speed the moment of 
the centrifugal force (first hne of table) must be balanced by the 
moment of the spring tension. But when the wheel accelerates, 
the moments of the tangential forces (second and third lines) 

produce an unbalance which sets 
6 in motion These moments 
have the same sign when P* is in 
I or IV; moreover in these regions 
the initial value of given by 
(3), IS always opposed to a 'Fhe 
governing action is therefore most 
powerful when P* is in I and IV. 

JSxample. Rites Governor. In tins 
inertia governor (Fig. 2096) the body 
6 is a wide bar with heavy ends with 
its center of mass P* near the siiaft 
axis 0. Tliis design gives sufTicient 
centrifugal force to fix the mean 
speed; and the large I* due to the 
heavy ends makes the tangential inertia forces very effective in regula- 
tion about this speed. The moment I*a preponderates over ma p*-r* 
to such an extent that P* may even enter the circle on OQ as diameter. 
The spring tension T at constant speed o> may bo computed from (2) 



when its moment arm about Q is given. Since p* =■ OP* = OQ -)- 
QP*, X* ■= QP*, this equation may be written 


mwH)Q^P* - QSxT. 
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210. Kinetics of Plane Motion. Consider a rigid body of 
mass m moving parallel to a plane, say the ®y-plane. If 0 is a 
jSxed point of the body, the body velocities may be compounded 
of an instantaneous translation vo and an instantaneous rotation 
Cl) about an axis Oz through 0 (§ 124). Hence the motion relative 
to 0 (i.e. relative to a body having a translation v©) is a rotation 
about the axis Oz. The angular velocity w and acceleration a. 
of this rotation are defined in § 121; and if k is a unit vector in 
direction, a = cok, a = ok. 

Choose 0 so that 

(1) aoxOP* = 0. 

This condition is fulfilled only when 

(а) Vo IS constant, or 

(б) O is the center of mass P*, or 
(c) ao passes through P* 

Then, according to § 184, the inertia forces of the body may be 
reduced to a 

Force ma* at 0 and Couple of moment , 

where Hq' is the moment of relative momentum about 0. Since 
the relative motion is a rotation about Oz 

(2) Ho' = la — a J'pz dm (§ 198, 1) 

where / is the moment of inertia of the body about Oz If, in 
particular, Oz is a pnncipal axis of inertia. 

We state these results in the 

Thsokem. If 0 is a point of a body m plane motion suck that 

aoxOP* = 0, and the axis Oz ts a principal axis of inertia at 0, 
then the inertia forces may be reduced to a 

Force ma.* at 0 and Couple of moment la. 

By D’Alembert’s Principle the mertia forces are equivalent to 
the external forces Hence if F and Mo represent the force-sum 
and moment-sum of all the external forces actmg on the body, we 
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have the dynamioal equations 
(3), (4) ma* = F, la = Mo- 

In practice 0 is usually taken at the center of mass; then 
ma* = F, I*a = M*. 

Equation (4) is only valid when Oz is a pnncipal axis of inertia 
at 0. This is true in the important Cases 1 and 2 of § 198. But 
even when Oz is not a principal axis of mertia, wo have the scalar 
equation 

(5) la = M, 

to determine the rotation. For when (1) is satisfied, 

^' = Mo and = = 

and from (2) 

k-Ho' = /« so that k- ^ = la. 

To determine the motion of the oody and the reactions upon it, 
the two vector equations (3), (4) arc needed These, of course, are 
equivalent to six scalar equations But if the motion alone is 
required, three scalar equations will suflBice: 

(6) mox* = F„ moy* = Fy, la = M^. 

The first two arc formed by taking x- and y-components of (3), 
the third by takmg 2 -components of (4). The last equation is the 
same as (5), and is therefore valid for any axis Oz on which con- 
dition (1) is satisfied — in particular the axis through the center 
of mass. 

An excellent way of solving problems in plane kinetics is as 
follows: 

Draw a free~body diagram showing aU the external forces and 
the inertia forces replaced by the force ma* and the couple l*a at 
the center of mass. Then express the equivalence of the inertia and 
external forces by taking components in any direction or moments 
about any axis so that the resulting equations are as simple as 
possible. 

In the free-body diagrams that follow, the external and inertia 
forces will be shown as vectors drawn full or in dashes respec- 
tively, Couples are indicated by directed arcs, 



§210 


KINETICS OF PLANE MOTION 


485 


Example 1. Solid of Revolution Rolling Dovm an Inclined Plane. 
Assume that the axis of the solid (through the center of gravity (?) 
remains horizontal as it rolls down a plane inclined p to the hori- 
zontal. Let r be the radius of the circle of contact and k the radius 
of gyration about the axis. Since the solid is turning about the line 
of contact as an instantaneous axis, the velocity of 0 is r« and its 
acceleration is 

d(a 


The inertia forces reduce to the force ma at G and the couple I*a. 
The external forces are the weight W and the reaction of the plane 
having normal and tangential components N, F. The friction F 
must be adequate to prevent slipping. 

By resolving parallel and perpendicular to the plane, and by taldng 
moments about O, we obtain 

W W 

TT sin /3 — F = — o, iV — W cos jS = 0, Fr ^ 


Since < 


a/r, 


„ Wk* 

F = r<Z 

g r* 


and on substituting this in the first equa- 
tion we find 


(7) 


a = 


gsin<3 

1 +kyr^' 


Thus a is less than g sin the accelera- 
tion in sliding down a smooth plane (§ 157, 
Ex. 3). For a 



Sphere 

ftVr* = I 

a = ^ g ain p 


Cylinder 

i 

J sin (3 


Cylindrical Shell 

1 

} 0 sin A 


With the above value of a 

_ T7sin j 8 

1-1- rVA* ■ 


As F > 0 , the friction has the direction shown in the figure, namely 
up the plane In order that the motion be pure rolling (no sbpping 
at the point of contact), F ^ nN, that is 


TT sin A ^ 

1 + rVA* “ 


iiW cos A 


or 


^ tan A 
= 1 -l-r*/A*' 
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Example 2. Wheel Set in Motion by a Force. In Fig. 2106 the 
force P IS applied at the axis of the wheel. By resolving horizontally, 
vertically, and by taking moments about the center (7, w<‘ obtain 

p_^'=— a, N-W^O, 


Fr = 

U ’ 


where k is the radius of g 3 rratioQ about the axis. If a ih positive and 

the wheel (radius r) rolls without sli]i- 



ping, the acceleration of C/ is u 
Then « » a/r, 


ra 


towards the left 
F 


■ -T «, 

g r* ’ 


(8) 


and from the first equation 

“ “ IF 1 + ^Vr» • 
With this value of a we find 
P 

1 +rVi»‘ 


As F > 0 the friction has the direction shown in the diagram, nanudy 
opposed to P. In order that there be no slipping, F ^ (hat is 

r+VvF^'"' or 

Example 3. Wheel Set in Motion hy a Couple. In Fig. 21 Or lln* 
external couple C exerts a positive nio- 
meut on the axle of the wheel. If is 
poweiful the wheel will tend to slij) back- 
ward at the point of contact If the mo- 
tion is pure rolling, we suppose that this 
tendency is resisted by fiietion F acting to 
the loft. We shall test this assumption 
after we have sc)lv(‘(l th<‘ pioblem 

By resolving horizontally, V(‘i tieally, and 
by taking moments about 0, we obtain 

W W 

F * — iV - IK - 0, C - Fr » — 

9 y 

If oi is positive and the wheel rolls without slipping, the aeeideiation of 
(} IS o — rof towards the left. If we put a = a/r and eliminate F 
from the first and third equations we find 

Wr + k*/r ' 


c 



( 9 ) 


a 



§21 


KINETICS OF PLANE MOTION 


487 


With this value of a the first equation gives 


F 


C 

r +k*/r' 


As F > 0, the friction has the assumed direction, namely the direction 
in which O moves. In order that the wheel roll without skidding, 
F ^ /iiV, that IS 


C 

r + k*/r 




or 


> 

^ = r + AVr 


This problem shows that the external driving force on a self-pro- 
pelled vehicle, such as locomotive or an automobile, is the forward 
friction of the track on the driving wheels. Although this friction 
is brought into action by the turning effort of engine, this force alone, 
internal to the vehicle as a whole, is powerless to set it in motion rela- 
tive to track. Thus when the friction is too small the wheels will 
slip and no forward motion occurs; we then say that there is not enough 
traction. 

On the other hand when a car is moved by an external pull, as that 
exerted at the coupling of a railway car, the friction between wheels 
and track acts as a resistance. This 
is clear from Example 2 

Example 4. Reel with Stnng about 
Axle Let the string, wound about 
the axle of the rod, be pulled horizon- 
tally from its lower side with a force 
P (Fig. 210d). Assume that a is posi- 
tive (counterclock-wise) and that the 
friction F opposes P If these direc- 
tions are inconect, a and F will be 
negative in our solution. 

The figure shows the inertia and the external forces By resolving 
horizontally, vertically, and taking moments about the center, we 
obtain ^ 

p — a, JV - Tf * 0, Fr - Pp - 

9 ^ 



whero r, p are the radii of reel and axle. If the reel rolls without Up- 
ping a = a/r, and on eliminating F from the first and third equations 

P r(r - p) 


wc find 


W 4- 




Since r > p, a is positive and the wheel will move to the left as assunaed 
above If the reader doubts this result, he may test it experimentally, 
using a string wound about a spool 
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With this value of a the first equation gives 


F 


+ pr 
Jb« + r* ‘ 


Since F is positive its assumed direction is correct. 

When p « 0, the results above agree with those of Example 2. 

Example 5. Rocking Pendulum, A body, consisting in part of a 
circular cylinder of radius r which rolls without slii)ping on a hori- 
zontal support, has its center of gravity 0 below the axis 0 of tin*, cylin- 
der and at a distance b from 0 (Fig 2 lOe). 
If the body is slightly shifted from its 
position of equilibrium, it will vibrat.o 
to and fro under the action of gravity. 
We shall find the period of thesci small 
vibrations 

When a is positive, the acceleration no 
of 0 is ra horizontally to the Ic^ft. The 
acceleration of (I is a* « ao + a^’o, where 
SLGO is the acceleration of in a rotation 
about 0, namely toward 0 and hot 
perpendicular to 0(7 (§ 127). Hence rna* 
IS the sum of the three vectois drawn in 
dashes at G, their magnitudes ar(» rnroe, 
mb<o^, mba. 

Now the inertia forces of the pendulum reduce to tlie force ma* 
at 0 and the couple /*« - mk^a, where k is the radius of gyrai-ion 
about an axis through G. The external forces are the wcuglit W at 
0 and the reaction [F, N] at C, 

By taking moments al^out 0 we obtain 

mk^ct—mra(b cos 0 — r) +mba(h — r cos 0) sin ^ - — Wb sin <9, 

or on putting \V = mg and collecting terms 

(/c* — 2 hr cos e 4- r® -h b^)a 4- bro)^ sin 0 ^ —gb sin 0. 

As 0 remains small, we have cos e = 1, sin o — o aj)pio\nnately, 
and since <a is small, the term in o* sin 0 is small to th(» thud order and 
may be neglected. With these approximations 

1*. + (6 - r).|. - 



This is the approximate differential pquation of a simple pendulum 
of length 

*• + (6 - r)* 

6 


I 


(5 171 ). 
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4S9 


The period of the pendulum for sman vibrations is therefore 2 ny/lTa 
approximately. 

5^ a reriieal Plane between a Smooth 
Wall and Floor. Let the rod A£ be of 

length 2 6; then the square of its radius 
of gyration about G is i b^. The reactions 
J?, Q at the smooth supports are horizon- 
tal and vertical respectively. 

As long as the rod is in contact mth the 
wall, 00 “ 5; hence 0 moves in circle of 
radius 6 about 0 as center. Moreover a 
and a for 00 are numerically the same as 
for the rod. The inertia forces thus reduce 
to the force 7nbot[ shown at G and 

the couple /*«. 

On taking moments about C we have 



W TV 

F&sinfl =«— ■ 5 -«+ — 

g a g ’ 


or 


(i) 


1 1 sin A 


This IS precisely the equation of motion of the rod when the wall is 
removed and the point A fixed (physical pendulum); for the redtieed 
length of the rod is 

Z-6+iA’=«6 (§197,2). 

The rod will leave the wall when P = 0. To find out if this occurs 
we Tosolve horizontally, thus 

W 

P = — cos 6 — M* sin 6). 

Let ^0 be the initial value of B. Then on writing a = w dtajde in (i) 
and integrating fiom Bq to B we obtain 


( 11 ) 


= * I (cos Bo — COS 6). 


In view of (i) and (ii) we obtain 

P = iWsin b(3 cos 0 - 2 cos Bo). 

Hence P = 0 when cos 0 = J cos Bo* P moreover changes sign as B 
passes through the angle cos“i (} cos Bo), showing that the rod leaves 
the wall at this point. Thereafter the motion of the rod is of a different 
character. 
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PROBLEMS 

1. A solid cylinder weighing 120 lb. rolls up a plane inclined at an 
angle of 30® to the horizontal. A cord, attached to the axis of the 
cylinder and parallel to the plane, runs over a smooth peg at the top, 
and has its other end fastened to a weighl. of 140 lb. hanging freely. 
Find the acceleration of the cylinder and the tension of the cord. 

2. A cord, attached to a hook in the ceiling, runs vtTtically down- 
ward for a distance and is then wrapped about th(‘ (!urv<‘d surface of 
a solid disk of weight W and radius r. If the cylind(*r is allowed to 
fall, show that its accolcraiioii and the tension in th<‘ cord are a ^ 
i g and T ^ \ W. 

3. If in Fig 210d the cord is wrapped about the axlc^ in the reverse 
direction and pulled horizontally from its upper side with a for<'e i*, 
find the acceleration a and the friction F if no slipping occurs. 

When P » 6 lb., find a and F if the reel consists of two cylindrical 
disks, each 2 ft. in diameter and weighing 10 lb , joined l)y an axh* } ft. 
in diameter and weighing 20 lb (between disks) What is the dir(‘c- 
tion of P? 

4 A steel pipe lies on a flai-ear with its axis pcTixmdieular to th<* 
track. When the car is given an acceleration n, show that tin* pip(‘ 
will have the acceleration 1 a relative to the tra(‘k if it rolls without 
slipping, (Treat the pipe as a thin cylindrical shell.) 

6 A cylinder and sphere, having equal weights aii<l radu, loll in 
contact down a plane inclined at an angle 30’’ to th(‘ lionzontal 
Which body must lead? If th(‘ eoefficient of friction between lh(‘ 

bodies is M *02, find their common acc(4(‘rntion an<I the noinial 

pressure between them 

6 In Fig 210(7 same as that (l(‘seiil)ed in Ihoblem 3. 

The cord, unwound from below, runs parallel to the plane and is 
fasbaiod above 

(a) If the leel eannot sH]) on the plain*, 
fdiow that it will n*main at r(\st Com pule* 
lh(» tension T of tin* eord. 

(h) If the re<‘l slips and a* •" 0. 1 b(*tween 
i<*el and plane, compute «, w, and T 
7 In Fig 210(7 hd. tin* radii ol n*el an<l axle 
be r, p and the inclination of the plane /tf. 
Show that the reel will slip if 

/* < /) tan p/{r - p). 

8. A car having two pairs of wheels is driven by an electric motor 
exerting a torque on the front axle. The weight of tin* whole car is 
W\ each pair of wheels is of weight w, radius r, and ladius of gyration 
k. If the motor exerts the torque C in starting, prove that the 
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acceleration of the oar and the friction in its front wheds are 

„ C Wr* + wk* 

® “ TTr* + 2 wk»^’ * “ r TTr* + 2 wife* ‘ 


211. lExiergy Equation in Plane Motion. The kinetic enei^ 
of a body in plane motion is equal to | plus the kinetic energy 
of its motion relative to P* ® 185). This rdative motion is a 
rotation and has the kinetic energy | (§ 191, 2), where I* is 

the moment of inertia of the body about the axis P*z. Hence the 
total 

(1) Emetic Energy = | mu*® + J I*a\ 


The Principle of Work and Energy for a rigid body now states 
that the change in kinetic energy between the instants ti and ta 
is equal to the work done by the external forces in this interval: 

(2) J rm*^ + i - i wwi*® - J 1*01^ = Wis. 

If the external forces F, act on the body at the points P, having 
position vectors r, relative to a fixed point 0 of the body, the 
velocity of P, is vq + «^, (§ 123, 2) and the total work 


sr 'f,‘(vo + «xr,) di (§ 163, 1) 

’f,*Vo di + 2/; r,xFr« di. 

= f F‘Vo di + f Mfudi 
Jh 

where F and M, are the force-sum and moment-sum about the 
axis Oz We may put 

Vo di = To ds, w d< = d6 

in these integrals if the forces F, depend only upon the position: 
(3) 

In the first integral the tangential component of F is integrated 

”Th" of 1 H-tegr^ ® tr 

of COUI® their mn .» independent of ta 

taien at the center of maes the first integral gives the change 

^ rm*^ - I 
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in translational energy, the second the change 

i - 5 IW 

in rotational energy. This is readily proved by multiplying the 
equations 

ma* = F, I*a = M* 
by V** and »• and integrating. 

In appl3dng the energy equation (2) it is usually simplest to 
compute the work of each force separately and add the results to 
obtain Wia. 

We shall now apply the energy equation to the examples of 
§ 210 in turn. 


Example 1. Solid of Revolvlion RoUing Down an Inclined Plane. 
When the center O travels a distance x down tho plane it falls a vertical 
distance a: sin jS and the work of gravity is Wx sin fl (§ 180). Tho 
reaction H [F, N] of the plane acts at the instantaneous center 
C and hence the 


Work of R 

Or we may reason as follows. . 


IR-vw/f 


ir we may reason as follows. N obviously does no work, and if wo 

introduce a pair of force's F, -F at 
G, the force F at C is e(iuivalnnt to 
/ Q a force F at G and a couph' of nio- 

I ) ment Fr. Tho work of F at G is —Fx, 

l\^ '/ and as the wheel turns Ihiough x/r 
radians as G niovi's a distance j, the 
^oik of the couph' is /'V-x/r ^ Fc 
^ (§ 191, 4). Since the woik of foice 
Fig 211 couple cancel, the fnction does 

no work. 

If the body starts from rest, the energy equation (2) becomes 


. W, W 


IV I sm /) 


where v => ru is the velocity of G. Hence 

+ l)"* = 2(7xsin/S, 
and on differentiating with respect to t, 

+ 1 j 2 ea >= 2 flra sin /J. 
This gives the equation (§ 210. 7) for a 
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To obtain the change in rota.tional energy alone, we note that the 
only external moment about 0 is Fr; hence 

and on differentiating with respect to t, 

Wk^ 
g r* 

in agrocment with § 210, Example 1. 

Example 2. Wheel Set in Motion hy a Force (Fig. 2106). As 0 
moves a distance x from rest, the force P does the work Px. The 
energy equation is therefore 

i— " -P®* or 

(^ + l)»* ^ 2 ^gx. 

On differentiating with respect to t we get (§ 210, 8). 

Example 3. Whed Set in Motion by o Couple (Pig. 210c). As G 
moves a distance x the wheel turns through x/r radians and the work 
of the couple C is Cx/r. The equation of energy is therefore 
W W X 

i — -{■ — C ~ } or 

g g 


/fc‘ .Cgx 

+ = 2 ^ 7 - 


On (hffoicntiating with respect to t we get (§ 210, 9). 

Example 4. Red vnth Stnng about Axle (Fig. 210d). To find the 
woik done by P introduce the forces P, -P at G; we then have a 
foico P nt G and couple of moment —Pp. As G moves a distance x 
from rest, the work done is Px - Pp-x/t and the equation of energy is 




On diffiuontiating this with respect to t we obtain the equation for a of 

S 210, T'lxainplc 4 . j i 

Emmple S. Rocking Pendulum (Fig. 210e). As the pendulum 

falls from the angle So to 6 the work of gravity is Wb (cos 6 - cos flo). 
The sDt'cd of G is u-CG since C is the instantaneous center, and if fi is 
small CO IS nearly equal to 6 - r. With this degree of approximation 
the equation of energy is 

j + i — (f> — r)*"’ = Wbifios e - cos So), 

[jfc* + (6 - r)*]w® = 2 gb(co8 e - cos flo). 


or 
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On differentiating this with rpHpoot to t w<! got tlio eciuation of motion 
obtained in § 210, lOxamiilo f). 

Example 6. Rod Hhding %n a Vertical Plaiic between a Smooth 
WaU and Floor (Fig. 210/). The energy equation iw 

W 

i — -^03* + i “(&«)* " iY6(co8flo — cos tf). 
go g 

This gives equation (ii) of § 210, lOxampIe 6. 

PROBLEMS 

1 . Find the acceleration of the eylindcr in Problem I, §210 by 
means of the onoigy equation. 

2. P^ind the acc(‘loration of the disk in Prohhmi 2, §210 hy moans 
of the energy equation 

3. P’iiid the accc'loration of the reel in Piohliun .‘1, § 210 Iiy moans 
of the energy equation 

4. In Problem 4, § 210, the friction hotw(‘on cai and pipe is F =» 
mia — rot), where m is the mass of the pipe, a its angular aeei'h'ration. 
Making use of this fact apply the energy ('(piation to find «. p'ho 

work done by F in t sec. is dt, whiTi' v is tlu' velocity of the car | 

6 By means of the energy equation find the common aceeleial.ion 
of the cylinder and sphere in Pnddem fi, § 210, whim liotii an* ri'gariled 
as smooth. 

6. Find the aci'oleration of the car in Prohh'in K, § 210, hy means of 
the energy equation 

212. Rolling Resistance. IjoI. a wheel roll along a level road- 
way under the action of no forces except. iI.h wmghi, IK and the 
reaction R of the road If C is the point of contact with the road 
we have from (§ 210, 4) 

(1) ha = Me] 

for smee the acceleration of C pusses t.hrough t.he (!eiil.er of the 
wheel (§ 128, lOx 2), C may lie used as cent.er of Tnonienl,8. Now 
JIfe = 0 since both W and Ii pass t.hrough C, luuici* « — 0 and 
a IS constant.. Thus t.he wheel should keep on rolling with un- 
diminished speed. We know however t.hat t he spet'd of t.he wheel 
will gradually decrease until it conies to rest Tins <liscrepancy 
between theory and experiment is due to the fact t.hat neither 
wheel nor roadway is rigid. Both are defomied in the vicinity 
of their contact and moreover the cont.act, is not along a lino as 
assumed above, but over an area. As a nwilt. of these defonna- 
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lions it> may be shown that some slipping always accompanies 
** rolling.” The kinetic energy of the wheel is ^us diminished 
by the work dissipated in this sliding Mo- 
tion. 

It IS simplest, however, to adhere to the 
assumption that the wheel is in line contact 
with the roadway at C and take the rolling 
resistance into account by mtroducing a re- 
sisting moment about the hne of contact. 

If N is the normal reaction of the roadway 
on the wheel, this moment noay be written 
as fN where / has the dimensions of length. We may thus 
simulate the effect of rolling resistance by shiftily N forward in 
the direction of motion so that it has the lever-arm / about C. 
The length /, the so-called “ coefficient ” of roUing friction, is usu- 
ally assumed to bo independent of the radius of the wheel, although 
this IS not borne out by experiment. For ordmary steel wheels 
rolling on steel rails / is about 0.02 mch. 

Example. A pair of wheels of weight W and radius r rolls down a 
plane inclined at angle /S to the honzontal If we take rolling re- 
Histmico into account, the moment equation (1) about C becomes 
Ica = WrsinjS - Nf ^ lYCrsmiS -fooa^). 

'Phe wIk'cIs will roll at constant speed when « = 0, that is, when 

r Hiu ^ / cos /S = 0 or tan P 

This gives an ('xperimental method of finding /. 



213. Kinematics of a Rigid Body. We shall now mvestigate 
I he most general motion of a free ngid body by means of the 

*"'piuN!ai>LK. The velocities of any two points of a rigid body have 
cqml projections on the line joining the points. 

Proof if 0> w iin ^ ^ ^ 

body, Ali “ ^®“®® 

d 


dt 


AB = Vb- 


Since the length AB is constant, the denvative of AB is perpen- 
Lular to AB (§ 84) ; hence on taking projections of both mem- 
bers on AB, ^ ^ proj^isVi, - proj^iav,!. 
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Theorbm 1. The velocities of all points of a rigid body are de- 
termined by the velocities of any three of its points not in a straighi line. 

Proof. Let B, C ha the throe non-coUinetir pointa of the 
body whose velocities are known. Then if P is any point of the 
body not in the plane ABC, vp is uniquely determined by its 
known projections on AP, BP, CP: 

proj^f-vp = proj/pv/, etc. 

Knowing Vp wo may find the velocity of any point in the plane 
ABC by the same method. , 

From this theorem wo conclude that if v^, Vp, Vc« are the same 
in any two motions of a rigid body, the two motions are identical. 

Thkohbm 2. If, at any instani, three points of a rigid body, not 
in a straight line, have the same velocity, the motion is an instan- 
taneous translation 

Proof. The three points have the same volocitu's jus in a trans- 
lation of the body. The motion therefore an instantaneous 
translation by Theorem 1 

If, in particular, the three points have zero velocity, tlu* body 
is at rest for the instant. This case is excludeil in th(' following 
Theorems. 

Tiieohem 3 If, at any instant, two points of a rigid body, have 
zero velocity, the motion is an insfantanrous rotation about an axis 
through the points 

Proof Lot Vji = 0, vp = 0. TImui if C is any point not on th<* 
line AB, the projection of vc on bol.h AC and BC is zero, and v^ 
must be nonnal to tlu* plane ABC ((‘xcludmg vc — 0) 'PIk' 
points A, B, C then have th<‘ same v(‘loci(.i<‘s as m a (iertain ro- 
tation of the body about A B Hence, by 'Plu'onnn 1 , t.h<‘ vidocities 
of all points are the same as in this rotation 

Tiieohem 4 If, at any instant, a point of a rigid body fias zero 
velocity, the motion is an instanlatwous rotation about an axis 
through this point 

Proof. Let v^ = 0. li £ is a second point such that Vp ?<5 0, 
projApVp = 0 and Vp J. AB. 

Pass a plane through AB normal to vp (Fig. 213). Take a point 
C not in this plane such that vc 0; then 

proj^eve = 0 and vc ± AC. 
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Paas a pl^e through AC normal to vc and let it cut the first 
plane in the line ^2). Then the projections of on the non- 
coplanar lines AD, BD, CD are all zero and consequently Td = 0. 
EEencc, by Theorem 3) the motion is an instan- 
taneous rotation about the axis AD. 

If a rigid body has one point 0 this 
theorem states that the instantaneous velocities 
of its points P are the same as in a certain rota- 
tion about an axis through 0. Hence from S 109, 

4) there is a vector a at every instant such that 


( 1 ) 


v> = axOP for all points P. 


As the motion proceeds u vanes, in general, both 
in magnitude and dvrection. With a fixed axis of 
rotation 

“" 3 * 



Fig. 213. 


where e is a umt vector along the axis; then a may be regarded 
as the time rate of change of the vector an^e 6e. But with a 
variable axis of rotation a can no longer be expressed as the time 
derivative of a vector angle Nevertheless « is still called an 
“ angular velocity ” in this case since (1) and (§ 109, 4) are identical 
in form. 

Tiibouem 5. If 0 IS any point of a free rigid body, the velocities 
of tts points are the same as if they were compounded of an instan- 
tancous translation Vo and an instantaneous rotation u abovi an axis 
through 0; and at is the same for any choice of 0 

Proof The motion of the body relative to a frame of reference 
having a translation of velocity Vq is an instantaneous rotation 
about an axis through 0 (Theorem 4); for 0 has zero velocity 
relative to this frame The absolute velocity of any point P of 
the body is therefore the sum of vo and its velocity m the relative 
rotation (§ 110) 

If <a is the an gular velocity of the instantaneous rotation we have 

(2) Vp = Vo + «*OP. 

Moreover for any other point Q 

vq = Vo + wDQ. 
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On subtracting this from (2) we got 


§214 


(3) 


~ Vq <= m(OP — OQ), 

Yp = Vq + ttxQP. 


or 


Thus vp may also bo compounded of a fninslation Vq and a ro- 
tation of the same angular velocity a about an axis <.hrough Q. 

If w =« PQ is a vector fixed in a rigid body 6 having I ho angular 
velocity «, and Oi is an origin fixed in space, 

— >■ ““>■ /hff ■" ► 

w = OiQ — OiP, = - Vp = mI*Q 


from (3); hence 

(4) 


(/W 

■.It ‘ 


On referring to § 133 we w^e that if u is any variable vector and 
du./dt is its rate of change ndativi* (o h, then its absolute rate of 
change is 


(S) 


(In , Dn 

.U “ ■ 


The Theorem of Coriolis (§ 134, 2), proved Ix'fori' wlum b had 
plane motion, may now bo extended t.o tlu' case wh(*n b has any 
motion whatever; for, by virtue of (5), our former proof appli(>s 
M^d for word to the more goni'ral cjusi*. 

V 214. Kinetics of a Rigid Body with One Point Fixed. We 
shall next study the kinetics of a honiogeiu'ous solid of revolution 
having one point 0 on its axis of synmu'tTy (i-axis) fix(‘<l 'Phis 
axis, which necessarily passes through thii ciuitiT of mass P*, 
is a principal axis of inertia at 0 (§ IDH, Case 3) If x, y aie anv 
two axes perpendicular to z and to each otlii'i, r and // aie also 
principal axes of inertia at O; for th(* body is symmetric with 
respect to both az and yz planes (§ 198, Case 1). 'rims i , //, z form 
a set of three principal axes of inertia mutually iK'rtKuidiciilar to 
each other * 

Smee the body has the point 0 fixed, its motion at any instant 
is a rotation about some axis through 0 with the angular velocity 
ci> (§ 213, Theorem 4). If we express « as the sum of ita projections 
on the axes, 

a = Ug Wy -j- Ug, 

* It can be shown that there ore always three mutually perpendicular 
principal axes of mertia at any pomt of a body. 
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the moment of momentum about 0 is 


H = J* uv dm - J' i>(«xr) = X J* 


Thus H is expressed as the sum of the angular momenta due to 
<ax, uy, tag. Since x, j/, 2 are principal axes at 0, these partial angular 
momenta are given by (§ 198, 2). Therefore 


( 1 ) 


H = Aof + Buy + Ca„ 


where A, B, C axe the moments of inertia of the body about the 
axes X, y, z respectively. 

Since the point 0 is at rest, the inertia forces of the body may 
be reduced to a 

Force iraa* at 0 and Couple of moment-^ ®183). 


If the external forces on the bodj have the force-sum P and the 
moment-sum M about 0, D'Alembert’s Principle gives the dy- 


namical equations: 
(2), (3) 


ma* «F, 



We now choose the x and y axes so that they remam principal 
axes for which the moments of mertia have the constoni values 
A as the motion proceeds. This will always be the case when 
the axes arc fixed m the body. But in the case of a solid of 
revolution, A = B, and the condition is fulfilled for any set of 
axes X, y perpendicular to the «-axis of symmetry. In either case 
the motion of the trihedral xyz, regarded as a rigid body with the 
point 0 fixed, is an instantaneous rotation about some axis through 
0 with the angular velocity Q Uf course when the axes are 
fixo(i in the body, 0,^^ 

Since 

H == [Auxf Buy, C7wJ, 

the rate of change of H relative to the moving trihedral xyz is 

SB. r.dw* c— '1 


and its absolute rate of change 

dB. _ 

(4) dt 


dt ^ 


213, 5). 
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Hence (3) may bo written 

(5) ^ + O.H » M. 

If we choose P* os center of moments (instead of the fixed point 0) 
the dynamical equations arc 

where H* and M* both refer to th<! cojitcr of mass /**(§ 183). If 
A*, B*, C are the principal moments of inertia at /**, 

H* - lA*Ug, B*Oy, Co,,]. 

215. Equation of Energy. Since the velocity of any point of 
the body is v = uxr, the kinetic energy is 



fj J’v-v dm = 1 J* («xr)-v dm = J «• J*^y dm, 

, dT 

y*v*a dm = J* (wxr)*a dm = a- J'txa. dm. 


But by definition 



H = J'i>^dm 


and hence 

^ = y (JTxa + vxv) dm = J dm. 


Therefore 

(1) 

f2) 

r = i «-H = J 
dT <IH. 

= W 77 = wM 
dt dt 

(§214, 1), 

(§214,3). 


On integrating (2) between the instants ti and <2 wo obtain tlie 
equation of energy: 

7*2 — Ti = ^ M'<i) dt. 

Since ?’2 — Ti is the change in kinetic enoigy, the integral on the 
right gives the work done by the external forces on the body in 
this interval. 

216. Composition of Angular Velocities. A body revolves 
about the axis Oz of the system Oxyz with the angular velocity 
«' relative to the system. If the axes themselves revolve about 
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O with the SingulaT velocity 0, let us find the Sibsolute «.ngiii«»-i* 
velocity « of the body. 

A point P of the body has the transferred vdodty ttr due to 
the rotation of the axes and the velodty a'xc relative to the ajns. 
The velocity of P is therefore the sum of these velocities (§ 110): 
V = Qxr + = (0 + mOkt. 



Henco the pomts of the body 
have the same velocity as if the 
body were revolving about 0 with 
the absolute angular velocity 

« *= 0 + a'. 

In brief: Angular vdocUies db<m 
axes through the same point may be 
compounded by vector addilion. 

Kxample. Rolling Cones. Kg. 216o 
reproHonts two circular cones 1, S with 
axes intersecting at 0. If cone 1 has 
the angular velocity mi, cone 2 will 
have an angular velocity determined Ko. 216a. 

by the condition for pure rolling. Thus 

if P IB a point on the element of contact OP, P will have the same 
velocity whether regarded as a point of f or 

(i) wixOP = cajxOP. 

Hence, as far as magnitudes are concerned, 

(jji sm (X 2 

(u) sin ai = o>j sin «» or - = 

The angular velocity of cone 1 relative to cone « is «' ■= «i - «>, and 

since 

(»! - «,)xOP = 0 from (i), 

y' w' is a vector along the element of con- 

1 ^ tact. Thus the motion of cone 2 rela- 

y' \ tive to I is an instantaneous rotation 

about the element of contact. 

Suppose now (Kg 2166) that the 
cone 1 IS fixed and cone 2 is rolling 
TT 91 RJ, over It with the angular velocity «. 

■ Then « is a vector along the element 

of contact OP. Now the rotation « of cone 2 may be compounded 
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of the rotation O of ita axiH OS about 01 and the rotation of cone 
S relative to its axis; hence 

(iii) ti «■ 0 + «'. 

On multiplying (iii) in turn by Ox and «'x we find 

(iv) « sin <*1 = u sin (ai + «j), 

(V) u sin S] = o sin («■ + a»). 

If the rotation is uniform, cone 3 will make a eompleti* revolution 
about its axis in the time 2 «■/&>' while its axis will make a complete 
revolution about 01 in the time 2 t/u. 

Lot the student now draw the figures and s(>t iiii the corresponding 
equations for rolling cones in inteinal contael.. 

As a numerical example, h'l. at " 4r>‘’, - :«)'■ in Fig 2 Kill, and 

suppose that cone 3 travels around the fixed com' 1 onci* (*v<*ry s<>cond 
Then o » 2 r, and fiom (v) 

« = 2 * 12.1.J 1 ad. /sec , 


and from (iv) 

, „ sin 45" .. . , ,, , , 

«' = 2 IT -.r.jo = 2 rrV‘2 = 8 8 ) rad./sec 
sm .10° ' 

The cone will revolve about its own axis onei' (>vc'iy 2 tr/w' 0 707 
sec. 

217. Gyroscope. A disk or wheel capable of revolving about 
an axis Oz which is free to move about the lix(‘<l point () ih called 
a gyroscope. 

The simplest problem m gyroscopic mol ion is as lollows A 
solid of revolution is spinning with constant angular velocity w' 
about its axis Oz, supported at O If Oz honzoutal, what ex- 
ternal forces acting on the hotly will cause Oz lo t evolve in a hon- 
zonted plane with the constant angular velocity il 

Draw Oy vertically upward and Ox horizontal so that Oxyz form 
a n-h system of axes. Since the body is a solid of nwolulion these 
axes fulfill the condition of § 214; and 

« = 0 “H H = AQ -|- Chi', 

Relative to Oxyz, H is constant; hcncc 
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The dynamical equations (§ 214, 2, 3) are therefore 
(1), (2) - y i2*r* = F, CQxa' = M. 

The prescribed motion thus demands that the external forces 
have the force-sum and moment-sum given by (1) and (2). 

The motion is possible when the only external forces are the 
weight W of the body and the reaction R at the support 0. For 
(1) and (2) then become 

W 

-jQh*^W + R, CS^«' = r*xW. 

On putting r* — &k and taking components along the axes, we 
obtain 

0 = Rx, 0 = Ry~W, - — = R,; 

9 

CQu' = Wb. 


The last equation gives Q; the others then determine IL 

'^rh(^ revolution of Oz about the vertical is called a precession 
of angular velocity 12. Since 0 is constant the precession is said 
to b(‘ steady. Equation (2) 

shows that Qm' and M have P 

tho same direction (+a; in • 

the figure) ; hence 

The precession turns the axis I J 

oj spi n Unvard the torque axis. f o 

The dir(‘ctions of S2, 

are all dctomimcd by the " \ / 

rule of the r-h screw. r 

This U'ndoncy is shown m z/r “ \ n 
many gyroscopic phenomena. tyj — ' 

For the moment equation Fiq 217a 

= M shows that dH. 

has the same direction as M. Hence m all cases m which H 
has nearly the same direction as the axis of spin, the latter tends 


to turn toward the torque axis. 

Thus in Fig 217a let a honzontal force P be apphed to the axis 
Oz in the direction of precession. This produces a moment about 
O with the axis Oy; hence Oz will tip upward. K P is reversed 
Oz will tip downward. A downward force P applied to Oz will 
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produce a moment about 0 with tlic axiw Ox; hence Oz will swerve 
towards Ox. 

Example 1. Oyroacopic Couple in an Airplane. L(*l. Iho dink in 
Fig. 217a represent the propeller of an airplane advancing in the 
direction Oz. If the pilot 0 wishes to make a left turn (toward 
Ox) he must set the steering vanes so that a tonpn* about Oy will be 

applied. Then Oz will tend to 
a])proach Oy^ that is, the nose 
will tip upward. In a right 
turn the nose will tip down- 
ward. 

Example 2. (ttiriding Mill 
In Fig. 2176 a heavy cylin- 
drical roll(*r of W(dglit W, 
mounted on a horizontal shaft 
OZf is roll(‘(l ov(»r a bas(» plate 
by revolving Oz about a ver- 
tical axis Oij Wb<‘n (In* spin 
of the roller is directed outwards, the pre<t(‘ssion is <‘lo<*lvWis<‘ vvIkui 
viewed from above and u points downward Tin* in<*rlia lor(‘<‘S ol the 
roller have the inoineat 

CilV = fWi atO 

If we assume that pure rolling occurs along the eiuitral si'ctioii of the 
roller, wV » id; hence the inertia foie<‘s havt^ tin* inoimuit Cil-l/r 
about Ox. Setting this ecpial to th(^ moment of tlie (‘\t(»inal loices 
about Ox we have 

{P - W)l = and P U’ | 

Thus the pressure due to weight is ineieaM^d an amount Cii^/r by 
gyroscopic action. If ^ is the radius ol gyiation ol I lie rollei about its 
axis, the pressure 

'■ 'K' ' 

and is independent of the distance of the lollei from th<* v(*rtieal axis. 

Thus if the roller is a hollow cylinder of radii Hi and 12 in , weighing 
2000 lb , and u =» 1 niv /sec., 

Of this 2560 lb. is due to gyroscopic actiou. 



•= -ISOO lb. 
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218< Steady Precession, tet ns next determine the conditions 
for steady precession when the axis of spin nmlrAff a, constsnt 
angle 6 with the axis of precession 0 (Kg. 218o). Take Oz along 
the axis of spin and Ox horizontal. 

The body has the spin <■>' about 
Oz relative to Oxyz, and the axes 
revolve about the vertical with 
the angular velocity 

Q = ft sin 0 j + Q cos 6k. 

The Jingular velocity of the body 
is therefore 

« = 0 + «'“Osin6j + 

(ft cos 9 + wOh> and 

H == ilft sin 6 j + C(fl cos 6 + «0h. 

Pig. 218a. 

Since ft, and 9 are constant, H 

docs not vary relative to Oxyz. The dynamical equations S 214, 
2, 5) are therefore 

_Eai!p* = F, 0^ = M. 

3 

From the above values of Q and H, 

ftxH = {C(ft cos 6 + wOft sin 6 - i.ft® sin 6 cos 6}i; 



hence 

( 1 ) 

or sinco 
( 2 ) 


ft sin 6{C(a' + (C — j4.)ft cos 6)i — M, 
ftw'sin 6i = 

(c + (C — A)^cos 9^ Ox«' = M, 


This is a necessary condition for a steady prece®ion in whi^ 
9 ?s the angle between the axes of precession and spin, men the 
spin w' IS very large in comparison with ft, (2) may be replaced by 
the approximate equation 

CQ*(a' = M 

which IS rigorously true when 9 = 90“ (§217, 2) or A = C. 

Equatim (2) the key to most of ihs technted appl^ti^jf 
the gyroscope. Its left member gives the moment of the mertia 
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forces about 0. The negative of this Tiiomeni., 

(4) G = (C+{C- A) ” cos , 

is called the gyroscopic couple. Since M -1- G 0, the gyroscopic 
couple is exactly balanced by the moment f)f t,hc external forces.* 


Example 1. When the only external forces an* t.h<* weight W and 
the reaction at 0, M »■ sm ai (Fig. 21.Sa). 

If sin => 0 both members of (1) are xoro and th(‘ condition is ful- 
filled; the body then spins about a vertical axis, (‘reel when 0 - 0, 
hanging down when 0 r 

If BUI 0 0 wo may cancel .sin ff in (1). Th(*n 

(i) (A — C) cos 0ii‘ — fVi2 H- Wb • 0 and 

, , fV =fc Vf/V»'-'4 Wb(A - (!) cos 0 

•■2U -f')cost2 

Thus there arc two, one, or no leal values of si according as the radi- 
cand IS positive, zero, or negative. In the case of two roots ii,, iij, wc 
have from (i) 

Wb 

11,12, = 

IIoiicc if two (lilTorciit pro(*<‘ssi()iiK an* possihlo, th(*y hav(* tli<* hiinu* or 
opposite diroctions aoeoidinp; as 

{A - T) cos 0 5 0 


If the cciitei of mass is at (), b ► 0 and liom (i) 


111 == 0, lla 


( w 

(/I - T) cos rf 


Finally if 0 = Jttoi A - (' the solutions (ii) do not apply. In thms 
cases (j) gives ii -= UVi/fV 

When the body has no spin (w' -- 0) it is ea!I<‘d a sphrncnl pen- 
dulum; in this case (i) gives 


12 


Jb 



Wb 

A) (JOS 0 


Thus a sphoncal ponduluin ean have* a eouical rotation ot angle 
0 < I -JT when (^ > A or 0 > \ r when ('< A, 


The former motion is not.(*Avorthy Ixicause the cent.er of mass is above 
the point of support. 

* The gyroscopic couple la analogous to the centrifugal force of a paiticlc 
revolving in a circle For the centrifugal force is the negative of the inertia 
force on the particle and is just balanced by the external foreos 
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Example 2. Pendulum Mill. In the grinding mill of Pig 2186 
the » pendulum ” is revolved about a vertical axis mth the aiigular 
velocity Q. Whoa 0 is large enough the conical gwnflei- will roll 
around the side wall of the hopper 
prcHsing against it with a force P. Q 


Lot O be the center of mass of the 
grinder, r its radius at G, and I = 00. 
If wo assume pure rolling along the 
seetion of radius r, 

(i) u'r =» u6 »■ Q(l sin /S + r cos (3). 

The rolling motion requires that the 
angle 6 between Q and «' be obtuse. 
From (2) we see that the moment of 
the inertia forces about 0 has the 
direction ef Ux«' (the aj-direction in 
the ligure), its turning effect is 
therefore clockwise. Putting e = 
TT — in (1) we find that this mo- 
ment has the magnitude 



tain /S (CV - (C - 1)0 cos =* sin p + A cos 


in view of (i). On setting this equal to the moment of the external 
forces about Ox we have 

(ii) Pc + Wl sin « Q2 sin p(c^-sm p + Acos p^ 


Clearly no pressure P will develop unless the right-hand member 
IS greater than WL sm p, i e. 

Wl 

(ill) > —I — . 

C-sm p + A cos p 

T 


Th(* i notion along the hopper wall has no moment about Ox; 
its monu'iit about 0 is equal to the driving torque on the vertical axis. 

Consi(l(‘r, foi example, a grinder for which W = 200 lb , C =09 
slug-ft *, I = H ft., r = 0 5 ft. To find its moment of inertia A about 
Ox wc‘ may, with sufficient accuracy, consider its mass concentrated 
at (f ; t.hon 

A = -*,7- X 3* = 66 3 slug-ft.* 

With fi = 35° wc now find from (m) that Q must exceea 3.6 rad /sec. 
(33.4 rev. /min ) before the grinder will press against the hopper. 
To find P for larger values of n we make use of (ii), notmg that 
c = Zcos/S — rsinp = 2.17 ft. 

Thus when Q = 2 *• rad./sec., P = 355 lb. 
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PROBLEMS 

1. A river steamer, driven by paddle wheels, is struck by a roller 
that gives it a list to starboard. IIow will the steamer n>act? 

2 . Rotary engines, in which cylinder and crank-case revolve about 
a longitudinal axis, were formerly used as airplane motors. In such 
an engine the revolving parts weigh 300 lb. and have a radius of gyra- 
tion of 15 in. If the engine is making 1200 rev./uiiit., what is the 
gyroscopic couple when the plane makes a turn of 300-ft. radius at 
90 mi /hr.? 

3. A solid disk of weight W and radius r is keyed to a slmft rt>- 
volving 0 rad. /see. If the axis of the disk makes an angle 0 with the 
shaft, show that the gyroscopic couple on the bearings is 

IP 

J-— r»u*sm2 tf. 

4 . A car of weight W has wheels of total weight w, rtwliiis r, and 
radius of gyration k about their fixes. As it rounds a eurvf* of radius 
R with the speed v, show that the gyroscopic couplt* on the car is 
approximately equal to 

w 

cos p/Rr, 

where p is the inclination of the track to the horizontal. Show also 
that the gyroscopic couple incieaHOH tho tipping moni<*nt ol tlu* con- 
trifugal force on the car and that it may lx* tak<‘n into account, hy 
raising the point of application of the ccntiifiigal forex^ a di.stanc(i 
wk^lWr above the track. 

6. A top with a blunt peg is given the Hjiiii «' about its a.\is If it 
perforins a steady precession 12 on a srnoodi horizontal jilanc, prove 



Fio. 218c. Kkj 218d. 

that the inclination e of its axis to the vortical is giv(Mi hy (Mpiation 
(i) of Example 1 provided that C, A denote th(^ principal moments of 
inertia at the center of mass G and that b is tlu' distance along the 
axis from O to the line of the normal reaction (Fig. 218c). 
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; ^ f^®;i ^ ^ iJiclined at an 

angle t le the hemontal wMe tolhng in . eirde. It * o^to 0 

revolves at the rate Q m a circle of radius h, show that 


Q*(c* +dl*eosj8 + jrA^ 

If ilJS is a uniform disk and r - 2 ft., h 
il and <a'. 


= Wr cot 0. 

™ 4 ft., ff = 60°, compute 


219. Motion under No Forces. Let a rigid body be supported 
at its center of mass 0 so that it may have any motion in which 
0 remains at rest. Smce = 0 the mertia forces reduce to a 
couple of moment dH./dt (§ 214). If the only external forces are 
the weight W and reaction R at the support, we have by D’Alem- 
bert’s Principle 

(1), (2) 0 = W + R, ^ = 0; 


for M = 0 as both W and R act through 0. 

Froin (1) it appears that W and R are a pair of opposed forces 
at O, the external forces thus reduce to zero. The motion is there- 
fore calk'd motion under no forces. 

From (2) wo see that the H remains constant m magmtude and 
direction during the motion 

Moreover as W and R do no work during the motion the kmetic 
energy T remains constant. Smce 

(3) «-H = 2 T (§ 215, 1) 


tlu' proji'ctioii of <■> on H is constant. If <0 is drawn from 0, its 
end-point P must always he on a fixed plane p (the mvandble 
pUinr.) normal to the constant vector H. 

I i X, y, z are principal axes of inertia at 0, fixed m the body, 
(4) + Coi.^ = 2 T (§215,1); 


hena*. the locus of P, 1.0. the pomt («*, Wy, w^, m the body is an 
ellipsoid (till' energy dltpsoud), with center at 0 and havmg the 
Cartesian (‘(juation f4) Thus as the motion proceeds P moves 
on th(' invaiiablc plane fixed in space and on the energy ellipsoid 
fixed in (.he body. 

If / denotes the function formmg the left member of (4), the 
normal to the ellipsoid at P has the direction of 
rdf df df-\ 


n r A. 


R.., n.., ^ = O.TT 
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and ia ihenifoK! tiluo xionuul to 1.Iu‘ invjirmhh* piano p, that ia, 
energy elUpnoid always tangent to the tnmrinble plane at P. 

Now the point of t.h(* Ixxiy which inonu‘nt.iirily eoincidoH with 

P has z<*ro velocity 
ainco it hoa on the in- 
atiiatam'ouH axia of ro- 
tation. ('onaequisntly 
the ollipaoid rolla ov(‘r 
the invariahlo plane 
without nlipping. 

'I'ho above reaulta 
lima give a mental 
pietim* of the motion 
which la (>mho(lie<l in 
Poinsot’h Thko- 
KKM. When a rigid 
body moveti about itn jLced wider of num uruler no /oiree, the energy 
ellipiund, fixed m the body, rolls without slipping on a plane fixed in 
space, and the vector from the fixed point to the point of eonlnct 
represenL'i the tnsUinlaiU’ous angular velocity of the Imly in direction 
and inagmtiule. 



Example. A wlux*! la inoiinted ao Unit it may iiirii fiei'lv aliout its 
fixed center of mass, tiiat is, its gtsmictncal center O Its axis of 
symmetry Oz and any two axes (ti, Oy, iH*ri>endieidai to <h and to 
each other, are prinoitial a\es of inertia at 0 Its moments of iiu'rtia 
about Ox, Oy, Oz are A, li A, ('. 

SuppoHO, now, tliat th<‘ wliei'l is giviMi an initial angular velocity 
(do about an axis OP making an nngie ^ witli 0: (Pig. 21tl). 'I’lieii 
since 

H = d«v. <'«.!, H-<d 2 T, 

the constant values of H and 7' ai<' known Kiii<'i> /f t lie eiii'rgy 
ellipsoid (4) IS now an ellipsoid oi revolulioii alioiil Oz, ami lli<‘ mo- 
tion of the wlieel is such that this ellipsoid rolls on tli<‘ iiivaiiable plani> 
p normal to H. The iioniial to the (‘llipsoid at its point of contact 
P must always he iiarallel to H; all such iioiiits of contact li(‘ on a 
circle PQ whose plane is normal to Oz. As th<* motion proeixids the 

point P travels around this circle and OP ^ a dc'sciibcs a circular 
cone POQ of semi-anglo ^ fixed in tlie body. lienee w lias tli(‘ con- 
stant magnitude a, and its componeiit ut ^ u cos ^ is likewisi* con- 
stant. Again since OP is constant and P must lio on ttiu plane p. 
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OP (l(‘s<inbcH u, circular cone POS in space having H as axis. At any 
instant the Iw^y cono POQ and the fixed cone POS are in contact along 

i,ho olomont OP « w; this element moreover is the instantaneous axis 
of the wheel and all of its points have zero vdocity. The motion of 
the wheel therefore rolls the body cone over ffie fixed cone (§216, Ex.). 

The angular velocity » of the body cone POQ may be compounded 
of the angular velocity o of its axis Oz about H and its angnior 
velocity relative to its axis: « = Q + «', On multiplying this 
equation by k>« and flx in turn we find 


(0 

(li) 

Now 


Hill B 


<t> sm ^ « Q sin 
0 ) sill (^ — d) « o' sin B, 

a . “h 
— - 


iiei>sin 4 

H > 


cos e = 


k-H 

N 


Cuz C (0 cos <l> 
H “ H 


^( C L -f^)“^^cos^ 

a 

Hence from (i) and (ii) 

/•S . N o , C- A 

(ill), (iv) ^ “ A’ " ^ — A — 


SI and u' arc respectively the angular velocity of precession and spin 
of the wheel. We may also express 0 in terms of a' hy noting that 
//, = Cua or 

rr 

II COS e = Cm cos ^ Q Z ' i 
from (iv) Ilenco from (iii) 

Cm' 

^ ~(C - A) cose' 

This IS ill complete agieemcnt with § 218, Example 1 when 6 = 0, 
provided that we replace u by -m'; for m the present pioblem uf 
has th(‘ direction ol — k 


220. Statics of a Rigid Body. Dynamics has been developed 
from three principles: 

Principle I . Force and Acceleration, 

Principle II: Vector Addition of Forces, 

Principle III: Action and Reaction, 

together with the assumption that the summations extended over 
systems of particles may be replaced by the corresponding in- 
tegrals in the case of bodies, i.e. contmuous mass distributions. 



DYNAMICS OF RIOID BODIES 


512 


$220 


Now tho inertia forwH of any body of nnwa m may Ik! r(*duc<‘d to a 


Force rm* at P* and 


Couple of moment 


dB*' 

(It 


(§ 184), where H*' is the moment of relative momentum about the 
center of mass P*. nen<*<* if F and M* denote the force-Hum and 
moment-sum about P* of all the* (‘xtemal forces on the body, wo 
have by D’Alembert ’a Principh) 


(1), (2) 


<lv* _ f®*' 

„ = F, « M*. 


(it 


(it 


These <lifferential equations detennine v* and H*' for any body, 
rigid or deformable. Now v* giv(‘a tlu' motion of P* in any ease; 
b\it the motion relative to P* is m gc*neral not d<>t('nnined by H*' 
except, m the ciiae of rigid bodies. Thus (1) and (2) <!oinpl<‘t,<>ly 
determine t.ho motion of a rigid body. 'rh<‘ important. rol<* that 
rigid bodies play in ini'chanics is duc^ to this fact. 

To prove that H*' d(‘termin<‘s t,lu‘ motion of a rigid Isidy relative 
to P* we recall that, t.hia relative motion is always an insiant,an(‘ous 
rotation » about an axis t hrough P* (§ 213, Th(*or(*m 5). Since 
P* is at rest in tho mot, ion relative to P*, 

(3) H*' = |yl«„ 7^wy, (7(0,1 (§ 214, 1). 

Hence when the principal moriM'iits of inert ia A, li, C are known, 
H*' determines <o = [co,, co,, co,| 

Now F imd M* in (1) and (2) an* completely determined when 
the magnitude, direction, and line of action of <>aeli exi<*rnal force 
is known. We conclude, therefon*, that I, la* motion (or state* of 
rest) of a rigid body is not afTect(*d by shifting tin* (*\t(*rnnl for(*(*s 
along their lines of action. Huch a shift in tla* int«*rnat foici's 
obviously do{*s not impair the validity of (Ij and (2) W<* have 

thus "proved Principle li of Statics — the transmissibility of a force 
act,ing on a rigid body 

It still remains to prove Principle V of St.at,ics. This st.af,c8 
the basic criterion for eipiihbiium: 

J/ the for(xs acting on a pat tide or n ngid body, initially at red, 
can be reduced to zero by meane of Pn tun pies A and li (vector addi- 
tion and transmissibtlity of forces), the jiarticle or body mil remain 
at rest. 

Proof. Since the application of Principles A and B does not 
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change the force-sum F and moment-sum M* we must have 

? r = ^ forces reduce to zero. Equations 

(1) and (2) then become 


dv* dH*' 


hence v* and H*' must remain constant, namely v* * 0 H*' = 0 
since tho body by hypothesis was initially at rest. Now H*' = 0 
implies that « = 0 in view of (3). Thus v* and « are both iden- 
ticiilly zero, that is, tho body remains at rest. In the case of a 
particle, v* = v = 0 alone establishes the equilibrium. 

Wo have now fulfilled the promise made m § 149, namely, to 
prove that the Principles B and C of Statics, not included in Prin- 
ciples I, II, and III, are consequences of the latter. Thus 

Principles I, II and III from the basis of the whole of Dynamics 
— HtaXics and Kinetics. 

221. Summary, Chapter XIV. For a rigid body of maiw m, 
the 


Momentum 



Moment of Momentum H 


/ 


uy dm, 


Kinetic 


Energy - i J* 


ti* dm. 


The change' m kinetic energy of a rigid body m any mterval is 
eejual to (.he work done by the external forces actmg on it. 

If a Mgid body has a motion op tkanslation, its inertia forces 
havi' (lie ri'Hultant ma. at the center of mass. The external forces 
acting on (.h(‘ body arc equivalent to this vector. 

I’he moiiK'iit of inertia / of a body about an axis is defined as 



the “ Hum ” of the masses of its particles multiphed by 


the sciuares of their distances p from the axis. The equation I = 
mk^ define.s its radius of gyration h about this axis If I* is the 
moment of inertia about a parallel axis through the center of 
mass P*, 


/ = J* -b Twd* (Transfer Theorem), 


where d is the distance between the axes. 
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If u rigid body ko'i’atkh Aiioirr A kixkd axih Oz wiiich is a prin- 
cipal axis of inertia at. O (§ 198), the iiM'rl ia forces re<lu«*e to a 

Force Twa’" at f> ami (louple of moment /«. 

The dynamical (Kiuations arc then 

ma.* - F, /« M(;, 

where F luid Mo denote tlu* force-sum and moiiM‘nt.-sum of all 
the external forces acting on the. body. 'Phe scalar equation 

/« - A/, 

holds for any axis Oz, whether principal or not. It. siiflices to 
determine the motion. The kinetic energy of tlw‘ bo<Iy is .) /w*. 
As the body turns through 9 radians, thi* ehang(‘ in kinetic energy 
equals the 

/*» 

Work done by th(‘ Torque Af , I A/, <10. 

J II 

If a plane through P* normal to t.h(‘ axis of rotation euts th(' 
axis at 0, the axis is a principal axis at O whiui f.ln* mass distiibu- 
tion is symmetric with resiiect to this plum' or to any line parnlh‘1 
to the axis If the axis of rotation is ilsi'lf a lim* of .symmetry, il is 
a principal axis at all of its points. 

If a body nwolves uniformly about a fixisl axis, tin* bi'aimg 
reactions duo to its motion are xeio wiien, and only whim, 

(0) it.a center of mass lies on th<* axis, ami 

(6) the axis is a principal axis of iiKTlia at on<‘ oi its points 

If 0 IS a point of a body in i*i.ank motio.v .such that. 

(1) Vo 18 constant, or O is lh<‘ cent.er of ma.ss /'", or ao passes 
through P*, and 

(2) the axis Oz, normal to the motion, is a principal axis at (), 
the inertia forces reduci* to a 

Force ma* at. O and ( 'ouple of moment, la. 

Tho dynamical equations are tlum 

ma* = F, /« - Mo. 

The scalar equations 

ma»* = maty* = F„ la ~ M, 
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hold whenever condition (1) is fulfilled. These suffice to deter- 
mine the motion. 

Lot 0 be any point of a rigid body in motion. Then the ve- 
locii'ies of its points P at any instant may be compounded of a 
translation Vq and a rotation u about an mria throu^ Ox 

vp = To + «xOP. 

The angular velocity « is the same for any choice of 0. 

For a rigid body in motion with one point 0 fixed, vp = 

0 xOP. Its dynamical equations are 

— d H 

ma.* *= F, = Mo 


whore H ih the angular momentum about 0, If s, y, 2 are an 
ori.hogonaI sei. of principal axes of mertia at 0, and A, B, C the 
corresponding principal moments of inertia 

H = [A(i>g, Bciy, CwJ. 


If (.he ax(*a xyz revolve about 0 with the angular velocity Q, 


dH 

di 


at 


+ QxH, 


wlu‘r(‘ dH/St denotes a rate of change relative to the movmg axes. 

For a more complete discussion of gyroscopic theory the reader 
IS ref('rred to 

Tfuiordical Mechanics, Amos and Mumaghan, Ginn, 1929. 


PROBLEMS 

1. A lO-lli w('ip:ht iiaiigs from a cord wound about a hoiizontal 
axle 1 It 111 (liiUiK'ter. The axle carries a biake drum 2.5 ft. ^8'“' 
ctei Al tei till' wcigiit falls 4 ft from rest (turmng the aide and drum), 
« iioiiniil pu'HKUie of 48 lb is appUed to the drum by the brake. If 
,, i at tlie 1)1 like, how much further will the weight fall? 

2. All elovaloi car weighing 4600 lb, carries a load of 30(K) lb. 

'rh<> h(.isl,iiiK cubic, connecting the car with the counterweight of 
4.S()(» li) , IS compensated by a second cable, of equal length ^eij « 
who.se imils are attached to the bottoms of the car *' 

Hoisting and compensating cables have a total weight erf 2300 lb 

The iionnal running speed of 600 ft /mm follows a penod of um- 
form acceloration lasting 6 sec Find the horsepower exerted by the 
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hoisting motor I (<(>) h(*c. afi<‘r tho car ht‘gms to rise, if tlu% inertia of 
tho dnim and annatun*, and the friction lohH<*s, ar(» uegh*et<sd. |Kx- 
prcHH tho work W aw a fiin<;tion of i; then tlic^ power dlV/di 

(§ 16 ;i).l 

What m the energy ahHorbed I>y tlie braking devie(‘H when the car 
is stopped in 35 ft. going downward? 

3. A traveling crane, weighing 20 tons eornpI(*t<‘, is uniformly 
accelerated from i<*Ht 4 ft /s<*e.2 Th(» armatun» of the <lriving motor 
weighs 1000 Ib., measures 1(5 in. in diameter, ami is pnieti<*ally a solid 
cylinder. The track wh<*(‘ls art^ 10 in. in <liam(4er, ami tin* gear ratio 
from motor to wheels is 2 to 1. Kind tin* horM*i)ower (*xerted by the 
motor, neglecting friction and the rotational in<*rtia <»f wlu'cls and 
gears, when the cram* is moving SO ft /min. 

4t. An electric hoist in a North Butte mine* op<*rat(*s two <*ag<*s in a 
vertical shaft 4000 ft d(‘(‘p. The cages W(*igh 14,000 Ih apie<*e ami 
arc connected hy 4()()0 ft. of fn*e cable, wt‘ighing 3 75 Ib /ft,, so as to 
balance eacli other. The driving motor is din*ctly conne<'ted to a 
drum 10 ft. in diameter, over which the cable runs, their moim*nts of 
inertia are resjieetively 17,000 ami 125,000 si ug-lt ® 

The ascending cage, with a load of 15,000 Ih., is umlormly a<*celer- 
atod for h «• 20 see. to a spi'ccl of 45 ft /sir , rises with (his sp(‘(*(l for 
1% HOC , and is then uniformly retard<»(l by tin* I)rak(*s foi -12 see., 
so that it comes to rest at the lo[) of tin* shaft. <\»mpui(» 

(а) the interval ti of umform spi'iMl, 

(б) the ilistances Xi, /a, Jrs luscemled during tin* inteivals h, /a, /i, 

(c) the work doin* by the motor in the intmvals /i ami /i, 

(rf) the work absorbed by the braking meclianisiu in (In* inl<‘rval /a. 

6. A sphere 8 in. m diametei is rolled with an initial .sp(»ed of Sit/ 
sec on a horizontal llooi What distance will it go l)(*foM* coming to 
rest if the coeflieient of lolIing liiction is 0(12 in ? 

6. A truck has a .solid reciangulai door d II wnl<* on the side* (Inngc- 
lino forward) The dooi is standing ()p<*n at light angles when the 
truck fitartiS with an acceleiation of a It /s(*c ' If Inction ami an 
resistance arc miglected, show that tin* door will clow* with tin* angular 
velocity of \/3 a/d rail /sec. 

7. The rim of a flywheel weighs ItiOO 11). ami is 4 ft in mean diam- 
eter If the wheel is keyed to the shaft so that its plane is I*' out of 
true, find the tonpie on (he l)(»nrings when it is making 210 i p in 

8 Using the notation of § 11)0, Kxnmph* 5, find the great<*st possi- 
ble acceleration of tin* ear with a fn>nt-wln*<*l diive in accelerating 
a car, which produces the greater mainnum traction, n*ar-whe(il or 
front-wheel drive? 
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9. An 80-lb. jflywhedl, with a radius of gyration of 7 in., revolves 
on a shaft transverse to a motor-car. With the engine making 900 
r.p.m. the car rounds a curve of 40 ft. radius at 20 mi./hr. Compute 
the gyroscopic couple exerted on the oar. 

Show that when « for the flywheel points to the right of the car, 
the gyroscopic couple tends to resist overturning on curves. 



CHAPTER XV 
IMPACT 


222. Fundamental Equations of Impact. When liwo rigid ” 
bodies collide, their velocities are in general abruptly changed. 
In order to produce these apparently instantaiieous (shanges of 
velocity the forces generated by the impact must bo v(iry large. 
Now a force F acting on a particle during the interval Ai, pro- 
duces a change of momentum equal to its impulse (§ 161) : 

A(mv) = F dt 

Since wc do not know the duration At of the impact nor the pre- 
cise variation of F in this interval, we idealize the impact, by taking 
it to be instantaneous, that is, A^ = 0. Then in order t,hat tlui 
impulse above may still equal a finite changes in momoutum, we 
must suppose that in the actual unpact F becomes infinite' in such 
a way that 

/•A/ 

lim I F = P 

Ai — 0 t/ 0 

is a finite vector. P is called an inetardaneoas impulse or percus- 
sion. 

If other finite forces, such as gravity, act on thcj colluhng bodies, 
their impulse's disappear in the limit At —> 0. Such forces may 
therefore be negk'ctcd in tlie impact equation 

A(/nv) = P. 

Friction may also be neglected unless the normal force between 
the surfaces involved has the character of a sudden blow. 

Finally, since the impact is regarded as inst,antaneous, the 
colliding bodies are assumed to be stationary during impact, and 
the position vectors of th<ur partio’es constant,. 

Consider now a system of particles mvolvi'd in an impact,. 
The percussions acting on the particles are due to forces which 
are either external or internal to the system By applying the 
Principle of Action and Reaction as in § 179 we may show that 

518 
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FUNDAMENTAL EQUATIONS OF IMPACT 

In any system of particles the vector sum of the internal percus- 
stonSf an^ of thetr moments oibovt any pointf is zero* 

Now for any partide of mass m belonging to the system and 
subject to the external and internal percussions P, P' we have 

A(mv) = Xp + Sp'- 

Moreover if i.he particle has the position vector r relative to aiy 
point, moving or fixed, 

rxA(»nv) = 5/^ + 

or since r is constant during impact, 

A(r«mv) = 2)rxP + ^r<P'. 

Now form those equations for each particle of the system 
and a<ld the equations of each set. Then since both 2)^P^ = 0 
and 2)5)rxP' = 0, we obtain 

(1) A^Jmv = 

(2) A]^rxmv = 

These fundiuncntol equations for impact may be stated as follows: 

Tiiboukm I In an impact, the change in the momentum of a 
system of particles is equal to the sum of the external percussions. 

Tiiuoubm II In an impact, the change in the moment of mo- 
mentum about any point is equal to the sum of the moments of the 
external percussions about the point. 

Since '^mv = (§ 181> 3), the change m momentum 

in (1) is equal to the change m C^m)v*. 

We sec also from (1) and (2) that: 

If XSp = 0, or V* IS constant; 

jf = 0, constant 

The meyrnentum is conserved when the sum of the external percussions 
IS zero. The moment of rnomentum about any point is conserved 
when the mm of the moments of the external percussions about this 
point IS zero. 

Instead of taking (vector) moments about a point as above, it 
is usually simpler to take (scalar) moments about an ^ This 
is permissible since Theorem II also holds when point is replaced 
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by axis (§ 66). In this connection we note that a rigid body, re- 
volving with the angular speed a about a fixed axis z, has the 
moment of momentum Ht = la about the axis; for a particle dm 
at a distance p from the axis contributes p'otp dm to //, and 
hence 


Hg = a J'p^ dm = la. 


This, of course, is the z-component of (§ 198, 1). 

In the examples and problems of this article the bodies are 
supposed to adhere after impact. Impact of this character is 
said to be imlastic. 


Example 1. A freight car weighing 30 tons runs into a 20-ton 
car standing on the track and both move on witli tho speed of 3 ft. /sec. 
Find tl»G speed of tho first car at striking and the kinetic energy lost 
in tho impact 

Since there is no percussion external to tho system formed by tho 
two cars, their momentum is conserved. Hence if v is tho striking 
speed, 

30 1 ; = f)0 X 3, t; = 5 ft./scc. 

The loss in kinetic energy is 


60,000 ,100,000 

i T2 ~ ^■■'32“® 


9375 ft.-lb. 


't 


Example 2. Balhatic Pendulum, The apeed of a hulloi. may be 
determined by fiimp; it horizontally into a block of wood oi box of 
sand, mounted to hwiiir as a physical pfuiduluin, 
and measuring tho angle through which it nsoa 
(Fig 222a). If fi lotion at tho axis 0 is nogh^ctod, 
tho only percussion external to the system bullet- 
pendulum IS the impulsive nuietion at 0 Hence 
tho moment of momontuin of the syatom about O 
is the same before and after inipaet* 

(7‘- 




k 

\ 


-vh 

0 


Fio. 222a. 


Here w, IF aic the weights of bullet and pendulum, 
h is the radius of gyration of the latter about the axis, and u is the 
angular velocity imparted by the impact Thus wc have 

(Wk^ 

" ~ Vw A 


(i) 


+ A 


)"• 


If the line of fire passes through the center of percussion of the 
pendulum there will be no horizontal reaction at 0 ($ 199). In this 
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case there are no external percussions on the system bullet-pendulum 
and the momentum will be conserved. Hence if b and I denote the 
distances of the centers of mass and percussion from 0, 


Oi) 


w 




or 


On putting h 


I in (i) and comparing with (li) we see that 


I 


b or 


b 


in agreement with § 199. 

By observing the an^e j8 we may find w by use of the energy equation: 

J ( — 1;* -h 4- wh) (1 - cos /?). 

\ 0 Q f 


Example 3. A rod of length I falls from a vertical position about a 
hinged <‘nd 0 (Fig. 2226) When horizontal it strikes a fixed obstacle 
O' at a distanoo d from 0. Find the percussions P, P' at 0 and O' if 
the rod does not rebound. 

From the energy equation for the rod we may find its angular ve- 
locity u just before impact. 


TFZ* 
* g 3 



We now ajiply Theorems I and II, taking 
moment.s abouli 0 in the latter With the 
positive <liiee(ions indieated in Fig. 2226, 
the inomentum and inoniciit of momentum 
of tlie liar just b(‘fore impact are 


mv* = 


W I 

- g " 2 ’ 




- 73 "- 


Since the bar remains at rest after impact. 


I 






Fig. 2226 


P + P' 


W 


w 





Prom these equations we may find P and P • „voai « 

Example 4. A stamp of mass m is operated by a “ 

shown in Fig. 222c Let «, 0 be the angular velocities of the wheel 
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jUHt boforo and after impact and 0, V tim currcHpoiuliiiK voloc- 
iiiee of tho stamp. If the wheel and Htamp adhere after impact, 
V - rQ. Wo shall nogloct friction at th(! axle of tho wheel and at 
the guides of the stamp. 



Let P bo the percussion of tho wheel on tho 
stamp. There will also bo nortnal [>ercu»- 
sions ]I7|, Ni at the guides us shown in tho 
figure. Mow apply Theon'in I to the stamp: 
on resolving vertically and horiisontally we 
find 

mSJr -0 " P, 0 - JV> -■ iVi. 

Also since the momentum of the stamp is a 
vectoi through its center of gravity Q we 
have, on taking inonients about (/ (Theorem 

ID, 


0 = JVi/i — Pe,* whence Nx « ^ P. 


The percussion — P acts downward on the wIuh*! a(. the jioint of im- 
pact (Action and Reaction). There is also a pereuasion R normal (.o 
the axle. | On taking inonients about tin* center wc havt' from Tlico- 
rem II, 

/il — /«■*' — Pr 

where / is the moment of inertia of the wheel. Note that axle fi iction 
is neglected. 

On putting P = miir in the last e({uation wo find 

/ CO 

“ ” / + «i7»- 

Prom this result we may compute* th(5 loss of onerjijy duo to iini>act: 

} /«» - i /iJ’ - J 

“Example 5, PiLcdrivl7ig Lot tlu* ram of tlio pil(Mlnv(*r, of we*iglit 
W, be dropped on a pile* of weight w from a h(*ighWi above the top 
of the pile. The striking velocity is then v » ^2 gh. 

* Since N 2 * — Ni, these percuasions form a couple of moiiH'iit NJi 
t If the center of gravity of the wheel is at its gcoincjtncal center, the 
momentum of the wheel is zero before and after impact. 'Fhen, from Theorem 
1, R must be an upward percussion numerically equal to jP. 
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Wo Bhall asHumo that the ram and pile adhere aftar impact and 
movo with the common velocity V. If we ne^eot the resistance of 
the ground on tho pile during the impact, there will be no eirtemal 
porcuHHion on tho system ram-pQe and the momentum will be con- 
served. Ilcncc 



W +w _ 
9 


or 


V 


W 
W + 


Th($ kiuotic enorgios of the system before and after impact are 
rospootivoly 

W 

- Wh, 

w + w _ w* ti* _ 

* 9 ~W+w2g~W+w‘ 


Hence tho loss in kinetic energy due to impact is 


Wh - 


W + v> 


VO 

W +w 


Wh. 


Suppose, now, that the 63 rstem ram-pile, endowed with the kinetic 
energy W^h/{W 4- ((>), descends a distance d before being brought 
to rest by tho rosistanco ot the ground. If the space average of this 
resistance is R, tho work done on the S 3 retem is (TT + w — 

This work o<iuaIs the change m kinetic energy: 


(W + w — B)d 


„ W*h 
~W +w* 


R 


h 

^ dW +w 


+ W+ W. 


hence 


Thus if a 2-ton ram falling 10 ft. drives a J-ton pile i inch into the 
ground, 

^ ^ ^ + 2i 386J tons. 

According to this theory the pile could support a dead weight of 386 
tons without yielding In practice the pile would be lo^ed wit^h 
only a small fraction (say *) of this amount in order to be on the 
safe side. This is tho more necessary in view of the uncertain assump- 
tions on which tho theory is based . . x- //•n 7 _L.n\ 

Wo have seen that the energy lost in impact is the fraction to/[.W + ) 
of the original energy. This fraction is nearly 0 or 1 accorchng as 
W IS largo or small in comparison with ui. As the ener^ lost is largely 
spent in deforming the pile and dimimshes the 
driving it, it is clearly advantageous to use a heay ^ 

If, on tho other hand, a hammenng process is used to deform o 
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shape an object, as in riveting or certain blacksmithing operations, 
the 'ivork of deformation should bo kept largo by repeated blows of a 
relatively light hammer. 


PROBLEMS 

1. A stone weighing 2 lb. is dropped on soft ground from a height 
of 4 ft. Show that the percussion is 1 Ib.-scc. 

2. A 1-oz. bullet going 1200 ft./Hec. strikes a block of wood weigh- 
ing 4 lb , becomes embedded in it, and can i('s it off without rotation. 
Find the velocity of the block after impact and the loss in kinetic 
energy. 

8. In Atwood’s Machine (Fig. 159o) « 3 lb., TT' » 1 lb. The 

weights start from rest and in I sec. W strikes the floor. IV' rises, 
comes to rest, and falls again. With what vi'locity will IV begin to 
move when the string becomes taut? 

4. A particle weighing 1 lb , moving with the sp(*ed of 4 ft /sec., 
strikes the end of a 3-lb. rod 2 ft. long pivoted at the middle. If 
pivot friction is neglected and the impact is inelastic, find the angular 
velocity of the rod aft«‘r impact. 

6. A 7-lb. bar, 2 ft. 8 in long, pivoted at one end, drojis from rest 
when horizontal. When vertical its end strikes a particle wmghing 
§ lb. resting on a horizontal plane. If pivot fiiction is uegh'cted and 
the impact is inelastic, find the initial spc'tvl of the jiaiticle. 

If the eocfliciont of friction between particle and plane is i, how far 
will the particle go before coming to rest? 

6. A cube of side h slides with the velocity v on a horizontal plane 
until it meets a low obstaiile tiansverse to its motion. Prove that its 
center will have the velocity J v'2 a after inelastic impact. 

Show that the cube will tiji ov(*i if 

o » > l (. V 2 - 1)176. 

223. Direct Impact of Spheres. When two spheres, whoso 
centers are moving 111 the, same straight lino, collide, their velocities 
are suddenly changed from Vi, Va l,o Vi, V 2 . In tlie syHt,em com- 
posed of the spheres, the mutual percussions at the point of con- 
tact cancel (action and reaetjon), and as there arc no external 
percussions the total momentum remains constant: 

miVi + »t2V2 = miVi + miVi 

If we choose a positive direction on tilie line of centers this equation 
may be replaced by the scalar equation 

( 1 ) miV I + miV 2 = nhVi + miih 



§223 DIRBCT IMPACT OP SPHERES 625 

in which the velocities (speeds) are given the sign corresponding 
to the direction of motion. A second equation is now needed in 
order to determine Vi and Va. 

Since there are no ideally rigid bodies, the impact of two bodies 
produces a deformation which reaches a certam Ting.TiTirmTn When 
this deformation is permanent and the bodies adhere after impact, 
they are said to be ifietastic. If the bodies completely recover their 
original shape, they are said to be perfecUy dastic. Between these 
extremes all extremes of partial restitution, with separation after 
impact, may occur; in such cases the bodies are said to be imr 
perfectly elastic. 

Inelastic Impact. Since the spheres move as a whole after 
impact, Vi = V 2 , and from (X) 

T7 T7 

Kl = Kj = ; . 

Wi + m* 

Perfect Elastic Impact. When the deformation pennsts, wholly 
or in part, some of the kinetic energy of the bodies is expended in 
the work of deformation. In any case some energy is probably 
dissipated as heat generated by the impact. For perfectly elastic 
bodies, however, this loss is but a small part of the total kinetic 
energy If we assume that no energy is lost, the constancy of 
kinetic energy gives a second equation: 

(2) ?7ZiFi® “1“ miVs^ — miVi^ H“ 

If we wnte (1) and (2) as 

mi(Vi - «2) = -mi(7i - «i), 

- V2^) = -OTi(7i* - »!*), 

and divide them member for member, we obtain 

Fj + = Fi + 9i, or 

(3) Fs - Fi = -(% - vi). 

This equation states that the velocity of either sphere relative to 
the other is simply reversed in direction. Experiment shows that 
this relation is very nearly exact in the case of steel or ivory balls. 

Equations (1) and (3) determme Vi and Fj. When the spheres 
have equal masses the results are especially simple. The equations 
are then 

Vi + Vi = vi + V2, Fa - Fi = »i - 
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whence 7a = »i, 7i = »a; that is, <Ac sphereH exchange velocities. 
In particular, if one sphere is at rest Ix'fon! impact., the other 
will 1)0 at rest after. This conclusion is readily v(*rifM*(l by experi- 
ment. 

Imperfect Elastic impeui. In this caw' some kmeti(5 mergy is 
lost and (2) and (3) are no longer tru<‘. After e^irrying out a 
scries of experiments on impact. Newton found t.hat th<! rcdativo 
velocity is reversed by impact and diminished in a ratio c which is 
constant for the given bodies; that is 

(4) Ka - 7i *= — c(t;2 — V\) 

where e, the coefficierU of restUviion, is a positive numl)(‘r l(‘ss than 
unity. Equations (1) and (4) now detennine V\, V« wl«*n wi, 
are given. 

Eqmition (4) applies also t.o inelast.i(! and porfently <‘Iastic 
impact if we give e <.he limiting values 0 and I r(‘sp(><‘.tively. 

Since only internal forctss act on the system of two splu'res, the 
velocity v* of their c(int(*r of nuiss I** is unalteri‘d by tlu* impact; 
thus 

(,♦ _ ^i7 i + m«Vt ^ m\V\ -4- 
~ mi + wi2 Wi + i)h 


in agreement with (1). The kinetic imergy of t.li<‘ system is equal 
to I (mi + mi)v*^ plus the kinetic energy of t.iie motion relative to 
P* {§ 185). Any change in kinetic (*nergy must tlu*r«‘fori‘ lu* due 
to a change in the latter part. Now the veloeita's n'lativi' t.o P* 
before impact, an* 


Pi — V* ~ — («! — %), 

7)11 +7)12' 


Vz — V* 


))ll 

trti + )«2 


Uh — Di); 


the kinetic energy relative to P* is tlierefon* 


•} mi(oi - t)*)2 + ^ im(v2 — = I ("2 - 


Similarly after the impact the relat.ive I'nergy is 


* TWi + 7W2 ' ^ *m,i + nh ' 


7)1|7M2 


in view of (4). Hence 

(5) Energy Loss = (1 - (th - di)®. 
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W.lhtada^OBph^(..0) the ffitoBUa™ energy 
impaot IS lost. WithperfeeayebettospheresCe-l) there is M 

lOtSR. 

Example 1. A 4-lb. ball going 4 ft./sec. strikes a Wb. ball going 
2 ft./Boc. in tho opposite direction. Pind the velocities after impact 
and the Iohh in kinetic energy if e = i. 

From (1) ajid (4) 

4 V, 4-6 7, =4X4 -(-5 X (-2) =6, 

7, - 7i - -i(-2 -4) =3; 
henc(« 7i = -1, 7, = 2ft./sec. 

The loHH in kinetic energy is 

i (4* - 1*) + i A (2* - 2*) « if ft.-lb. 

This direct (joiripuiaiion may be checked by use of (5). 

lixarnplc 2. The direct impact of a sphere on an immovable plane 
(rcgiirded as an mfimte sphere) may be dealt with by putting * Fa 
- 0 in (4) Thou 

(«) Fi = 

II a ball falls from a height A on a horizontal plane and rebounds to 
a height //, 

Vi = Vi = -V 27 ^ 

and Irom ((5), r = y/ II /k The measurement of H and h thus gives 
an (‘xpeiiiiH^ntal methud of finding e, 

PROBLEMS 

1. Two (4as<.ici Hjilicres, 1 and 2, move in opposite directions along 
tli(* same line with e<j[UJiI speeds On impact sphere 1 is leduced to 
lest Show that mi = m 2 

2 A 2- and a splicre move along the same line with velocities 
of and —2 111 /sec Show that they will be reduced to rest if the 
impact iH iiKdastic. 

li a --= 0 8, find their velocities after impact- What is the energy 
loss? 

li th(‘ splu^res are perfectly elastic what are their JBnal velocities? 

3 A ball dropped to a floor reaches one-half its original height on 
the see.ond rebound. Find e, 

4. A ball strikes another directly which is at rest. If the balls 
have tlui masses mi, m and are perfectly elastic, find their velocities 
attei impact. 
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6. Two billiard balls B, C arc iii contact. A third A, moving along 
thoir line of oontors, strikes li witli the vc'looity v. Show that A, B 
C have the velocities 0, 0, v after impact if c » 1. 

6. Two billiard balls, A, li, moving together with the velocity v, 
strike a third C at rest on their line of centi'rs. Show that A, B, 6 
have the velocities 0, v, v after impact if e => 1. 

224. The Restitution Equation. In order to deal with prob- 
lems in impact less simple than the direct impact of spheres we 
shall assume that Newton’s empirical equation 

(1) Fa - V, = -e(»i - wi) 

applies in any case of impact at a point provided vt — vi and 
Fa — Fi denote the components of relative vvlocity along the com- 
mon normal to the impinging surfaces at their point of contact. 
This generalization should be n'garded as a working hypothesis 
rather than a well established law. 

Mxampte 1 Obluiue Impact of Smooth Splures. The imiwust is 
said to be ohtique wlimi tlie sphi'ros are not botli moving along the 
lino of centers at the moment of impact Mims' friel ion is absent thi're 
are no tangential percussions at the point of contuet. 'I’lie compo- 
nent of the momentum of each sphere peipendieiilar to thi' lini* of 
centers is therefore uiialteied by the impact, (lonseiiinmlly Uni 
tangential velocity eompoiients of each spfieie le- 
main constant. Tin* normal velocity eoniix)- 
neiits are subject (o the (>(iualions (§ I, -1) 
as in diiect impact 

(’onsidei, loi example*, Ihi* imjmet ol (wo lul- 
liard balls (Kig 22 1«), one at rest {e, 0), (he 

other having a velocily i>, which, a( impact, 
makes an angle* p with (he* line* of e*i*n(i*is If 
Fiei 224a. fho balls an* i)e*ifi*i*(lv I'laslic, tlie*v will simply 

exchange thi*n normal »/-<’<>nipone*nts oi vi*loe*ity 
while the tangential T-e!e)mp()ne*nts re*maiii umilte*ie*el Thus alter im- 
pact the balls will have* the ve*le)e*.itie*H 

Vi “ [(), Vi eteis /il, ■= [wj sin p, 01. 

Thus ball 1 moves off in the +y elire'ction, ball S in the +c eliri*c(iem 
The reader may verify that no kinetic energy is lost. 

Example 2. Impact of a Sphere on a Fixed Plane. 

1. Smooth Contact. Lot the sphere approach and leave* the plane 
at the angles p and y to the normal (h'lg. 224i). The normal p-cum- 
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^nents of ^ocity before and after impact are -a cos /j F cos v 
hence from the restitution equation ^ 


(i) 


F cos 7 - 0 = —e( — a cos /S — 0 ), 
F cos 7 = ca cos ff. 


or 


^SSHien friction is absent the tangential 
components of velocity remain unaltered: 
F sin 7 «= a sin /8. 

Hence on division 


(ii) 


tan ‘ 


' - tan i8. 



7 = /J; the angle of r^Uction eguaia {he cmgU cf indimee. 

If the bodies are imperfectly elastic e < 1 and 7 > /j; ^ angle of 
reflection is greater than the angle of incidence. 

2. Roiigh Contad. Equation holds as before. Let [P*, Py] 
denote the percussion of the plane on the sphere. Now Py is equal 
to change in the 2^component of momentum: hence 

Py = m(F cos 7 + a cos /S) = m(l + e)a cos p 

in view of (i). Now P* * -^Py where ju is the coefficient of friction. 
Since P* equals the change in the ovcomponent of Trinmantum 

P* = - Aim(l + e)a cos ;8 = m(F sin 7 - » sin p). 

On substituting the value of F from (i) we obtain 
-m(1 

or e tan 7 = tan ;8 — /»(! + c). 


„ cos /S . 

P = 6 — — sm 7 — sm jS 
cos 7 


On comparing this equation with (li) we see that the friction causes 

the ball to rebound nearer to the normal. 

Example 3 A rod of length I, pivoted 
at 0, falls through an angle a and hits the 
obstacle A at a distance b from 0 (Fig. 
224 c). If it rebounds through an angle p, 
find the coefficient of restitution e. 

Let w, be the angular velocities of the 
rod just before and just after impact. 
Then from the energy equation 



*73" 


IT i Z sm a, a 


§ — n» = IFi Zsin/s, 
g o 


V 


3 g sin « . 


Z 


3gBm/3 

z ■ 
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From tho restitution o(iuation 

bit — 0 » — c (hw — 0) or Si •» —ca. 

Hence from tho above values of a and si, e = ■s/sin ti/nia a. 


226. Impact in Cases of Plane Motion. Consider a l)ody of 
mass m in plsino motion subjeotod to certain external psTcuHsions P. 

If V* is the velocity of its cenlej of mass G, its momontuni is mv* 
and from Theorem I. 

(1) mAn* - JP. 

The moment of momentum about G is 


He = ~ J " '*^0 rfw* 

where v' is tho velocity of any pariicU' of (.h<‘ boily relative to 0. 
Now 

J* rxv* dm — ij ^ dm)^* ~ wir*><v* •= 0 


since r* == 0 (0 is center of inomenis) llencit 

= J'r-v' dm - H,/ 


Abotd the center of «*««« Ihc tmment of mmonlum is ciiiial to 
the moment of rcloUve momenliim Foi pliini* motion, the motion 
relative to G is a rotation about the axis Gz {M-rpendicuIai to the 
plane; and if Gz is a principal axis of iniTtia, 

He H(/ /*« (§210) 

when' /* IS the moment of inertia of the body about Gz Ili'iiee 
from Theorem II, 

(2) I*A» = 


Example 1. Center of Pcrcumion,, A body at. rost m .sul)j(»ct<*(l 
to a porcuflsioii P aotiiiK in n piano of Hyruniotiy thrc)iifj;h 1h<' oontor of 
mass G, Then Gz ih a pniieipal axiw of inertia, and from (1) and (!2) 
w(v* - 0) - P, - 0) - Pi/ 

where 6' ■= GC, tho perpendicular from G on P (Fig, 225a). By 
symmetry the initial motion of the body will bo plane; G will move in 
the direction of P and the body will revolve with tho initial angular 
speed to about an instantaneous axis Iz, I will lie on the line OC 
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(§ 125). lIonc<‘ from tho firat equation. 

p » tny* « m<ab 

wh(‘n* b - Id On substituting this value of 
find 

/.*« = hb' = GhOC. 

This rohition loeaUis /. It shows, moreover, 
that / and an^ rolaied just as tho centers of 
susjxMision and oscillation of a physical pendu- 
lum (§ 107, Or, in view of § 199, we may 
say that is th<» coiiti^r of percussion with 
roHixxit to /. If the axis tz of the body were 
fix(5<l, lh(s percussion would not produce a re- 
action l.h(T(*. 

limmplv 2 L(d. a particle of muss mi im- 
pinges dinxstly on a rod of mass m at rest on a 
smooth plane (Fig. 2256) On collision percus- 
sions of e<|ual inaftnitud(» and opposite direction will be developed at 
th<» point of <'onta(d. Since theio are no external percussions on the 
syslmn lod-pai tide, the* inoiuentum and the angular momentum of 
th<‘ sysUun will he conserved Thus it the velocity of tho paiticle is 
i;i just Ih‘Ioi(», Vi just allei iinimct, and v* is the initial velocity of 

the* inash-eentor of the rod, we have 
hy the conservation of momentum 
(i) mi Vi 4" rao* = rriiVi. 

Also, on taking (/ as centoi of mo- 
ments, w(* have hy the eonsei vation of 
inonuMit oi mouKuitiim 
(n) mi Wp 1 7hL*^o} = 7niVip. 

''riie point r ()l lh(‘ lod Is-gins to inov(‘ with th(‘ velocity v* -f 
(5 121), h(uic<‘ hy th<» test it ut ion (xjuation 
(ill) e* I ojp - Ti - c(() - Di) = c/;i 

Thus li Vi IS known, W(‘ have thi(‘<* lin(*ai ecpiations to deieimine 
Ki, V* and w 'rh(‘ posit iv<' diM*etions ai(‘ indicatiHl in tlie figure. 

It w<‘ multiply (i) hy p and subtract fiom (ii), we find 

7/i(/w*“w — pv*) = 0 or V* ~ -j- o) 

This shows that th(» rod begins to turn about a point I (the center of 
pereussion) at. a distan<a» k*^/p from (J. For a uniform rod of length 
I Htru<*,k at one end A, 


4 

I 

!“ 

r, 


i* f' 


P in the second we 



OI 


k** i‘a 

p" “ II 


1 1, 
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PROBLEMS 

1. A 1-lb. ball going 15 ft /hoc. strikes a 2-lb. ball going 10 ft./sec. 
in a direction perpendicular to the first. At the instant of striking 
the second ball is moving perpendicular to the line of centers. If the 
balls are smooth and perfectly elastic, find their velocities after impact. 

2 Show that a billiard ball of radius r, rebounding normally from 
the side of the table, will roll without slipping provided the cushion 
strikes it at a distance 7 r/5 above the table [cf. Ex. 1]. 

8. A Hb. sphere going 4 ft./sec. strikes the end of a rod at rest on 
a horizontal plane. The rod is 3 ft. long,^w<!ighs 2 lb , and is struck 
at right angles to its length. Find the velocity of the sphere and the 
angular velocity of the rod after impact if c » J. What is the energy 
loss? [Locate, first, the instantaneous center of the rod.] 

4. A ball having the velocity compoiioiits [20, —04] ft./sec. strikes 
a smooth horizontal plane. If e = I find the horizontal di.stance 
travelled in the first bounce. Show that the total horizontal distance 
covered in all the bounces is 160 ft. 

6. A rod 4 ft. lung and weighing 2 lb. is juvotc'd at the middle. 
A i-lb. ball, having a velocity of 12 ft./sec. at an angh* of (M)“ with the 
rod, strikes it at a point 1 ft. from its center. If e - J find the angular 
velocity of the rod after impact. 

6. A uniform rod 4 ft. long and wi'ighing 2 lb has a trauslatory 
motion of 4 ft./sec. The rod impinges dii(*ctly on a fi-xed (tbstaelc 
1 ft from its center. If c = J, find the velocity of its ci'iittT and the 
angulai velocity just after impact, l^ocate the instaiitancuus cemter 
of the rod. 

7. Solve Problem 5, § 222, when c = J. 

226. Reduced Masses. In the dinict impact of two spheR‘s 
the equations (§ 223, 1, 4) 

(1) mjFj + ni'iVi = miVj + nhvs, 

(2) V,- Vt = -e(u, - !»,), 

determine V,, Vi in terms of Vi, va. Also, from (§ 223, 5), the 

(3) Energy Loss = - e*) (va - t;,)*. 

In more complicated coses of impact tlic restitution equation 
has the form (2) if v and V denote the components of velocity 
along the common normal to the impinging surfaces at their point 
of contact (§ 224). Moreover it is often possible to deduce from 
Theorems 1 and II an equation between these normal velocity 
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components of the form (1), namely 

( 1 ) ' MiVi + M2V2 = Mivi + Moh, 

where Mi, M 2 are certain constants, having the riimanainTiH of 
mass, such that the kinetic energies of the bodies may be ex- 
pressed in the fonn ^ Mv^. When this is the case Mi, M 2 are 
called the reduced masses of the bodies. On solving (1)' and (2) 
for Vi, V 2 we obtain 

■j/. (ATi — sJIdTj)®! "t" (1 "f" e)M2V2 

Mi + Mi ’ 

ir _ (Mi ^Mi^Vi + (1 + ^MiVi 
Mi-^Mi 

Moreover equation (3) above will give the energy loss when 
mi, m 2 are replaced by the reduced masses Mi, M 2 . For every 
step in the calculation of the loss in § 223 has its exact counterpart 
in the case under consideration, the reduced masses taking the 
place of the aciiual masses of the impinging spheres. The method 
will be clear from the following example. 



Example. Impact of Bodies Revolving about Parallel Axes. Con- 
sider two bodies revolving about parallel axes with the angular veloc- 
ities «i, 0)1 (Fig. 226a). When they impinge let the mutual percussions 
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of magnitude P change m, <>>i to Qi, Oa. If the angular voIocitioH aro 
taken positive in the senses shown in tho figure, the normal velocity 

components will bo positive in direction 
of +P. 

If h, It denote moments of inertia 
about the axes of rotation, Theorem II 
gives the equations 

— ««>i) = — Pn, It(ih - «a) - Prt; 
hence, on eliminating P, 



Fio 226& 


(i) (ill — «i) + (ih — «») ■■ 0. 

'1 *3 


We now introduce tho normal velocity 
components v, V into this equation. Since 

Vi » uidi cos oti = V» aa cos at => utTt, 

and similarly 

Vi Bs Oifi, Va = QjTa, 

(i) may be written 

-«.) - 0 , 

which has the form of (1)' if we put 

h 


(4) 


Mi 


M, 


k 


These constants clearly have the dimensions of mass 
kinetic energy of either body has the required form. 


Moreover the 


J 




I Mv*. 


The expressions (4) arc therefore the rndiicod mjissoH of tho i evolv- 
ing bodies. Eack reduced mass equals the momeni of inertia about the. 
axis divided hy the square of the perpendicular dropped from the axis 
on the common normal 

As a numcncal example suppose, in Fig. 2266, that 

Ii => 80slug-ft.*, n = 2 ft., 011 = 2 rad./ 80 c.; 
h = 400 slug-ft.*, Ta = 3 ft., oia = 0. 

Then the reduced masses are 

Jlf, = ^ = 20, Afa = ±00 j 

and 111 = 4 ft./8ec., «= 0. Taking e =» J we now find from (1)' 

and (2): 

” Ml -I- JHa*"* ” “ W+l/f 

From (3) we find 82 7 ft.-lb. as the energy loss. 
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PROBLEMS 

1. A rod of weight Wi, pivoted at one end, falls through an ang^e of 
90° and strikos a second rod of weight Wt, pivoted at the middle 
(Fig. 226c). If the pivots are smooth and Wi ■■ 20 lb., TV* => 10 lb., 
>■ 6 ft., Za* ■> 2 ft., c - I, find the angular velocities of the rods 
just after impact and the energy loss. 

Show, in general, that the energy lost is the fraction (1 — e*) 
Wt/iWi + VTa) of the energy just before impact. 


+ 



Fid 220e Fio. 226d 

2. The bar, jnvoti'd at A, falls through an angle of 90° from rest 
and strikes the square block pivoted at B (Fig. 226d). Find the 
velocities at C just alter impact and the energy loss, given that Wi = 
4 lb , IVa = 6 lb , Z => 2 ft., 8 in , o = 1 ft., e = j. 

3 Fintl the energy loss in Example 4, § 222, for any value of e. 
Verify tli<* former result by putting e => 0 

4. Show that the reduced masses of sphere and rod in Problem 3, 
§ 225, aie both 1/2 g, solve the problem 

6. Show that the reduced masses of particle and rod in Example 2, 
§ 225, are 

Ml = /«!, Mt = 

Compute the energy loss if a l-lb ball going 20 ft./sec strikes a 
unifonn rod 4 ft. long and weighing 7 lb. at a point 1 ft from its center 
when 

(a) e - i, (6) c = 0. 

6 . Solve Problem 5, § 222, by the method of reduced masses when 
e = J. What is the energy loss? 

227. Sunmiaiy, Chapter XV. In an vmpact on a system of 
particles, the changes in momentum and moment of momentum 
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cihout any poinJt are equal respectively to the mm of the external 
percuseione and of their mommts about that point. 

Newton's Experimental Law: The relative velocity of two 
spheres is reversed by direct impact and diminished in a ratio e 
which is constant for the given bodies: 

V 2 — Vi ^ —e(v2 - vi). 

The coefficient of restitution e is a positive number ^ 1. 

In inelcLstic impact 6 = 0; the bodies then adhere after impact 
In perfect elastic impact 6=1; the velocity of either sphere rela- 
tive to the other is simply reversed in direction. Imperfect elastic 
impact occurs when e lies between 0 and 1. The kinetic energy 
of the spheres is conserved in perfect elastic impact; in all other 
cases some kinetic energy is lost. 

In dealing with the impact of bodies in general, the above 
restitution equation is assumed to apply to the components of 
velocity along the common normal to the impinging surfaces at 
the point of contact. 



ANSWERS 


A minus sign before & stress indicates compression. 

Except where greater accuracy seems warranted, g is talcen as 32 ft./8ec.* 


§11 

1. (o) 6.19, 108" 51'; (6) 0; (c) 5, 126* 52'; (d) 2.83, 315*. 

0J i, ?,*”§• 3. 13; -ff, -ff, §§. 

4. (a) (-21, 41, 31); (5) (0, 31, 2). 

7. » — 4y+2-i0, 5p + * — 2-0. 


1. 0,0,3). 


§12 


§15 

1. -3* 2. 3 464. 3 -1166. 

4 . (o)60*; (6)64*44'. 6. 618. 6. 1*. 

7. » — »4-2* — 3=0. ' 8. 90*. 

§17 

2. ±[9, 12, -36]. 

4. 19x - 14y + 17* + 30 = 0. 
6 (o) 1 769; (5) 2.183. 

§26 

1. 700 lb., inclined 21* 47' to 500 lb. force. 

2. 98* 13', 120*, 141* 47'. 

5. («) 13 lb., 247® 23'; (6) 29 lb., 46* 24'; 

(c) 60 lb., 286* 16'; (d) 67.48 lb , 192* 9'. 


1. 6* + j/+4s — 13=0. 

3 3* + 4y + 17*-62 = 0. 
8. 3. 


§38 

1. 60 lb. 2. 73 2, 89 7 lb. 

3. ^ = 30*; 1000, —17321b. 4 70,301b. 

6. 28 7, 96 6 lb. 6 28 4, 71 6 lb 7. 28 7, 72 9 lb. 


§39 

1. 35.54 lb. 2. (a) 870, 362, 362 lb ; (6) 602, 513, 613 Ib. 


§40 

1. Radius to 3-lb. particle inclined 33° 41' to vertical; 1.664 lb. 

2. 21.96, 19.06, 26.90 lb ; 2* 67'. 

8. Fi - 149.1, Ft - 137.4, F, - -333.3, F« - -300.0. F, - Fe - 298.1 lb. 

637 
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F^ m -13,017, Ft - -8333, F, - 6509, F4 - -13,600 
F4 - F. - -1782, F, - -2000, F4 - F» - 1414, F. - -2828 


§45 

1. (a) -23; (6) -23; (e) [24, 6, 8], (16, 27, 13]. 

2. 0; lines AB, CD copUnax. 3. 10. 


§50 

4 . (a) 11.84 lb. through (13.05, 0) at angle -47* 56'. 
(6) 20 lb. acting upward along y-aas 


§53 


1. 430,4701b. 

2. 300 lb. down at A, 400 lb. up at B. 

8. 180 lb at each pin, 120 lb at floor. 

6. 183 Jib. 6. 6,301b. 7. F = § W(ri - r*)/!; A* 

8. [3750, 3000] lb. at A, (-3750, 0] lb. at B. 9. 121b. 


§53 

1. 132.3 lb. (49* 6' with hor ); 86 6 lb. 

2. 18 lb.; 67 2 lb. (17* 27' mth vert ). 

3. Reactions on most at A, B, D. [1500, 2000], [—1500, 0], [2000, 250] lb.; 
stress in CF‘ —30101b 

4 43 6,86 61b. 

6 (4875, 0], [-6000, 31251 or 67651b 

6. [10, 12] or 15 62 tons, [10, 4] or 10 77 tons. 

7. [320, 60] or 325 6 lb., 400 lb 

8. 6 ft. 9 10 83,4 141b. 


§54 

1. P- 43 31b.; 75,501b. 

2. Fi - -104.2, Fj » -62.5, F* » 133.3 lb. 


§57 

1. AB, BZ), DO, CE, EF: 45 8, 46 8, 73.3, -733, -82.5 kips; BC, DE, 
OF: 16, -17, -6 kips; AC, CD, EG. -71 6, 43.0, 14 3 kips. 

2. AB, BE: 12, 12; BC, ED. 2, 8; AC, CD, CE: -15, -10, -5 kips. 
8. il, h£, gS.fB: -12, -1.2, -14.4, -144, b$, d, d7. 6.0, 6.0, 26.4; 

IS, S4, 66, 7e: 3 2, -1 6, 3.2, 16 0; at, £3, S4, 46: 2.0, -8 0, 14 0, -20.0 kips. 
Reactions: [-26.4, 0], (264, 16.0] Wps. 

4. gl,hS,i5,h£,e4- 1126,26.85,32.04,-20.78,-31.18; al, IS, £8,84,46'. 
-22.S2, 19.06, -12.12, 8.66, -1.73 kips. 
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§58 

1. § 67, Prob. 3. 2. § 67, Plrob. 4. 

3. Index stresses in cut members to right of C.L., bottom to top: 1440. 
96, 48, -1684 kips. 

4. Index stresses in diagonals, left to right: 20, 50, -80, -90, 60, 30, 0, 
30 kips. 


1. §57, Prob. 3. 
3. § 60, Piob. 1. 
6. § GO, Prob. 3. 


§59 

2. §57, Prob. 4. 
4. §00, Prob. 2. 

6. §58, Prob. 3. 

7. § 68, Prob. 4 


§60 

1. 8196, 3464, -11,4641b. 2. 22,222,51,516,60,0001b. 3. 57,9601b. 


§61 

1. Rcnctions on mad: (4150, 11,500), [—4150, 0] lb ; reaction on boom: 
[20,750, 3.'>S31 lb ; sticss in btace, 21^870 lb 

2. Ronction.s on maul; A[1717, 3400), R[-1717, 0], C[-2289, -2676], 
D[2289, 7.?] lb , reaction on boom E[2289, 2475] lb 

3. Ileaotion at E on AD (a) [1000, 0], (b) [1000, -500]; (c) [1000, 250]; 
(d) [1000, -1000]; (c) [2000, -250] lb 

6. Reactions at C and E on AC 

(a) [-000, 200], (000, -2100] lb ; 

(b) [-000, 0], [000, -1800] lb ; 

(c) [-000, -300], [000, -900] lbs. 

(d) [-000, -000], [000, 0] Ib 

6. Reactions at C and E on AC' 

(a) [-1200, 800], [1200, 0] lb ; 

(5) [-000, 100], [000, 0] lb; 

(c) [-1800, 1200], [1800, 0] lb. 

7. Reactions ut C and E on AC [ —3000, 2400], [3000, 0] lb. 

8. Reactions ut C and E ou AC. 

(a) [ -300, 1200], [3300, 0] lb ; (5) [ -900, COO], [3900, 0] lb.; 

(c) [300, 1800], [2700, 0] lb , (d) 1 5 ft vorticaUy below C. 


§62 

1. P =. 126, y - 25 lb. 3. 1098, 95 4 lb 

4 . 508 5 lb. 6. 52121b. 

6. (a) 100 lb.; (b) 122 lb. 


8. 59” 39', 


§63 
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S6A 

1. 1051b. 8. 2081b. 

3. 12.51b.>£l). 4. 16331b. 

$65 

1. 491b./in.>. 2. 12.381b. S. 141.41b. 

6. Ha » { it tan oe, ffc } W tan oe, Stress BC » — 2 W tan «. 

6. 2.04 ft. 7. M - 0.4; $. 


§73 

1. Sx = -800, St = 800, S, = S4 - 0, St - 1000, St - -1000 lb. 

2. = Ss = -100, S, = Si = -125 lb., S, - 5, - 0. 

3. 67.61b. 4. 271gm./cm. 

6. H - W/3>v/5, P » W/V5, 7 = t W. 

7. 4500, -66001b. 


2. 7 lb., 158* 13' 

1. (I«, it). 

4. (5J,4i). 

1. 60, 37.6 lb.-ft. 

3. 778, 760 lb.-ft. 

1. 588 lb.; 2.7 in. 


§73 


$78 



4 

Sir 


0 


6. On axis, } h from vertex. 


§80 

2. 68i, 66} lb.-ft. 

4. 8.3, 20.8, 10.6 lb.-ft. 

$81 
8. 28. 


1. 721b. 
3. 2. 


§95 

2. 951b. 
6. 501b. 


$96 

1. 610.93 ft.; 948,700, 900,0001b. 2. 43 64 ft. 

4. 0.48 ft.; -82001b. 6. 610.15 ft. 


1. H = 30, 7 = 40, P « 601b. 

2. H = 39.7, 7 = 45, P = 60 lb. 

3. H » 240, 7 - 100, P = 260 lb. 

4. 115.1ft. 5. 292.4 ft. 



ANSWERS 


641 


§99 

1, 72.4, 152.4 lb. 

2. Vertex is 2.86 ft. to left of M, 58.40 ft. below M. 

§102 

i> A 2. 2 4 mi./br. 

8. 3ift./seo. 6. 8ft./sec. 

§105 

2. 185.1 ft./seo.». 8. 9.216 ft./sec.*.; 22,620 ini./hr.*. 

§109 

Path and hodograph: 

1. Parabola y => x — a!V400; line z = 80. 

2. Segment of line Bx — Ay « 0 of length 2 Va* + B>; segment of line 
Bz — Ay = 0 of length 2 n VA* + B*. 

8. Portion of parabola y = 1 — 2z* between (-1, —1) and (1, — 1); 
curve y* = 10 a*(l — z’). 

4. Curve y® = z*(l — z*); parabola y = 1 — 2z* between (—1, —1) and 
(1, -1). 

6. The ellipse at the intersection of the circular cylinder x* + y* ** 1 and 
plane x <= z; same. 

§107 

1. —0 349 rad./sec 10 472 rad /sec.; at “ •-L047, On ■» 329 ft./seo.*; 
100 rev. 

2. 0 307 ft /sec *, 3 mi ; 0 275 ft /sec *, 80 sec. 

4. 0 / = 0, On « 32, a = 32 ft /sec.*, p = 200 ft.; at = 28.6, Oa » 14 3, 
a B 32 ft./sec *, p = ^36 ft. 

§109 

2. — y sin O/l. 3. 2500 rev.; 16| min. 

4. —0 35 rad /sec.*; 25 rev.; 63 25 rev /min. 

5. a; = — y sin y, a» «= 2 y (cos 0 — cos 0) 

6. a* «= —0.698, a» = 78.96 ft./seo * 

§110 

1. 665“; 13.1 min. 2. 10 mi /hr. 

3. 14 mi./hr , 38“ 13' S. of E. 4. 9 min.; 1.8 nun. 

6. 5 min ; 61 min, 7. 8 mi. ® ini./ht 

§112 

6. 79“ 6'; 79“ 16'. 


4. a a n*x. 
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1, 384, 400, 464< 800 ft. 3. 1068.8 ft. 4L 20, -20 ft./sec.*. 

$115 

1. » - 4t - 10, ® - 2t* - lot + 10, 0* - 8 a; + 20. 

2. »sBf* + l, ® = Jt» + t,*»*J(» + 2 )V» — 1 . 

5. v=>— $ 8 iD 2 <,«B$ (cos 2 1 — 1), i;* ■» — 4 »* — 2 *. 

4. » =s 1 — a; = t + <r*, x =• 1 — » — In (1 — »). 

6. V » 2 (1 + 3 <)+, X 5= (1 + 3 0*, " 4/x. 

6. n = 8 - 4e-«, * = e-<< + 8t - 1, X =■ 1 - in -2In(2 - Jp). 

1 , * ■= + ^In (*not + !),»“ tt)e-*C*-w). 

8. V a —6 sin 2 X a 3 COS 2 a 4 (9 — »*). 

§116 

1. §ft./sec.*; 1 min. 2. 11/75 ft./sec.*; li mi. 

3. 28.6 mi./hr.; | mi.; 8.39 min. 5. After 1 and 3 sec. 

6. 22 ft./sec., 5.5 ft./see.»; 220 ft 

§ IIS 

1. 100 ft ; 80 ft./sec. 2 1512 ft.; 312 ft /sec. 

3. 100 sec.; 40,000 ft.; 1600 ft /sec. 

4. 25.3 ft./sec. 6. 581 ft /sec. 

6. (n-i)flf 7. 574 ft. 

8. In 2 sec , 16 ft above ground. 

9* vo/g + iT sec. 10. 32 ft. 

§119 

2. 2.36 ft./sec., 11.10 ft./sec.-. 

3. z; a db2.72 ft /sec.; a « —9.87 ft /sec.*, 

6. 2.96 in. /sec. 6. An ellipse with sermaxes h, nh 

§121 

1. 50, 40 in. 

§126 

1. (Lettering of Fig. 1265.) Body centrode: circle lAOB on 01 as diam- 
eter. Space centrode: circle about O of radius 01. 

4. Body centrode. ellipse with pin-centers of a as fod and major axis 
equal to 5. Space centrode: equal ellipse with pin-centeis of c as foci. 

6. Answer of Prob 1 

7. Space centrode: line parallel to track and tangent to body centrode 
d. t ft./sec. 
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§128 

6. Crank at dead center: J on line OAB. Crank nudway between dead 
centos: J* is at intersection of peipendictilars to OA at A and OB at B. 

§184 

1. 0.125, 0.099 ft./seoA 

§140 

1. 4 has no absolute rotation, S makes ^ turn in the direction of 0, 5 
makes ^ turn in opposite direction. 

2 Wi = 39, Jia " 10, n't * 11, Ji* = 43. 

3. n, «■ 59, nj - 60, n't >» 01, ;:* »= 60. 

4. 1 + («i/n»); ni + 2 na “ ni, n2 “ 15, «» *• 60. 

5. 13/5. 6. 7.787 rev. 

§141 

6 . 1 . 

§144 

12. When QB JL OD or when QB is vertical. 

§145 

3. The ellipses of Fig. 146d. 

§157 

1. 2.4 tons 2. 75.6 ft. 3. 9.08 tons. 5. 81“ 10'. 

6. 3.2 ft./sec * 8. 4.4, 10.4 lb.; 38.2 r.p.m. 

10. W(}>*/gr — 1); fmiii “ 

§158 

1. 0 43 ft /sec.* 2. 5.49 sec. 

5. 84,50 4 ft. 7. 9“ 22'. 

§159 

1. 101b.; 21.3 ft./sec.* 3. 5 3 ft./sec.*; 10 lb. 

4 . 1 ft /sec.*, T = 9j, T' = 81 lb. 

6. 5.56 ft,/scc *; T =■ 17 8, T' »= 33 1 lb. 

§161 

1. 16, -16, -80 ft./sec. 

2. V - (80, -160], V - 179 ft./sec. 

8 . 12§seo. 4 . 861b. 

5 . (9.15, -34.0] lb., F - 85.2 lb. 
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1. 150,000 
3. 251,300 ft.-]b. 
6. 422,400 ft.>Ib. 
8. 0.278 hp.* 

10. 65,684 
12. 188.7 ft.-lb. 


1. 70.8, 69.0 Ib./ia.* 


3. 300ft./sec. 
7. 30001b. 


$163 

8. 1134ft.-Ib. 

4. 125,000 ft.-lb. 

7. 204Sft.-lb. 

9. P - 69.9 lb.; 2.06 ft.-lb. 

11. AH/ytons. 

$164 

2. 106.3 bp. 

$165 

5. 350ft./sec. 6. 376 ft. 

8. 16ft./8eo. 


8. 7 im./8ec. 


$166 


$168 

1. 22 ft.; 37.9 ft./sec. 2. 57.1 ft./8ec. 

4. 8 ft. from edge of slide. 6. 7$ sec.; 600 ft. 

6. 160 ft./sec. 


$170 

1. 2.81 ft. 2. 1.414 sec. 3 0.453 sec. 4. 1.571 seo. 

5. 0.39 sec.; xV2c/ffsec, 

8. 1 ft. 7$ in. from upper peg; 0-39 sec. 7. 0.785 sec. 

$171 

1. 99.312 cm. 3 2,51b; 131*49'; -0.121b. 

$172 

2. 1109 ft.; 1600 ft. 3. 80ft./8ec; 69 2 ft./8ec., 227 ft. 

$173 

4 . / » 0 06930, T « 2.0005 sec. 


$176 

1. 3871 gm. 2. 5 31 ft./sec.* (g = 32.2). 

3. 62,112 ft.; 62,297 ft. 


$178 

1. 0D7bp. 2. 121ft. 3. 60*. 

4 . 11,900 lb.; 53$ mi./hr., 4,500,000 ft.-lb. 
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$186 

1. 16ft./seo. 2. Sft/sec. 


$190 


1. Ni - 2025, N, - 1075 lb. 

2. 9.1 ft /«!(!.»; N •* 860 lb., actiag J ft. from center of box. 

8. 37.5 ft ; 4. 50 lb.; 52.5, 107.5 lb. 

5. 1.42 m 6. 27 3mi./hr. 


8. P 

9. a 

R 


13.50, Ni - 1300, N» 
IF' Hin li (‘ <)H H 

WW COHff 

(F + IF' Bin* /S’ " 


1400 lb. 

IF + W' 

TF + iF'8in»/S^““« 
W(W + W') 

IF + IF' sin* /S' 


§192 

1. PLT*. 2. 10 rttd./soc.*. 3. 23 rev./sec. 4. 0.0785. 6. 6 in. 

6. 1 ft./sco.*; Ti - 0 78, Tt » 0.70 lb 

7. 271 slug-ft • 9 19 rev./se& 

10. 8 ft /hoc ; 8.55 ft./scc. 11 291.4 lb. 


4. 12 31b. 
6. 45.2 rev. 


$193 

6 0 28 lb -ft. 
7. 40 ft. 


$194 

1. 3 20sluK-ft* 

2. lii ,» + (1 i + r)*) 

IV’ w 

8. y II r* -H (1 + r)* sin* /3| + i F sin* /S. 

§ 195 

8. } a*, i 6», i (o* -1- 5*). 4 470| m.<. 

6. 900jm‘ 6 A!(tt*-|-6*) 7. A a*. 

8, 1 = 1 4- « = « 0 C " ; 8 84 sec ; 3 06 rev. 

CJ Uo W ’ 

§196 

1. &* = A r* -h A hK 


§197 

1. 1.457 sec.; 1.566 sec to = 32 2). 8. 7.09 sec. 
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1. [9, U] lb. 

5« 7* a* cos d 

9 


$198 

8. 5 lb.; 4 ft. below axis. 4. 7^ 7\ 

— > ^ When 

«*VZ» J a* VZ* - Jo* 


$199 

1. ) A from ans. 2. 9 in. from the end. 

$201 

1. 60*;_10.4lb. 

2. I V3 (about 3.12) ft below 0. 

3. 4.2 rad./seo.; 0.11 lb. 


$203 

4. Wi = W, = 43.3 lb ; (1, «) =■ U. S) - ISO*. 

6. Wi - 41.7, Wt « 52.7 lb ; (1, 3) = 143*4', U, «) “ 161* 34'. 

6. W, = W, = 14.14 lb.; (1 , «) - (S, 6) - 135*. 

•nr Tjr tir 

7. 2 u*rd, V2 — «*rd, — «* rd Ib.-ft. 

9 9 9 


§205 

3. Primary couples; (f)/(g) =» 9 47/1. 

Secondary couples: if)/(g) = 1/1.89. 

5. o = 33* 39', /3 = 53* 5', Wj/W, = 1 386 


§208 

1. 157.2 rev /min 2 0 307 lb. 

3. 382 rev./min.; 387 5 rev /min 4 125 6 rev./min. 

§210 

1. 8 ft /see*; 1051b 

3. Beplacc p by — p in formulas for a and P of Ex. 4; a « 3.95 ft./sec *, 
F a 0 062 lb. opposing P 

6. Cylinder. 11 ft./sec.*. 

6. (o) T = 26$ lb. (6) « = 5.86 rad /sec *, o » 1.46 ft./sec.*, P = 21 6 lb. 

§211 

4. a B § a/r. 6. o => U g. 


$218 

1. The bow turns to starboard. 2. 810 lb.-ft. 
6. Q B 16 4, «' => 41 rev./min. 
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§931 

1. 2 ft. 

2. hp. - 10.8 (; 121,000 8. hp. « 13|. 

4. A - 72J aoc.; *i - 450, Xt - 3280, «i - 270 ft.; 14,850,000 fe-lb,, 
46,990,000 ft.-lb.; 14,300,000 ft.-lb. 

5. 280 ft. 7. 11001b.-ft. 

8. atm 9. 6471b.-ft. 

§222 

a. 18.46 ft./floo.; 1385ft.-lb. 3. 2ft./Reo. 

4. 0.8 rad./eoo. 8. 14 ft./seo.; 12§ ft. 


a. 

8. 

4 . 


Vi - 
0.84 

Vi - 


-2.4, Vt - 

Wi — wta .. 
mi -b OTj '* 


§223 

1.6 ft./«eo ; 0 34 ft -lb.; 


Vt 


2 7^1 

p-i— Vl. 

mi 4* 


Vi 


—3, Fa = 2 ft./sec. 


§225 

1. If w, - [16, 0], lu - [0, 10] ft./«cc , Vi - [-6, 0], Fa = [10, 10] ft./sec. 
8. 1 ft /boo , 1 J rad /hoc ; ft 4b. 

4 . 631 ft. 6- 2.46 rad /sec. 

6. ^ ft./floc.; 2^ rnd./scc ; | ft. from conter towards obstacle. 

7. 21 ft./scc ; 27 6 ft 


§226 


1 . Hi — 2 rad. / boo., 

2. Vi — --2 ft /boo., 

8 . 


i (1 — c*) , — 

* ' / 4- 7WJ 

6. 2.8ft.4b ; 6ft4t 


12 rad /acc ; 15 ft.4b 
■ 6 ft./sec ; 3 ft 4b 


6. 21ft./seo.; lft.4b. 




INDEX 


The numbers refer to paf^cs. A starred number locates the definition of the 
term in ciuostion. The letter £ after a number means “and following pages*” 
In the case of tcnns under a key or heading word, if a dash is used, this 
key word is to bo r<iad in hnjcyre the term. If no dash is used, the key word 
is to bo road in after the term (unless there is a word like “for” or “in” which 
indicates that the key word precedes it). 

A 


Acceleration, 210*f 
absolute, 227* 
angular, 224* 
body, 227*, 280* 
center of, 200*, 207, 273 
coniplomontary, 2S0* 

— diagram, 324 f 
—image, 273 

I)olar, 272, 275, 278f 
in plane motion, 205f 
in roctdmoar motion, 233f 
in rotation, 225f 
normal component of, 221 
of (VirioliH, 280*f 
of gravity, 240f 
rectangular components of, 210 
relative, 227* 

tangential conifionent of, 221 
Action aii<I Reaction, Principle of, 
52, 53, 343 
Amplitude, 251 
Angle of repose, 55* 

Angular acceleration, 224* 

Angular velocity, 221* 

— ratio in cam trains, 320 
—ratios, 307, 313 
relative, 305* 

Archimeilos, 75 
I^rinciplo of, 382 
Areas, Tjaw of, 370 
Astatic point, 477* 

Astronomical unit, 404* 

Attraction of spheres, 309 
Atwood’s machine, 352 
Automobile, driven by torque on rear 
axle, 425f 


Automobile, stopping distances for, 352 
—turning a curve, 426f 
Axes, rectangular, 16 
Axis, 14* 

B 

Balance, of reciprocating masses, 466f 
of revolving masses, 458f 
Ballistic pendulum, 520f 
Beam, reactions on a, 91 
Beam engine mechanism, 317, 328 
Bearing friction, 133 
Bearing reactions, 450 
Bevel gears, 311 
Binormal, 180* 

Bow’s notation, 112 

Bracket notation for vectors, 17 

Brakes, 192f 

Bncard’s straight-line motion, 305, 
320 

C 

C’ables, flexible, 56, 187f 
equilibrium of, 188f 
C/iims, 329f 
( Cantilever bridge, 116 
C Catenary, 109 *f 

conoentrated load on, 208f 
— with supports on different levels, 

20()f 

—with supports on same level, 204f 
Center, instantaneous, 260*f 
mean, 11, 22* 
relative, 200, 201* 

Center, of acceleration, 266*, 267f 
of curvature, 180* 
of gravity, 89, 157*f 
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Centeri of miiBa, 410*f 
of oscillation, 445*, 452 
of parallel forces, 155 
of percussion, 461, 452* 
of suspension, 446* 

Central forces, 378f , 

Centrifugal force, 455*, 473 
Centrodes, 262*f, 330, 332 
Centroid, 20*, 162*f 
Ceva, ''Fhoorem of, 10 
Circle of friction, 133* 

Circular motion, 225f 
Coefficient of adhesion, 350* 
of restitution, 626* 
of rolling friction, 495* 
of shding friction, 349* 
of static friction, 54*, 349 
Comot, llalley*s, 404 
Component of a vector on an axis, 14 
Composition, of angular velocities, 
600f 

of forces, 45f 
of velocities, 227 
Compression, 56* 

Cone of friction, 130*f 
Conical pendulum, 347f, 500 
Conservation, of energy, 369f, 400, 
403, 509, 525 

of moment of momentum, 413, 509, 
519 

of momentum, 409, 519 
Conservative force, 369*f 
Conolis, acceleration of, 286*f 
Theorem of, 286, 498 
Constraint, criterion of, 294f 
Cotter joint, 128 
Couple, 49, 81*, 142, 146 
arm of, 81 
gyroscopic, 506* 
inertia of, on a shaft, 460 
irreducibility of, 81 
moment of, 81 

Crane, stresses in a, 95, 119, 120 
Crank-shaft, balancing of, 458f 
Crossed-slide chain, 299*, 318 
Curvature, 179*f 
center of, 180* 
of a plane curve, 182 


Curvature, radius of, 180* 

Cycloid, 184*, 218, 264 

D 

D^Alembert^fl Principle, 409 
Damped vibrations, 387f 
Damping, coofHciont, 390 
-factor, 389, 394 
Density, 373* 
of the earth, 399f 
Derivative of a vector, 173f 
Differential band-brake, 193 
Differential mechanism on auto- 
moliiloH, 31 1 
Differontial pulleys, 125 
Dimensional formuliis, 372f 
Dimensional homogeneity, 375 
Dimensions, 372*f 
check of, ix, 375 
Direction cosincH, 17 
Directrix of a catenary, 201* 
Dynamical eciuations for a partAole, 
346, 357f 

for motion about a fixed point, 
499 

for plane motion, 484 
for rotation about a fixed axis, 449 
for translation, 422 
Dynamics, vn*, 340 
fundamental jinneiples of, 340f, 
5 Ilf 

two basic thooroms in, 408f 
Dyne, 343*, 373 

E 

Eccentricity of an orbit, 402, 404 
Energy, conservation of, 369f, 400, 
403, 609, 526 
—ellipsoid, 509* 

-equation, 367*, 376, 384, 403, 416, 
421, 430, 491f, 600, 509 
kinetic, 361*, 414, 420, 422, 430, 
491, 500 

—loss in impact, 520, 622, 623, 626, 
532, 534 

—lost as heat, 370 
potential, 369*f, 376, 380, 400, 403 



INDEX 


561 


Engiue, dirccjt-acting, 234, 276, 298, 
315, 316 
—beam, 317 

Engines, balancing of, 408f 
Epicyclic gear trains, 309*f 
Epicycloidal tooth profiles, 337 
Equiangular spiral, 170*, 184, 391 
Equilibrium, Principle of Static, 51, 
512! 

Equilibrium conditions— 
for a flexible cable, 188! 
for a particle, 50, 63, 513 
for a rigid body, 147, 512f 
for concurrent forces, 69, 63, 64, 67 
for coplanar forces, 89, 90, 94 
for throe coplanar forces, 93, 94 
Equivalence theorem, 154 
Equivalent systems of forces, 48*, 81, 
154 
Erg, 373* 

Evolute of a plane curve, 182*f 
E 

l^'alling bodies, 248f, 375f 
I'erguson’s paradox, 312 
I<\)ot-pound, 362* 

Koice, 41, 42* 

— and Ac<jeleration, Principle of, 340 
central, 378f 

centrifugal, 455, 473 
coiiHorvative, 369* 
inertia, 409* 

— polygon, 45, 59*, 459, 40 If 
reverscMl inertia, 409 

— tiianglo, 61, 94 
units of, 43, 373 

r'orcod vibrations, 302f 
l^'orces, external and internal, 53*, 408 
Kour-bar chain, 264, 277, 292*, 297, 
301, 314 

Four-cycle, 301 *f 

Free-body diagram, ix, Cl*, 343, 346, 
352 

Frequency, 262* 

Friction, 64*f 
angle of, 64* 
belt or rope, 191 
oirde of, 133* 


clutch, 170 

coef&cient of, 54*, 349f 

cone of, 130*f 

journal, 133 

laws of, 55, 349 

of curved surfaces, 56 

of square-threaded screw, 164f 

of wedges, 126 

pivot, 166f 

rolling, 494f 

shding, 349f 

Fumcular polygon, 83, 84*f 
G 

Galileo, 76, 343, 345 
Gear teeth, 331f 
cycloidal, 337f 
involute, 333f 
Gear train, value of, 258 
Geodesic, 190* 

Governor, centnfugal, 472, 479 
charoctenstic curve of, 476f 
classification of, 472 
effort of, 474*, 476 
flyball, 472 
hunting of, 477 
inertia of, 472, 479f 
isochronous, 477 
pendulum, 472f 
llites, 482 
shaft, 472, 479f 
spnng, 472, 475f, 477f 
stability of, 47()t 
Watt, 474, 470 
(Jrarn, 343*, 373 
Gravitation, Law of, 399 
constiint of, 309* 

Gravity, 53* 
acceleration of, 246f 
center of, 89, 157*f 
Grinding imll, 504, 507 
Gyroscope, 502*f 
Gyroscopic couple, 506* 
Gyroscopic motion, 502f, 609f 

H 

Harmonic motion, 379f 
damped, 387f 
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Harmonic motion, elliptic, 380 
simple, 260*f, 380f 
Hodograph, 216’" 

Homogeneity, dimensional, 375 
Hooke’s Law, 381 
Horsepower, 362* 365, 374 
Huygens, 445 

Hyperbolic functions, identities be- 
tween, 207 

Hypocycloidal tooth profiles, 337 
I 

Impact, 518f 
elastic, 525f 

energy loss in, 620, 522, 523, 526, 
632, 534 

fundamental equations of, 519 
in plane motion, 530f 
inelastic, 520*f, 525 
of revolving bodies, 633f 
of spheres, 524f , 528f 
Impulse, of a force, 358* 

—and Momentum, Principle of, 358, 
518 

graphic representation of, 369 
instantaneous, 518* 

Index stresses, 108 
Indicated horsepower, 365 
Indicator mechanism, 303, 328 
Inertia, 342* 

—forces, 409* 

—governor, 472, 479f 
Law of, 344f 

moment of, 429* 432, 436f 
Instantaneous center, 260*f 
relative, 290, 291* 

Integral of a vector, 18if 
Intrinsic equation of a curve, 200 
Intrinsic equations of motion, 358 
Invanable plane, 509*f 
Inverse-square Law, 398f 
Inversions of kinematic chain, 296f 
Involute, 183 
of a circle, 183, 333* 

Involute teeth, 333f 

J 

Joints, method of, 106f 


Joule, 374* 

Journal friction, 133f 

K 

Kepler’s Laws, 403 
Kilogram force, 43* 343, 372 
Kilowatt, 374* 

Kilowatt-hour, 374* 

Kinematic chain, 291*f 
Kinematics, vii* 
of a particle, 211f 
of a rigid body, 496f 
of plane motion 250f 
of rectilinear motion, 233f 
Kinetic energy, of a body, 420 
in plane motion, 491 
in rotation, 430 
in translation, 422 
with one fixed point, 500 
of a particle, 361* 
of a system of particles, 414*f 
Kinetics, vu* 

of a body with one fixed point, 498f 
of plane motion, 483f 
of rotation, 447f 
of translation, 42 If 
Kip, 108* 

L 

Lamy’s theorem, (>4 
Lever, Law of, 70, 151 
Link of a kinematic chain, 291 
Link polygon, 84 
Logarithmic decrement, 390* 

M 

Mass, 342*f 
center of, 410* 
units of, 342, 343, 373 
Mass-acceleration, 408* 

Maxwell diagrams, 111, ll2*f 
Mechanics, vii* 

Mechanism, 296* 

Menelaus, Theorem of, 10, 319 
Modulus of elasticity, 364 
Moment of a force, about an axis, 
77*f, 140, 141 
about a point, 140* 
about the coordinate axes, 79 
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Moment of inertia, 429’^, 432, 436f 
by experiment, 446, 454 
of flat plates, 441f 
of flywheels, 441 
of solids of revolution, 436f 
Moment of momentum, 412*, 420*, 
447, 499, 520 

conservation of, 413, 509, 519 
theorem on, 413 

Moment of relative momentum, 413*, 
483, 512 
theorem on, 414 
Moment polygon, 459, 462f 
Moments, Theorem of, 80, 141 
Momentum, 358* 409*, 420* 
angular, 413* 
conservation of, 409, 519 
Principle of Impulse and, 358, 518 
theorem on, 409 
Motion, circular, 225f 
damped harmonic, 387f 
gyroscopic, 502f 
under no forces, 509f 
harmonic, 379f 
in a resisting medium, 385f 
non-periodic, 392 

of the center of mass, 411, 519, 520 
plane, 25()f 
rectilinear, 233f 
simple harmonic, 250*f, 380 
—under central forces, 378f 
umformly accelerated, 242f 

N 

Newton, 403 

Newton’s Laws of Motion, 342, 343, 
345 

() 

Obhquity of involute gears, 336* 
Orbits under inverse-square law, 402, 
404 

Orthogonal set of unit vectors, 17 
P 

Pair of kinematic elements, 291* 
lower and higher, 291* 


Pair of kinematio elements, sliding, 
291* 

turning, 291* 

Parabolic cable, 194f 
Parallelogram, law, 3 
of forces, 44 

Parameter of a catenary, 200* 
Particle, 43* 

equations of motion fox a, 346, 358 
equilibnum of a, 59f 
Peaucellier cell, 304 
Pendulum, ballistic, 52Qf 
conical, 347f, 506 
—grinding mill, 507 
—period, see Period of a pendulum 
physical, 434, 444f 
rocking, 488, 493 
simple, 383f 
sphencal, 506 
torsion, 453f 
Percussion, 518* 

Period, of pendulum, conical, 348 
physical, 445 
simple, 384 
torsion, 454 

of harmonic vibration, damped, 389 
forced, 394 
simple, 252 
of planet, 402f 
Phsise, 252 
Piledriving, 522f 

Piston acceleration, 234, 280, 468 
Pitch, circles, 308, 332 
—point, 332 
Ihtch, circular, 508 
of a screw, 1G4 
Pivot friction, 166f 
Plane motion, 256*f 
fundamental kinematic equations 
of, 269 

kinetics of, 483f 
Planets, motion of, 401f 
Poinsot’s Theorem, 610 
Point of division, 8 
Polar acceleration diagram, 323 
Polar velocity diagram, 321 
Pole of a funicular polygon, 84 
Position vector, 6* 



554 


INDEX 


Potential enei::gy, 369% 376, 380, 400, 
403 

Pound force, 43*, 342, 373 
Power, 361* 

Precession, steady, 603*f, 606f 
Pressure, fluid, 382 
Principal axis of inertia, 447*, 456f, 
483, 498f, 609 
Principal normal, 180* 

Principles, fundamental, of statics, 
44f, 611f 

of dynamics, 340f, 51 If 
Problems, directions for solving, viu 
Projectiles, motion of, 376f 
Pulleys, 125, 130 

Q 

Quick*retum mechanism, 299, 323f 
R 

Rack, involute, 336 
cycloidal, 338 
Radius, of curvature, 180* 
of gyration, 432*, 437 
Range of a projectile, 377 
Reactions, 54* 
statically determinate, 104 
statically indeterminate, 104, 131, 
162 

Reduced length of a pendulum, 445 
Reduced masses in impact, 432f 
Reduction, of forces acting on a ngi<i 
body, 143 
to a couple, 145 
to a single force, 146 
concurrent system, 59 
coplanar system, 81 
Reduction gear, 312 
Relative acceleration, 227* 

Relative instantaneous center, 291* 
Relative momentum, moment of, 
413* 483, 512 
Rdative motion, 227 
Relative time rates, 284f, 498, 499 
Relative velocity, 227*, 285 
angular velocity, relative, 306* 


Resisting medium, motion in a, 385f 
Resonance, 395*f, 458 
Restitution, coefficient of, 626* 
—equation, 528f, 532 
Resultant, of a force system, 45, 49*, 
146 

of concurrent forces, 46f 
of coplanar forces, 86 
of parallel forces, 49, 166 
Revolving unit vector, 177f 
Rigid body, 43* 420, 512 
Rigidiflcation principle, 187 
Riveter mechanism, 320, 328 
Roherval’s balance, 126 
Rolling, conos, 501f, 511 
-cylinders, 267, 307, 314, 332 
—ellipses, 331 
—resistance, 494f 
-wheel, 257, 261, 494f, 509 
Rotation, about fixed axis, 223, 258, 
428f 

about fixed point, 49()f, 498f 
—compared with translation, 43 If 
instantaneous, 259* 
kinetics of, 447f 
uniformly accelerated, 246 
Roulettes, 263 

Running balance of a shaft, 458f 
S 

Scalar, 1* 

Scalar product of two vectors, 24 *f 
Scalar tnplo product, 34*1 
Scales, platfoiin, 124, 129 
Scott Russell parallel motion, 300 
Screw, square-threaded, KMf 
vSections, method of, 116f 
Sectorial speed, 379*, 40 If 
Sectonal velocity, 379* 

Shaft, running balance of, 458f 
standing balance of, 153, 458 
Slider-crank chain, 293*, 298, 301, 315 
double, 263, 299, 315 
Slug, 342* 

Space-time curve, 2l3f 
Speed, 211, 2l2*f 
critical, 403*f 
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Speed ratios, 318f 
Spur gears, 308f, 331f 
Static Equilibrium, Principle of, 51 
Statically determinate truss, 103 
Statically determinate reactions, 104 
Statics vii* 

fundamental principles of, 44f, 
5llf 

Stephenson link mechanism, 305, 328 
Stopping distances for automobiles, 
352 

Stress, axial, 50, 02, 102 
non^xial, llOf 

Stresses in a truss, analysis by— 
index stresses, 108f 
Maxwell diagrams, 11 If 
method of joints, i05f 
method of sections, IlOf 
Superelevation of outer rail, 427 
Suspension bridge, 104 

T 

Tangent vector, unit, 177 
Tchebichcfl parallel motion, 281, 315 
Tension, 56* 
of cal)los, 50, 187f 
'fhree Centers, Theorem of, 300 
Three-hingod arch, 97f, 121 
Toggle-press mechanism, 305, 318, 
320 

'Pooth profiles for constant velocity 
ratio, 333 
Top, 508 
Torque, 431* 

I'orsion pendulum, 453f 
Trammel, 204 

Transfer ’'Phoorern, 430f, 444 
Transimssibihty of a force, 48, 512 
Translation, 258* 
instantaneous, 259* 
kinetics of, 42 If 
Truss, Baltimore, 116 
cantilever, 100, 108, 111, 114 
Pratt, 109 

roof, 104, 110, 113, 115, 117 
saw-tooth, 113 
Warren, 114 


^IVusses, 102 
over-rigid, 103, 105 
simple, 105* 

statically determinate, 103 
stresses in, 104f 
Two Bodies, Problem of, 411f 

U 

Undefined concepts, vii 
Uniformly acederated rectilinear mo- 
tion, 242f 

Uniformly accelerated rotation, 246 
ITnii tangent vector, 176f 
Unit vector, 14* 
revolving, 177f 
Umts, dimensions of, 372f 
fundamental, 342f, 373 
systems of, 342f, 373 
table of, 373 

V 

Vector, 1* 

—addition, 2f 

—Addition of Forces, Pnnciple of, 44^ 
343 
free, 2* 
position, 0* 

— quantity, 1 

Vec,tor product of two vectors, 29*f 
tuple product, 37f 
Velocity, 214*f 
alisolute, 227* 
angular, 224* 
body, 227*, 286* 

—diagram, 321f, 323f, 327f 
—imago, 271 

polar, 271, 275f 
in plane motion 2G0f 
in rectilinear motion, 233f 
m rotation, 226 

rectangular components of, 219 
relative, 227* 
sectorial, 379* 
terminal, 386* 

Velocity-space curve, 238 
Velocity-time curve, 236 
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W 


Watt, 374* 

Watt governor, 474, 479 
Watt’s parallel motion, 282f 
Wedges, 126f 
Weight, local, 42* 
standard, 4B* 

Work, 361*f 


—and Energy, Principle of, 367, 415, 
420f 

—done by a constant torque, 431 
—done by an expanding gas, 363, 
364 

—done in compressing a spring, 363 
graphic representation of, 365 
of gravity, 362, 416, 421 
units of, 362, 373, 374 




